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Chapter 1 

Introduction 



The twentieth century has seen the birth of two influential theories of physics. 
On very small scales quantum mechanics is very successful, whereas general 
relativity rules our universe on large scales. Unfortunately, in regimes at small 
scale where gravity is nevertheless non-negligible — such as black holes or the 
big bang — neither of these two descriptions suffice. String theory is the best 
candidate for a unified theoretical description of nature to date. 

However, strings live at even smaller scales than those governed by quantum 
mechanics. Hence string theory necessarily involves levels of energy that are so 
high that they cannot be simulated in a laboratory. Therefore, we need another 
way to arrive at valid predictions. Although string theory thus rests on physical 
arguments, it turns out that this framework carries rich mathematical structure. 
This means that a broad array of mathematical techniques can be deployed to 
explore string theory. Vice versa, physics can also benefit mathematics. For ex- 
ample, different physical perspectives can relate previously unconnected topics 
in mathematics. 

In this thesis we are motivated by this fertile interaction. We both use string the- 
ory to find new directions in mathematics, and employ mathematics to discover 
novel structures in string theory Let us illustrate this with an example. 

1.1 Fermions on Riemann surfaces 

This section briefly introduces the main ingredients of this thesis. We will meet 
all in much greater detail in the following chapters. 

So-called Riemann surfaces play a prominent role in many of the fruitful in- 
teractions between mathematics and theoretical physics that have developed in 
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the second half of the twentieth century. Riemann surfaces are smooth two- 
dimensional curved surfaces that have a number of holes, which is called their 
genus g. Fig. [Ll] shows an example. 




Figure 1.1: A compact Riemann surface with just one hole in it is called a 2-torus T 2 . We 
refer to its two 1-cycles as the A and the B-cycle. 

Riemann surfaces additionally come equipped with a complex structure, so that 
any small region of the surface resembles the complex plane C. An illustrative 
class of Riemann surfaces is defined by equations of the form 

S : F(x, y) = 0, where x, y £ C. 

Here, F can for instance be a polynomial in the complex variables x and y. A 
simple example is a (hyper) elliptic curve defined by 

y 2 =p(x), 

where p(x) is a polynomial. The curve is elliptic if p has degree 3 or 4, in which 
case its genus is g = 1. For higher degrees of p it is hyperelliptic and has genus 
.9 > 1. 




Figure 1.2: A simple example of a non-compact Riemann surface is defined by the equation 
x 2 + y 2 — 1 in the complex plane C 2 . 

The complex structure of a compact Riemann surface can be conveniently char- 
acterized by a period matrix. This is a symmetric square matrix of complex 
numbers, whose rank equals the genus of the surface and whose imaginary part 
is strictly positive. The complex structure of a 2-torus, illustrated in Fig. is 
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for example determined by one complex number r that takes values in the upper 
half plane. 

The period matrix encodes the contour integrals of the g independent holomor- 
phic 1-forms over the 1-cycles on the surface. To this end one picks a canon- 
ical basis of A-cycles and £>-cycles, where the only non-trivial intersection is 
Ai n Bj = Sij. The 1-forms may then be normalized by integrating them 
over the A-cycles, so that their integrals over the S-cycles determine the period 
matrix: 



Conformal field theory 

Riemann surfaces play a dominant role in the study of conformal field theories 
(CFT's). Quantum field theories can be defined on a space-time background M, 
which is usually a Riemannian manifold with a metric g. The quantum field 
theory is called conformal when it is invariant under arbitrary rescaling of the 
metric g. A CFT therefore depends only on the conformal class of the metric g. 

The simplest quantum field theories study a bosonic scalar field <f> on the back- 
ground M. The contribution to the action for a massless scalar is 



yielding the Klein-Gordon equation d m d m (j) = (for zero mass) as equation 
of motion. Note that, on the level of the classical action, this theory is clearly 
conformal in 2 dimensions; this still holds for the full quantum theory. Since 
a 2-dimensional conformal structure uniquely determines a complex structure, 
the free boson defines a CFT on any Riemann surface E. 

Let us compactify the scalar field <j> on a circle S 1 , so that it has winding modes 
along the 1-cycles of the Riemann surface. The classical part of the CFT partition 
function is determined by the solutions to the equation of motion. The holomor- 
phic contribution to the classical partition function is well-known to be encoded 
in a Riemann theta function 



where the integers p represent the momenta of <f> that flow through the A-cycles 
of the 2-dimensional geometry. 

Another basic example of a CFT is generated by a fermionic field tp on a Rie- 
mann surface. Let us consider a chiral fermion i/)(z). Mathematically, this field 





pezs 
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transforms on the Riemann surface as a (1/2, 0)-form, whence 

tp(z)V~dz = ip(z')vdz', 

where z and z' are two complex coordinates. Such a chiral fermion contributes 
to the 2-dimensional action as 

Sfermion = / 1p(z) d A l/j{z), 

where 8a = 8 + A, and A is a connection 1-form on S. This action determines 
the Dirac equation dAtp{z) — as its equation of motion. The total partition 
function of the fermion field ip{z) is computed as the determinant 

•Sfermion = det(9^). 

Remarkably, this partition function is also proportional to a Riemann theta func- 
tion. The fact that this is not just a coincidence, but a reflection of a deeper 
symmetry between 2-dimensional bosons and chiral fermions, is known as the 
boson-fermion correspondence. 



Integrable hierarchy 

Fermions on Riemann surfaces are also familiar from the perspective of inte- 
grable systems. Traditionally, integrable systems are Hamiltonian systems 

' J TJX dH S TJX 9H 

Xi = \Xi,H} = — , pi = {Pi,H} = — , 
opt ox l 

with coordinates Xi, momenta pi and a Hamiltonian H, for which there exists 
an equal amount of integrals of motion Ii such that 

i l = {h,H} = Q, {/ i) /,} = 0. 

The left equation requires the integrals Ii to be constants of motion whereas the 
right one forces them to commute among each other. 

A simple example is the real two-dimensional plane M. 2 with polar coordinates 



r and <j), see Fig. 1.3 Take the Hamiltonian H to be the radius r. Then H = r 
is itself an integral of motion, so that the system is integrable. Notice that H is 
constant on the flow generated by the differential d/d<j). 

A characteristic example of an integrable system that is intimately related to 
Riemann surfaces and theta-functions is the Korteweg de Vries (KdV) hierarchy. 
Although this system was already studied by Korteweg and de Vries at the end 
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Figure 1.3: The two-dimensional plane K 2 seen as an integrable system. 
of the 19th century as a non-linear partial differential equation 



it was only realized later that it is part of a very rich geometric and algebraic 
structure. It is impossible to do justice to this beautiful story in this short in- 
troduction. Instead, let us just touch on the aspects that are relevant for this 
thesis. 

Geometrically a special class of solutions to the KdV differential equation yields 
linear flows over a 2<y-dimensional torus that is associated to a Riemann surface 
S. This torus is called the Jacobian. Its complex structure is determined by the 
period matrix of E. The Riemann surface £ is called the spectral curve of the 
KdV hierarchy. 

The KdV spectral curve is an elliptic curve 



where g 2 and g 3 are the Weierstrass invariants. The coordinates P and Q on this 
elliptic curve can best be described as commuting differential operators 



that arise naturally when the KdV differential equation is written in the form of 
a Hamiltonian system. 

As a side remark we notice that the KdV system is closely related to the Hitchin 
integrable system, which studies certain holomorphic bundles over a complex 
curve C. In this integrable system, too, the dynamics can be expressed in terms 
of a linear flow on the Jacobian associated to a spectral cover £ of C. 

We go one step beyond the geometrical structure of the KdV system when intro- 



du d 3 u „ du 



dt dx 3 U dx ' 



Q 2 = P 3 - g 2 P - 93, 



[P,Q]=o, 
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ducing chiral fermions on the spectral curve S. Their partition function dct(<9) 
transforms as a section of the determinant line bundle over the moduli space 
of the integrable hierarchy. It is known as the tau-function. The tau-function is 
proportional to the theta-function associated to the period matrix ry. 

Gauge theory and random matrices 

Similar integrable structures have been found in wide variety of physical the- 
ories recently. An important ingredient of this thesis is the appearance of an 
auxiliary Riemann surface in 4-dimensional gauge theories. The basic field in a 
gauge theory is a gauge field A, which is mathematically a connection 1-form of 
a principal G-bundle over the 4-manifold M. Let us take G = U(l). In that situ- 
ation the classical equations of motion reproduce the Maxwell equations. Once 
more, the holomorphic part of the gauge theory partition function is essentially 
a theta-function 



where r is the complex coupling constant of the gauge theory, and p + are the 
fluxes of the self-dual field strength F + through the 2-cycles of M. It turns out 
to be useful to think of r as the complex structure parameter of an auxiliary 
elliptic curve. In other gauge theories a similar auxiliary curve is known to play 
a significant role as well. We will explain this in detail in the main body of this 
thesis. 

Another interesting application is the theory of random matrices. This is a 0- 
dimensional quantum field theory based on a Hermitean A^-by-Af-matrix X. The 
simplest matrix model is the so-called Gaussian one, whose action reads 



where A is a coupling constant. Other matrix models are obtained by adding 
higher order interactions to the matrix model potential W(X) = X 2 /2. Such a 
matrix model can be conveniently evaluated by diagonalizing the matrices X. 
This reduces the path integral to a standard integral over eigenvalues x t , yet 
adds the extra term 



to the matrix model action. Depending on the values of the parameters A" and 
A the eigenvalues will either localize on the minima of the potential W(X) or, 
oppositely, spread over a larger interval. When one lets N tend to infinity while 




p+ 
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keeping the 't Hooft parameter fi = NX fixed, the eigenvalues can be seen to 
form a smooth distribution. For instance, in the Gaussian matrix model, the 
density of eigenvalues is given by the Wigner-Dyson semi-circle 



Likewise, the eigenvalue distribution of a more general matrix model takes the 
form of a hyperelliptic curve in the limit N — > oo with fixed 't Hooft parameter. 
Many properties of the matrix model are captured in this spectral curve. 

Topological string theory 

String theory provides a unifying framework to discuss all these models. In 
particular, topological string theory studies embeddings of a Riemann surface 
C — which shouldn't be confused with the spectral curve — into 6-dimensional 
target manifolds X of a certain kind. These target manifolds are called Calabi- 
Yau manifolds. The Riemann surface C is the worldvolume swept out in time 
by a 1-dimensional string. The topological string partition function is a series 
expansion 



where A is called the topological string coupling constant. Each T g contains the 
contribution of curves C of genus g to the partition function. 

Calabi-Yau manifolds are not well understood in general, and studying topo- 
logical string theory is very difficult task. Nevertheless, certain classes of non- 
compact Calabi-Yau manifolds are much easier to analyse, and contain precisely 
the relevant backgrounds to study the above integrable structures. 

Consider an equation of the form 



p(x) ~ i/4/x - x 2 , 



leading to the algebraic curve 



x 2 + y 2 = V 




Xy, ■ uv - F(x,y) = 0, 



where u and v are C-coordinates and 



S: F(x,y)=0 



defines the spectral curve £ in the complex (a;, y)-plane. The 6-dimensional 
manifold X^ may be regarded as a C*-fibration over the (a;, y) -plane that de- 
generates over the Riemann surface F(x, y) = 0. 
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Indeed, the fiber over a point (x, y) is defined by uv = F(x, y). Over a generic 
point in the base this fiber is a hyperboloid. However, when F(x, y) — > the 
hyperboloid degenerates to a cone. This is illustrated in Fig. |1.4| The zero 
locus of the polynomial F(x, y) thus determines the degeneration locus of the 
fibration. We therefore refer to the variety as a non-compact Calabi-Yau 
threefold modeled on a Riemann surface. 




Figure 1 A: A local Calabi-Yau threefold defined by an equation of the form uv — F(x,y) — 
can be viewed as a C* -fibration over the base parametrized by x and y. The fibers are 
hyperboloids over general points in the base, but degenerate when /i = F(x, y) — > 0. 

When the Riemann surface E equals the auxiliary Riemann surface that emerges 
in the study of gauge theories, the topological string partition function is known 
to capture important properties of the gauge theory. Furthermore, when it 
equals the spectral curve in the matrix model, it is known to capture the full 
matrix model partition function. 

Quantum curves and 2?-modules 

However, topological string computations go well beyond computing a fermion 
determinant on E. In fact, it is known that the fermion determinant appears as 
the genus 1 part T\ of the free energy. We call this the semi-classical part of 
the free energy, as it remains finite when A — > 0. Similarly, Fq is the classical 
contribution that becomes very large in this limit, and all higher FgS encode the 
quantum corrections. In other words, we may interpret the loop parameter A 
as a quantization of the semi- classical tau-function. But what does this mean in 
terms of the underlying integrable system? Answering this question is one of the 
goals in this thesis. 

In both the gauge theory and the matrix model several hints have been obtained. 
In the context of gauge theories the higher loop corrections F g are known to 
correspond to couplings of the gauge theory to gravity. Mathematically, these 
appear by making the theory equivariant with respect to an 5£/(2)-action on 
the underlying 4-dimensional background. N. Nekrasov and A. Okounkov have 
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shown that the partition function of this theory is the tau-function of an inte- 
grable hierarchy. 

In the theory of random matrices, A-corrections correspond to finite N correc- 
tions. In this theory, too, it has been found that the partition function behaves 
as the tau-function of an integrable hierarchy. However, like in the gauge theory 
examples, there is no interpretation of the full partition function as a fermion 
determinant. Instead, a new perspective arises, in which the spectral curve is 
be replaced by a non-commutative spectral curve. In matrix models that relate 
to the KdV integrable system, it is found that the KdV differential operators P 
and Q do not commute anymore when the quantum corrections are taken into 
account: 

[P,Q] = A. 

Similar hints have been found in the study of topological string theory on general 
local Calabi-Yau's modeled on a Riemann surface. 

This thesis introduces a new physical perspective to study topological string the- 
ory, clarifying the interpretation of the parameter A as a "non-commutativity 
parameter". We show that A quantizes the Riemann surface S, and that fermions 
on the curve are sections of a so-called P-module instead. This attributes Fourier- 
like transformation properties to the fermions on S: 




1.2 Outline of this thesis 

Chapter [2] starts with an introduction to the geometry of Calabi-Yau threefolds. 
They serve as an important class of backgrounds in string theory, that can be 
used to make contact with the 4-dimensional world we perceive. Specifically, 
we explain the idea of a Calabi-Yau compactification, and introduce certain non- 
compact Calabi-Yau backgrounds that appear in many guises in this thesis. 

Topological string theory on these non-compact Calabi-Yau backgrounds is of 
physical relevance in the description of 4-dimensional supersymmetric gauge 
theories and supersymmetric black holes. For example, certain holomorphic 
corrections to supersymmetric gauge theories are known to have an elegant de- 
scription in terms of an auxiliary Riemann surface S. A compactification of string 
theory on a local Calabi-Yau that is modeled on this Riemann surface "geometri- 
cally engineers" the corresponding gauge theory in four dimensions. Topological 
string amplitudes capture the holomorphic corrections. 

In Chapter[3]and|4]we elucidate these relations by introducing a web of dualities 
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in string theory. This web is given in full detail in Fig. 1.6 Most important are 
its outer boxes, that are illustrated pictorially in Fig. 1.5 They correspond to 
string theory embeddings of the theories we mentioned above. The upper right 
box is a string theory embedding of supersymmetric gauge theory, whereas the 
lowest box is a string theory embedding of topological string theory. 

The main objective of the duality web is to relate both string frames to the 
upper left box, that describes a string theory configuration of intersecting D- 
branes. The most relevant feature of this intersecting brane configuration is that 
the D-branes intersect over a Riemann surface E, which is the same Riemann 
surface that underlies the gauge theory and appears in topological string theory. 
We explain that the duality chain gives a dual description of topological string 
theory in terms of a 2-dimensional quantum field theory of free fermions that 
live on the 2-dimensional intersecting brane, the so-called I-brane, wrapping £. 

Chapter[3]studies 4-dimensional gauge theories that preserve a maximal amount 
of supersymmetry. They are called TV = 4 supersymmetric Yang-Mills theories. 
Instead of analyzing this theory on flat R 4 , we consider more general ALE back- 
grounds. These non-compact manifolds are resolved singularities of the type 

c 2 /r, 

where T is a finite subgroup of SU(2) that acts linearly on C 2 . In the mid- 
nineties it has been discovered that the gauge theory partition function on an 
ALE space computes 2-dimensional CFT characters. In Chapter [3] we introduce 
a string theoretic set-up that explains this duality between 4-dimensional gauge 
theories and 2-dimensional CFT's from a higher standpoint. 

In Chapter[4]we extend the duality between supersymmetric gauge theories and 



intersecting brane configurations to the full duality web in Fig. 1.6 We start out 
with 4-dimensional TV = 2 gauge theories, that preserve half of the supersym- 
metry of the above TV = 4 theories, and line out their relation to the intersecting 
brane configuration and to local Calabi-Yau compactifications. Furthermore, we 
relate several types of objects that play an important role in the duality sequence, 
and propose a partition function for the intersecting brane configuration. 

The I-brane configuration emphasizes the key role of the auxiliary Riemann sur- 
face E in 4-dimensional gauge theory and topological string theory. All the rele- 
vant physical modes are localized on the intersecting brane that wraps £. These 
modes turn out to be free fermions. In Chapter[5]and[6]we describe the resulting 
2-dimensional quantum field on E in the language of integrable hierarchies. 

We connect local Calabi-Yau compactifications to the Kadomtsev-Petviashvili, or 
shortly, KP integrable hierarchy, which is closely related to 2-dimensional free 
fermion conformal field theories. To any semi-classical free fermion system on a 
curve E it associates a solution of the integrable hierarchy. This is well-known 



1.2. Outline of this thesis 



11 



as a Krichever solution. 

In Chapter[5]we explain how to interpret the topological string partition function 
on a local Calabi-Yau X s as a quantum deformation of a Krichever solution. We 
discover that the curve £ should be replaced by a quantum curve, defined as a 
differential operator P(x) obtained by quantizing y = \d/dx. Mathematically, 
we are led to a novel description of topological string theory in terms of ID- 
modules. 

Chapter[6]illustrates this formalism with several examples related to matrix mod- 
els and gauge theory In all these examples there is a canonical way to quantize 
the curve as a differential operator. Moreover, we can simply read off the known 
partition functions from the associated D-modules. This tests our proposal. 

The topological string partition function has several interpretations in terms of 
topological invariants on a Calabi-Yau threefold. Moreover, its usual expansion 
in the topological string coupling constant A is only valid in a certain regime of 
the background Calabi-Yau parameters. Although the topological invariants stay 
invariant under small deformations in these background parameters, there are 
so-called walls of marginal stability, where the index of these invariants may 
jump. This phenomenon has recently attracted much attention among both 
physicists and mathematicians. 

Chapter [7] studies wall-crossing in string theory compactifications that preserve 
TV = 4 supersymmetry. The invariants in this theory that are sensitive to wall- 
crossing are called quarter BPS states. They have been studied extensively in the 
last years. In Chapter [7] we work out in detail the relation of these supersym- 
metric states to a genus 2 surface S. Moreover, we find that wall-crossing in this 
theory has a simple and elegant interpretation in terms of the genus 2 surface. 

Finally, Chapter [8] focuses on supersymmetry breaking in Calabi-Yau compactifi- 
cations. Since supersymmetry is not an exact symmetry of nature, we need to 
go beyond Calabi-Yau compactifications to find a more accurate description of 
nature. One of the possibilities is that supersymmetry is broken at a lower scale 
than the compactification scale. In Chapter [8] we study such a supersymmetry 
breaking mechanism for /V = 2 supersymmetric gauge theories. These gauge 
theories are related to type II string compactifications on a local Calabi-Yau Xj> 
By turning on non-standard fluxes (in the form of generalized gauge fields) on 
the underlying Riemann surface S we find a potential on the moduli space of the 
theory. We show that this potential generically has non-supersymmetric minima. 

Chapter^and^explain the ideas of the publication /QJ, whereas Chapter^and^ 
contain the results of The first part of Chapter^includes examples from 
whereas the second part is based on the article $3$. Finally, Chapter^is a slightly 
shortened version of the work 
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Figure 1.5: The web of dualities relates 4-dimensional supersymmetric gauge theory to 
topological string theory and to an intersecting brane configuration. 
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Figure 1.6: Web of dualities. 



Chapter 2 

Calabi-Yau Geometry 



Although string theory lives on 10-dimensional backgrounds, it is possible to 
make contact with the 4-dimensional world we perceive by shrinking 6 out of 
the 10 dimensions to very small scales. Remarkably this also yields many impor- 
tant examples of interesting interactions between physics and mathematics. The 
simplest way to compactify a 10-dimensional string background to 4 dimensions 
is to start with a compactification of the form R 4 x X, where X is a compact 
6-dimensional Riemannian manifold and R 4 represents Minkowski space-time. 

Apart from the metric, string theory is based on several more quantum fields. 
Amongst them are generalized Ramond-Ramond (RR) gauge fields, the ana- 
logues of the famous Yang-Mills field in four dimensions. In a compactification 
to four dimensions these fields can be integrated over any cycle of the internal 
manifold X. This results in e.g. scalars and gauge fields, which are the building 



blocks of the standard model. This is illustrated in Fig. 2.1 Four-dimensional 
symmetries, like gauge symmetries, can thus be directly related to geometrical 
symmetries of the internal space. This geometrization of physics is a main theme 
in string theory, and we will see many examples in this thesis. 

Although the topological properties of the compactification manifold X are re- 
stricted by the model that we try to engineer in four dimensions, other moduli of 
X, such as its size and shape, are a priori allowed to fluctuate. This leads to the 
so-called landscape of string theory, that parametrizes all the possible vacua. A 
way to truncate the possibilities into a discrete number of vacua is to introduce 
extra fluxes of some higher dimensional gauge fields. We will come back to this 
at the end of this thesis, in Chapter [8] 

The best studied compactifications are those that preserve supersymmetry in 
four dimensions. This yields severe constraints on the internal manifold. Not 
only should it be provided with a complex structure, but also its metric should 
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Figure 2.1: Compactifying string theory over an internal space X geometrizes 4- 
dimensional physics. Here we represented the 6-dimensional internal space as a 2-torus. 
The Yang-Mills gauge field A M on K 4 is obtained by integrating a 10-dimensional RR 4-form 
over a 3-cycle C. 



be of a special form. They are known as Calabi-Yau manifolds. Remarkably, this 
class of manifolds is also very rich from a mathematical perspective. 

This chapter is meant to acquaint the reader with Calabi-Yau manifolds. The aim 
of Section 2.1 is to describe compact real 6-dimensional Calabi-Yau manifolds 
in terms of real 3-dimensional geometry. Section 2.2 illustrates this with the 
prime example of a compact Calabi-Yau manifold, the Fermat quintic. We find 
that its 3-dimensional representation is characterized by a Riemann surface. In 
Section 2.3 we explain how this places the simpler local or non-compact Calabi- 
Yau compactifications into context. These are studied in the main body of this 
thesis. 



2.1 The Strominger-Yau-Zaslow conjecture 

Calabi-Yau manifolds X are complex Riemannian manifolds with some addi- 
tional structures. These structures can be characterized in a few equivalent 
ways. One approach is to combine the metric g and the complex structure J 
into a 2-form k = go J. For Calabi-Yau manifolds this 2-form needs to be closed 
dk = 0. It is called the Kahler form and equips the Calabi-Yau with a Kaher 
structure. 

Moreover, a Calabi-Yau manifold must have a trivializable canonical bundle 
Kx — A T*X, where T* X is the holomorphic cotangent space of X. The 
canonical bundle is a line bundle over X. When it is trivializable the Calabi-Yau 
manifold contains a non-vanishing holomorphic 3-form fl. Together, the Kahler 
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form k and the holomorphic 3-form ft determine a Calabi-Yau manifold. 

The only non-trivial cohomology of a Calabi-Yau X is contained in and 
iJ 21 (X). These cohomology classes parametrize its moduli. The elements in 
can change the Kahler structure of the Calabi-Yau infinitesimally and 
are therefore called Kahler moduli. In string theory we usually complexify these 
moduli. On the other hand, £T 2,1 (X) parametrizes the complex structure moduli 
of the Calabi-Yau. It is related to the choice of the holomorphic 3-form fl, since 
contracting (2, l)-forms with f2 determines an isomorphism with the cohomology 
class Hg(X), that is well-known to characterize infinitesimal complex structure 
deformations. 

Celebrated work of E. Calabi and S.-T. Yau shows that the Kahler metric g can 
be tuned within its cohomology class to a unique Kahler metric that satisfies 
Rmn = 0. Calabi-Yau manifolds can therefore also be characterized by a unique 
Ricci-flat Kahler metric. 

A tantalizing question is how to visualize a Calabi-Yau threefold. The above 
definition in terms of a Kahler form k and a holomorphic 3-form is rather 
abstract. Is there a more concrete way to picture a Calabi-Yau manifold? 

The SYZ conjecture 

From the string theory perspective there are many relations between different 
string theory set-ups. These are known as dualities, and relate the different in- 
carnations of string theory (type I, type IIA/B, heterotic, M-theory and F-theory) 
and different background parameters. One of the famous dualities in string the- 
ory connects type IIB string theory compactified on some Calabi-Yau X with type 
IIA string theory compactified on another Calabi-Yau X, where both Calabi-Yau 
manifolds are related by swapping their Kahler and complex structure param- 
eters. This duality is called mirror symmetry. It suggests that any Calabi-Yau 
threefold X has a mirror X such that 

# M P0 = H 2 '\X) and H 2,1 (X) = H 1,1 ^). 

Although the mirror conjecture doesn't hold exactly as it is stated above, many 
mirror pairs have been found and much intuition has been obtained about the 
underlying Calabi-Yau geometry. 

One of the examples that illustrates this best is known as the Strominger-Yau- 
Zaslow (SYZ) conjecture J3 . The starting point for this argument is mirror sym- 
metry in type II string theory. Without explaining in detail what type II string 
theory is, we just note that an important role in this theory is played by so-called 
D-branes. These branes can be considered mathematically as submanifolds of 
the Calabi-Yau manifold with certain U(l) bundles on them. 
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The submanifolds are even (odd) dimensional in type IIA (type IIB) string the- 
ory and they are restricted by supersymmetry. Even-dimensional cycles need to 
be holomorphic, whereas 3-dimensional cycles have to be of special Lagrangian 
type. (Note that these are the only odd-dimensional cycles in case the first Betti 
number b\ of the Calabi-Yau is zero.) A special Lagrangian 3-cycle C is defined 
by the requirement that 

k\c — as well as lmfi| c = 0. 

Both the holomorphic and the special Lagrangian cycles minimize the volume in 
their homology class, and are therefore stable against small deformations. This 
turns them into supersymmetric cycles. 

Mirror symmetry not only suggests that the backgrounds X and X are related, 
but that type IIA string theory compactified on X is equivalent to type IIB string 
theory on X. This implies in particular that moduli spaces of supersymmetric 
D-branes should be isomorphic. In type IIB theory in the background R 4 x X 
the relevant D-branes are mathematically characterized by special Lagrangian 
submanifolds in X with flat [/(l)-bundles on them. In type IIA theory there 
is one particularly simple type of D-branes: DO-branes that just wrap a point 
in X. Their moduli space is simply the space X itself. Since mirror symmetry 
maps DO-branes into D3-branes that wrap special Lagrangian cycles in X, the 
moduli space of these D3-branes, i.e. the moduli space of special Lagrangian 
submanifolds with a flat U (1) bundle on it, should be isomorphic to X. 

F b F b 



MS 

~B B~ 

Figure 2.2: Schematic illustration of an SYZ fibration of X (on the left) and of X (on the 
right). Mirror symmetry (MS) acts by mapping each point in X to a special Lagrangian 
cycleofX. Inthe SYZ fibration of X this point is part of a fiber Fb over some b € B. Mirror 
symmetry sends it to the total fiber Ft, over b 6 B, of the SYZ fibration of X. 

Special Lagrangian deformations of a special Lagrangian submanifold C are 
well-known to be characterized by the first cohomology group H 1 (C, R). On the 
other hand, flat [/(l)-connections moduli gauge equivalence are parametrized 
by iJ 1 (C,R)/ii' 1 (C,Z). The first Betti number of C therefore has to match the 
complex dimension of X, which is 3. So mirror symmetry implies that X must 
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admit a 3-dimensional fibration of 3-tori T 3 = (S 1 ) 3 over a 3-dimensional base 
space that parametrizes the special Lagrangian submanifolds in X. Of course, 
the same argument proves the converse. We thus conclude that both X and 
X are the total space of a special Lagrangian fibration of 3-tori over some real 
three-dimensional base B. 

Such a special Lagrangian fibration is called an SYZ fibration. It is illustrated 



in Fig. 2.2 Notice that generically this fibration is not smooth over the whole 
base B. We refer to the locus r c B where the fibers degenerate as the singular, 
degenerate or discriminant locus of the SYZ fibration. Smooth fibers Ff, and Ff,, 
over some point b e B, can be argued to be dual in the sense that H 1 (F b , R/Z) = 
Ff, and vice versa, since flat C/(l) connections on a torus are parametrized by the 
dual torus. 



Large complex structure 

Mirror symmetry, as well as the SYZ conjecture, is not exactly true in the way 
as stated above. More precisely, it should be considered as a symmetry only 
around certain special points in the Kahler and complex structure moduli space. 
In the complex structure moduli space these are the large complex structure 
limit points, and in the Kahler moduli space the large Kahler structure limit 
points. Mirror symmetry will exchange a Calabi-Yau threefold near a large com- 
plex structure point with its mirror near a large Kahler structure limit point. 
Moreover, only in these regions the SYZ conjecture may be expected to be valid. 

Topological aspects of type II string theory compactifications can be fully de- 
scribed in terms of either the Kahler structure deformations or the complex 
structure deformations of the internal Calabi-Yau manifold. In the following 
we will focus solely on describing the Kahler structure of an SYZ fibered Calabi- 
Yau threefold. Starting with this motivation we can freely go to a large complex 
structure point on the complex structure moduli space. 

How should we think of such a large complex structure? Let us illustrate this 
with a 2-torus T 2 . This torus is characterized by one Kahler parameter t, which is 
the volume of the torus, and one complex structure parameter r. When perform- 
ing a mirror symmetry, these two parameters are exchanged. When we send the 
complex structure to infinity r i— ► ioo, the torus degenerates into a nodal torus. 



See Fig. 2.3 However, in this limit the volume also blows up. When we hold this 
volume fixed, by rescaling the Ricci flat metric ds 2 = ^dz <g> dz, the torus will 
collapse to a line. This line should be viewed as the base of the SYZ fibration. 

For a general Calabi-Yau threefold a similar picture is thought to be true. When 
approaching a large complex structure point, the Calabi-Yau threefold should 
have a description as a special Lagrangian fibration over a 3-sphere whose T 3 - 
fibers get very small. The metric on these fibers is expected to become flat. 
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(1) (2a) (26) 



Figure 2.3: In picture (1) we see a regular torus with complex structure r: below the torus 
itself and above its fundamental domain (that is obtained by removing the A and B-cycle 
from the torus). In the large complex structure limit t is sent to ioo. In picture (2a) this 
degeneration is illustrated topologically and in (26) metrically: when we hold the volume 
fixed, the torus collapses to a circle. 

Moreover, the singular locus of the fibration is thought to be of codimension two 
in the base in that limit, so that it defines a 1 -dimensional graph on the base of 
the SYZ fibration. 

In recent years much progress has been made in the mathematical study of the 
SYZ conjecture. Comprehensive reviews can be found in e.g. Especially 
the topological approach of M. Gross and others, with recent connections to 
tropical geometry, seems very promising. The main idea in this program is to 
characterize the SYZ fibration by a natural affine structure on its base B. 

This affine structure is found as follows. Once we pick a zero-section of the (in 
particular) Lagrangian fibration, we can contract the inverse symplectic form 
with a one-form on the base B to find a vector field along the fiber. An integral 
affine structure can then be defined on B by an integral affine function / whose 
derivative df defines a time-one flow along the fiber that equals the identity. The 
affine structure may be visualized as a lattice on the base B. 

Although this affine structure will be trivial in a smooth open region of the fi- 
bration, it contains important information near the singular locus. Especially 
the monodromy of the T 3 -fibers is encoded in it. In the large complex structure 
limit all non-trivial symplectic information of the SYZ fibration is thought to be 
captured in the monodromy of the T 3 -fibers around the discriminant locus of the 
fibration []9|0. The SYZ conjecture thus leads to a beautiful picture of how a 
Calabi-Yau threefold maybe visualized as an affine real 3-dimensional space with 
an additional integral monodromy structure around an affine 1 -dimensional de- 
generation locus (see also H10I0 . 

One of the concrete results that have been accomplished is an SYZ description 
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of elliptic K3-surfaces [11] and Calabi-Yau hypersurfaces in toric varieties (in a 
series of papers by W.-D. Ruan starting with H12I0 . Let us illustrate this with 
the prime example of a compact Calabi-Yau threefold, the Fermat quintic. This 
is also the first Calabi-Yau for which a mirror pair was found [11 311 . On a first 
reading it is not necessary to go through all of the formulas in this example; 
looking at the pictures should be sufficient. 



2.2 The Fermat quintic 

The Fermat quintic is defined by an equation of degree 5 in projective space P 4 : 

5 5 

x n : s z * - 5 ^ n zk = °> 

k=l k=l 

where [z] = [z% : . . . : z 5 ] are projective coordinates on P 4 . Here ^ denotes the 
complex structure of the threefold. 

Pulling back the Kahler form of P 4 provides the Fermat quintic with a Kahler 
structure. Moreover, the so-called adjunction formula shows that has a trivial 
canonical bundle. So the Fermat quintic X^ is a Calabi-Yau threefold. Note as 
well that P 4 admits an action of T 4 that is parametrized by five angles 6^ with 

E k 0k = 0: 

T 4 : [z 1 :...:z 5 ]^[e^z 1 :...:e^z 5 ] 

Such a variety is called toric. The quintic is thus embedded as a hypersurface in 
a toric variety. 

When we take ^oowe reach the large complex structure limit point 

5 

x °° : n Zk = °' 

k=l 

This is just a union of five P 3 's, that each inherit a T 3 -action from the above toric 
action on P 4 . From this observation it simply follows that X^ can be seen as a 
SYZ nbration. We can make this explicit by considering the fibration tt : P 4 — > K 4 
given by 

*([*]) = E ^Pyr^ 

k=i E ;= ik/I 2 



where the pk are five generic points in M 4 . The image of F is a 4-simplex A 
spanned by the five points p& in R 4 and X^ is naturally fibered over the bound- 
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Figure 2.4: The base of the SYZ fibration of the Fermat quintic X M is the boundary dA of 
a 4-simplex A. To be able to draw this base we have placed the vertex p, at infinity. The 
tetrahedron A% is the projection of the subset {zi = 0} C P 4 . The boundary dA consists of 
5 such tetrahedrons. 



ary d A with generic fiber being T 3 . The base of the SYZ fibration is thus topo- 
logically a 3-sphere S 3 . Similar to the large complex structure limit of a 2-torus, 
the Ricci-flat metric on is degenerate and the SYZ fibers are very small. 

Let us introduce some notation to refer to different patches of P 4 and A. Call 
Ai,...,i„ the closed part of P 4 where z ix up to z in vanish, and denote its projec- 
tion to ]R 4 by Aj^...^. The ten faces of the boundary dA are thus labeled by 
Aij, with 1 < i,j < 5. 

In the following it is also useful to introduce a notation for the S 1 -cycles that are 
fibered over the base A. So define the circles 

k r r\ i i Z( Z m -i 

li = { Zi = 0, | — | = m, — = a 2 , — = a 3 }, 

Zj Zj Zj 

where the indices {i, j, k, I, m} are a permutation of {1, . . . , 5} and the numbers 
a\, a 2 , 03 are determined by choosing a base point [z] on the circle. Since a 
different choice for the index j leaves the circle invariant, it is not included 
as a label in the name. Which circle shrinks to zero-size over each cell of the 



boundary dA is summarized in Fig. 2.5 Notice that the only non-vanishing 



circle in the fibers over the triple intersection Ay fc is the circle 7' (which may 
also be denoted as 7^, j L k , —7™, —7™ or —7™). 

W.-D. Ruan works out how to generate a Lagrangian fibration for any where 
fx is large H121 . His idea is to use a gradient flow that deforms the Lagrangian 
fibration of into a Lagrangian fibration of X^. Let us consider the region Di 
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Figure 2.5: The boundary of each tetrahedron is a union of four triangles. The T 3 -fibration 
of the Fermat quintic degenerates over these triangles. This figure illustrates which cycle in 
the T A -fiber vanishes over which triangle in dA: ^{ degenerates over the triangle Ay, 7* 
over Aj k , etc. 



and choose Zj ^ for some j ^ i. In this patch Xk — Zk/zj are local coordinates. 
It turns out that the flow of the vector field 

V = Re( k — 

v 1L. ,, , x k <>■>■, 

produces a Lagrangian fibration of over dA. 

All the smooth points of X^, i.e. those for which only one of the coordinates 
Zi vanishes, will be transformed into regular points of the Lagrangian fibration. 
Only the points in the intersection of X^ with the singular locus of X^ won't 
move with the flow. These can be shown to form the complete singular locus of 
the Lagrangian fibration of X^. Let us call this singular locus £ and denote 

£« = Ai n E = {[z] I m = Zi = 0, zt + zf + zl - }. 

The singular locus E,j is thus a projective curve which has genus 6. It intersects 
Dijk at the five points. The image of E^ under the projection n is a deformed 
triangle in Ay that intersects the boundary lines of Ay once. This is illustrated 



in Fig. 2.6 



In the neighborhood of an inverse image of the intersection point + p m ) in 
Dij the coordinate z^ gets very small. This implies that if we write Zk = Tj t e v ^ k , 
it is the circle parametrized by cf) k that wraps the leg of the pair of pants in the 
limit rfc — > 0. In the notation we introduced before this circle is 7^" = 7^. 

The study of the cycles in the fibration reveals the structure of the singular locus. 
It is built out of two kinds of 3-vertices. We call a 3-vertex whose center lies at 
an edge Ajfe a plus-vertex and a 3-vertex that lies in the interior of some 2-cell 
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Figure 2.6: The shaded area in this figure illustrates the discriminant locus of the La- 
grangian fibration of the quintic X^, for large fi. In the total space it has the shape of a 
genus 6 Riemann surface Ey over each 2-cell A„. The five dots on the Riemann surface 
project to a single dot on the base. 



Dij a minus-vertex. The plus-vertex is described by a different degenerating 
cycle at each of the three legs. Together they sum up to zero. The minus-vertex 
is characterized by a single vanishing cycle. The precise topological picture is 



shown in Fig. 2.7 



So in the large complex structure limit fx ~ > oo the quintic has an elegant struc- 
ture in terms of ten transversely intersecting genus 6 Riemann surfaces or equiv- 
alently in terms of 50 plus-vertices and 250 minus-vertices. 



Two kinds of vertices 



The structure of the singular locus of the Fermat quintic in the above example, 
ten genus 6 Riemann surfaces that intersect each other transversely, is very el- 
egant. It is remarkable that it may be described by just two types of 3-vertices. 
This immediately raises the question whether this is accidental or a generic fea- 
ture of SYZ fibrations of Calabi-Yau threefolds. In fact, M. Gross shows that 
under reasonable assumptions there are just a few possibilities for the topolog- 
ical structure in the neighborhood of the discriminant locus (9} (see also Q). 
Indeed only two types of trivalent vertices can occur. Both are characterized by 
the monodromy that acts on three generators 7, of the homology Hi(F,Z) of 
the T 3 -fiber F when we transport them around each single leg of the vertex. Let 
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Figure 2.7: This picture shows one plus-vertex surrounded by three minus-vertices. It illus- 
trates the discriminant locus in the neighborhood of an inverse image of the center of Ajjj,, 
marked by a dot in the center of the plus-vertex. At this point the three genus 6 surfaces Ey, 
Ejk and meet transversely. Notice that e.g. jj + jj + 7™ = and jf + 7* + jl = 0. 



us summarize this monodromy in three matrices M a such that 
when we encircle the ath leg of the vertex. 

The first type of trivalent vertex is described by the three monodromy matrices 

/ 1 1 \ /100\ / 1 1 \ 
M+ : 10,011,01-1. 

V001/V001/V00 1/ 

This vertex is characterized by a a distinguished T 2 c T 3 that is generated by 
7! and 72 and stays invariant under the monodromy. Only the element 73 picks 
up a different cycle at each leg. This latter cycle must therefore be a vanishing 
cycle at the corresponding leg. 



The legs of this vertex can thus be labeled by the cycles 71, j 2 an d —71 — 72 



respectively, so that the vertex is conveniently represented as in Fig. 2.8 Note 



that this is precisely the topological structure of the plus-vertex in the Lagrangian 
fibration of the Fermat quintic. 
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71 




Figure 2.8: The plus-vertex is illustrated as a 1 -dimensional graph. Its legs are labeled by 
the cycle in T 2 C T 3 that vanishes there. The cycle 73 picks up the monodromy. 



12 




-71-72 

Figure 2.9: The minus-vertex is illustrated as a pair of pants. It is characterized by a single 
vanishing cycle 73. Furthermore, its legs are labeled by the cycle that wraps it. 
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The monodromy of the second type of vertex is summarized by the matrices 



M_ 



In contrast to the plus-vertex these monodromy matrices single out a unique 
1-cycle 73 that degenerates at all three legs of the vertex. Instead of labeling 
the vertex by this vanishing cycle, it is now more convenient to label the legs 
with the non-vanishing cycle that does not pick up any monodromy. Like in the 
example of the Fermat quintic these cycles topologically form a pair of pants. 



This is illustrated in Fig. 2.9 



Notice that both sets of monodromy matrices are related by simple duality 
(M + )~ f = M_. Since the mirror of an SYZ fibered Calabi-Yau may be obtained 
by dualizing the T 3 -fibration, the above vertices must be related by mirror sym- 
metry as well. Obviously these vertices will become important when we describe 
string compactifications on Calabi-Yau threefolds. 
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2.3 Local Calabi-Yau threefolds 

Topological string theory captures topological aspects of type II string theory 
compactifications; Kahler aspects of type IIA compactifications and complex 
structure aspects of type IIB compactification. Mirror symmetry relates them. 
The topological string partition function Z top can be written as a generating 
function of either symplectic or complex structure invariants of the underlying 
Calabi-Yau manifold. It contains for example a series in the number of genus zero 
curves that are embedded in the Calabi-Yau threefold. Using mirror symmetry it 
is possible to go well beyond the classical computations of these numbers. A fa- 
mous result is the computation of the whole series of these genus zero invariants 
for the Fermat quintic: 2875 different lines, 609250 conies, 317206375 cubics, 
etc. jni- 
It is much more difficult to find the complete topological string partition func- 
tion, which also contains information about higher genus curves in the Calabi- 
Yau threefold. The state of the art for the quintic is the computation of these 
invariant up to g = 51 II15I . Although this is an impressive result, it is far 
from computing the total partition function. In contrast, the all-genus partition 
function has been found for a simpler type of Calabi-Yau manifolds, that are 
non-compact. What kind of spaces are these? And why is it so much easier to 
compute their partition function? 

The simplest Calabi-Yau threefold is plain C 3 with complex coordinates z t . It 
admits a Kahler form 

3 

k — dzi A dzi , 

i=l 

and a non-vanishing holomorphic 3 -form 

il = dz\ A dz2 A dz3. 

A special Lagrangian T 2 xl fibration of C 3 over R 3 has been known for a long 
time IITBl . It is defined by the map 

(zi,z 2 ,z 3 ) i ^ (Imz 1 z 2 z 3 , |zi| 2 -|z 2 | 2 , |zi| 2 - |z 3 | 2 ). 

Notice that its degeneration locus is a 3-vertex with legs (0,t, 0), (0,0, t) and 
(0, —t, —t), for t G M>o. Over all these legs some cycle in the T 2 -fiber shrinks 
to zero-size. We can name these cycles ji, 72 and —71 — 72 since they add up 
to zero. The degenerate fiber over each leg is a pinched cylinder times S 1 . It is 
thus the noncompact cycle (= E) in the fiber that picks up monodromy when we 
move around one of the toric legs. This 3-vertex clearly has the same topological 
structure as the plus-vertex. 
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Many more non-compact Calabi-Yau's can be constructed by gluing C 3 -pieces 
together. In fact, these constitute all non-compact toric Calabi-Yau threefolds. 
Their degeneration locus can be drawn in M 2 as a 1 -dimensional trivalent graph. 
The fact that their singular graph is simply planar, as opposed to actually 3- 
dimensional (as for the Fermat quintic), makes the computation of the partition 
function on such non-compact toric Calabi-Yau's much simpler. String theorists 
have managed to find the full topological partition function Z top H17H (using 
a duality with a 3-dimensional topological theory, called Chern-Simons theory 
H18I0 . The recipe to compute the partition function involves cutting the graph in 
basic 3-vertices. To generalize this for compact Calabi-Yau's it seems one would 
need to find a way to glue the partition function for a plus-vertex with that of a 
minus-vertex. 

Since the partition function is fully known, topological string theory on these 
toric manifolds is the ideal playground to learn more about its underlying struc- 
ture. This has revealed many interesting mathematical and physical connec- 
tions, for example to several algebraic invariants such as Donaldson-Thomas 
invariants Jl9l E51 EU and Gopakumar-Vafa invariants fl22j|23]|, to knot theory 
I24l[25l|26l|2a, and to a duality with crystal melting Il28l [29l [30H . 

To illustrate the last duality, let us write down the plain C 3 partition function: 



J top V 



n 

n>0 



(1 - q n Y 



1 + q + 3q 2 + 6q 3 



This g-expansion is well-known to be generating function of 3-dimensional par- 
titions; it is called the MacMahon function H31L The 3-dimensional partition 
can be visualized as boxes that are stacked in the positive octant of R 3 . Three of 
the sides of each box must either touch the walls or another box. This is pictured 



in Fig. 2.10 



+ etc. 



+ q s 




+ etc. 



+ 



Figure 2.10: Interpretation of the first terms in the expansion of Z top (C 3 ) in terms of a 
three-dimensional crystal in the positive octant o/R 3 . 



Since q = e A , where A is the coupling constant of topological string theory, the 
boxes naturally have length A. Whereas the regime with A finite is described by 
a discrete quantum structure, in the limit A — * surprisingly a smooth Calabi- 
Yau geometry emerges. In a duality with statistical mechanics this corresponds 
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to the shape of a melting crystal. These observations have led to deep insights 
in the quantum description of space and time H32[ I33H . 

Remarkably, it has been shown that the emergent smooth geometry of the crystal 
can be identified with the mirror of C 3 . How does this limit shape look like? 
Using local mirror symmetry the equation for the mirror of C 3 was found in 
113411 . It is given by 

uv — x — y + 1 = 0, 

where u, v e C and x, y e C*. Remember that the topological structure of the 
mirror of a plus-vertex should be that of a minus-vertex. Viewing the mirror as 
a (u, w)-fibration over a complex plane spanned by x and y confirms this: 

The degeneration locus of the fibration equals the zero-locus x + y — 1 = 0. 
Parametrizing this curve by x, it is easily seen that this is a 2-sphere with three 
punctures at the points x = 0, 1 and oo. We can equivalently represent this curve 
as a pair of pants, by cutting off a disc at each boundary |x| = 1, where x is a 
local coordinate that vanishes at the corresponding puncture. This realizes the 



mirror of C topologically as the minus-vertex in Fig. 2.9 



Mirrors of general non-compact toric manifolds are of the same form 

: uv - H(x,y) = 0, 

where the equation H{x, y) = now defines a generic Riemann surface E em- 
bedded in (C*) 2 . This surface is a thickening of the 1-dimensional degeneration 
graph T of its mirror. Its non-vanishing holomorphic 3-form is proportional to 

^ du 

U = — A ax A ay. 
u 

These geometries allow a Ricci-flat metric that is conical at infinity H35[ l36l [37l 
38 ]. We refer to the threefold X% as the local Calabi-Yau threefold modeled on E. 
The curve £ plays a central role in this thesis. We study several set-ups in string 
theory whose common denominator is the relevance of the Riemann surface E. 
In particular, we study the melting crystal picture from the mirror perspective. 
One of our main results is a simple representation of topological string theory in 
terms a quantum Riemann surface, that reduces to the smooth Riemann surface 
E in the limit A — ► 0. 



Chapter 3 



I-brane Perspective on 
Vafa-Witten Theory and 
WZW Models 



In the last decades enormous progress has been made in analyzing 4-dimensional 
supersymmetric gauge theories. Partition functions and correlation functions of 
some theories have been computed, spectra of BPS operators have been discov- 
ered and many other structures have been revealed. Most fascinating to us is 
that many exact results can be related to two-dimensional geometries. 

Since 4-dimensional supersymmetric gauge theories appear in several contexts 
in string theory, much of this progress is strongly influenced by string theory. 
Often, string theory tools can be used to compute important quantities in su- 
persymmetric gauge theories. Moreover, in many cases string theory provides a 
key understanding of new results. For example, when auxiliary structures in the 
gauge theory can be realized geometrically in string theory and when symme- 
tries in the gauge theory can be understood as stringy dualities. 

In this chapter we study a remarkable correspondence between 4-dimensional 
gauge theories and 2-dimensional conformal field theories. This correspondence 
connects a "twisted" version of supersymmetric Yang-Mills theory to a so-called 
Wess-Zumino-Witten model. In particular, generating functions of SU(N) gauge 
instantons on the 4-manifold C 2 /Zfc are related to characters of the affine Kac- 
Moody algebra su(k) at level N. This connection was originally discovered by 
Nakajima H39IK and further analyzed by Vafa and Witten H40L The goal of this 
chapter is to make it more transparent. Once again, we find that string theory 
offers the right perspective. 
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We have strived to make this chapter self-contained by starting in Section 3.1 
with a short introduction in gauge and string theory. We review how supersym- 
metric gauge theories show up as low energy world-volume theories on D-branes 
and how they naturally get twisted. Twisting emphasizes the role of topologi- 
cal contributions to the theory. Furthermore, we introduce fundamental string 
dualities as T-duality and S-duality. 



In Section 3.2 we introduce Vafa-Witten theory as an example of a twisted 4- 



dimensional gauge theory, and study it on non-compact 4-manifolds that are 



asymptotically Euclidean. In Section 3.3 we show that Vafa-Witten theory on 



such a 4-manifold is embedded in string theory as a D4-D6 brane intersection 
over a torus T 2 . We refer to the intersecting brane wrapping T 2 as the I-brane. 
Since the open 4-6 strings introduce chiral fermions on the I-brane, we find a 
duality between Vafa-Witten theory and a CFT of free fermions on T 2 . 



In Section 3.4 we show that the full I-brane partition function is simply given 
by a fermionic character, and reduces to the Nakajima-Vafa-Witten results after 
taking a decoupling limit. The I-brane thus elucidates the Nakajima-Vafa-Witten 
correspondence from a string theoretic perspective. Moreover, we gain more 
insights in level-rank duality and the McKay correspondence from this stringy 
point of view. 



3.1 Instantons and branes 

A four-dimensional gauge theory with gauge group G on a Euclidean 4-manifold 
M is mathematically formulated in terms of a G-bundle E — > M. A gauge field 
A is part of a local connection D = d + A of this bundle, whose curvature is the 
electro-magnetic field strength 

F = dA + A A A. 

If we denote the electro-magnetic gauge coupling by e and call * the Hodge star 
operator in four dimensions, the Yang-Mills path integral is 

Z = I DA cxp ( -\ [ d 4 x TrF A *F] , 

J A/G \ e JM J 

This path integral, over the moduli space of connections A modulo gauge invari- 
ance, defines quantum corrections to the classical Yang-Mills equation D*F = 0. 
When the gauge group is abelian, G — U(l), the equation of motion plus Bianchi 
identity combine into the familiar Maxwell equations 



d*F = 0, 



dF = 0. 
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Topological terms 

Topologically non-trivial configurations of the gauge field are measured by char- 
acteristic classes. If G is connected and simply-connected the gauge bundle E is 
characterized topologically by the instanton charge 

EH 4 {M,Z). (3.1) 

Instanton configuration are included in the Yang-Mills formalism by adding a 
topological term to the Yang-Mills Lagrangian 

1 if) 
C=-^F A*F+—F AF (3.2) 

Note that this doesn't change the equations of motion. The path integral is 
invariant under 6^6 + 2n, and the parameter is therefore called the 0-angle. 
The total Yang-Mills Lagrangian can be rewritten as 

IT IT 

£= — F+AF+ + —F_ AF_, (3.3) 

47T 4-7T 

where F± = \ (F ± *F) are the (anti-)selfdual field strengths while 




(3.4) 



is the complexified gauge coupling constant . When G is not simply-connected 
magnetic fluxes on 2-cycles in M are detected by the first Chern class 

EH 2 (M,Z). (3.5) 
Electro-magnetic duality 

The Maxwell equations are clearly invariant under the transformation F <-> *F 
that exchanges the electric and the magnetic field. To see that this is even a 
symmetry at the quantum level, we introduce a Lagrange multiplier field A D in 
the U(l) Yang-Mills path integral that explicitly imposes dF = 0: 

DADA D exp / ( — F + A F + H F_ A F_ H F A *dAu 

Integrating out A yields the dual path integral 

I DA °^IMr F ? AF ° + ^f FDAF -)- 



ch 2 (F) = Tr 



F A F 
8tt 2 



Cl (F) = Tr 



F 
2^ 
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So electric-magnetic duality is a strong-weak coupling duality, that sends the 
complexified gauge coupling r — 1/r. Moreover, this argument suggests an 
important role for the modular group Sl(2, Z). This group acts on r as 



for 



and is generated by 



S = 



1 

-1 



and T = 



€ Sl(2,Z). 



1 1 
1 



Hence, S is the generator of electro-magnetic duality (later also called S-duality) 
and T the generator of shifts in the 0-angle. The gauge coupling r is thus part of 



the fundamental domain of 57(2, Z) in the upper- half plane, as shown in Fig. 3.1 




-10 1 
Figure 3.1: The fundamental domain of the modular group S7(2,Z) in the upper half plane. 

Montonen and Olive 1141 B where pioneers in conjecturing that electro-magnetic 
duality is an exact non-abelian symmetry, that exchanges the opposite roles of 
electric and magnetic particles in 4-dimensional gauge theories. This involves 
replacing the gauge group G by the dual group G (whose weight lattice is dual 
to that of G). The first important tests of S-duality have been performed in 
supersymmetric gauge theories. 

For U(l) theories the partition function Z u ^' can be explicitly computed H421 
The classical contribution to the partition function is given by integral fluxes 



p e H 2 (M, Z), as in equation (3.5 1, to the Langrangian (3.3 ). Decomposing the 



flux p into a self-dual and anti-selfdual contribution yields the generalized theta- 
function 



(p+,p-)er 



(3.6) 
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with q = exp(27rir), whereas T = H 2 (M, Z) is the intersection lattice of M and 
p 2 = j M p A p. The total U(l) partition function is found by adding quantum 
corrections to the above result, which are captured by some determinants H42] . 
Instead of transforming as a modular invariant, Z u ^> transforms as a modular 
form under Sl(2, Z) -transformation of r 

z u { i) ( vr + V\ = (cr + d) u/2 {cT + d) v/2 z u(i) (r) ( a b \ g 
\ct + d J \ c d J 

We will come back on this in Section [3^2] 



3.1.1 Supersymmetry 

In supersymmetric theories quantum corrections are much better under control, 
so that much more can be learned about non-perturbative properties of the the- 
ory We will soon discuss such elegant results, but let us first introduce super- 
symmetric gauge theories. 

The field content of the simplest supersymmetric gauge theories just consists 
of a bosonic gauge field A and a fermionic gaugino field A. Supersymmetry 
relates the gauge field A to its superpartner x- In an Y supersymmetric theory the 
number of physical bosonic degrees of freedom must be the same as the number 
of physical fermionic degrees of freedom. This constraints supersymmetric Yang- 
Mills theories to dimension d < 10. 

The Lagrangian of a minimal supersymmetric gauge theory is 

£ = - ^(V") + l -x^D^ x , 

and supersymmetry variations of the fields A and x are generated by a spinor e 

SA„ = l -eT^x, S X = \F^ v e. (3.7) 
The number of supersymmetries equals the number of components of e. 

Dimensionally reducing the above minimal Af = 1 susy gauge theories to lower- 
dimensional space-times yield Af = 2,4 and possibly Af = 8 susy gauge theories. 
Their supersymmetry variations are determined by an extended supersymme- 
try algebra. In four dimensions this is a unique extension of the Poincare al- 
gebra generated by the supercharges Q„ and Qa&, with A e {1, . . . ,7V} and 
Q,aG {1,2} are indices in the 4-dimensional spin group su(2)l x su(2)r. Non- 
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vanishing anti-commutation relations are given by 

{<9a> Qf } = e aflZ AB 

where Z AB and its Hermitean conjugate are the central charges. The auto- 
morphism group of this algebra, that acts on the supercharges, is known as the 
R-symmetry group. 



BPS states 

A special role in extended supersymmetric theories is played by supersymmetric 
BPS states 1144 II . They are annihilated by a some of the supersymmetry genera- 
tors, e.g. quarter BPS states satisfy 

Q A \BPS) = 0, 

for 1/4 TV indices A e {1, ... ,7V}. BPS states saturate the bound M 2 < \Z\ 2 
and form "small" representations of the above supersymmetry algebra. This 
implies that supersymmetry protects them against quantum corrections: a small 
deformation won't just change the dimension of the representation. 



Twisting 

Supersymmetric Yang-Mills requires a covariantly constant spinor e in the rigid 



supersymmetry variations (3.71. Since these are impossible to find on a generic 
manifold M, the concept of twisting has been invented. Twisting makes use of 
the fact that supersymmetric gauge theories are invariant under a non-trivial in- 
ternal symmetry, the R-symmetry group. By choosing a homomorphism from the 
space-time symmetry group into this internal global symmetry group, the spinor 
representations change and often contain a representation that transforms as a 
scalar under the new Lorentz group. 

Such an odd scalar Qt can be argued to obey Q\ — 0. It is a topological 
supercharge that turns the theory into a cohomological quantum field theory. 
Observables O can be identified with the cohomology generated by Q T , and 
correlation functions are independent of continuous deformations of the metric 

- (O 1 ---O k )=0 (3.8) 



These correlation functions can thus be computed by going to short distances. 
This yields techniques to study the dynamics of these theories non-perturbatively. 
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For these topological theories it is sometimes possible to compute the partition 
function and other correlators. Witten initiated twisting in the context of M = 2 
supersymmetric Yang-Mills H45L He showed that correlators in the so-called 
Donaldson-Witten twist compute the famous Donaldson invariants. 

A general theme in cohomological field theories is localization. Unlike in general 
physical theories, in these topological theories the saddle point approximation 
is actually exact. The path integral only receives contributions from fixed point 
locus M. of the scalar supercharge Qt. Since the kinetic part of the action (that 
contains all metric-dependent terms) is Q T -exact, the only non-trivial contribu- 
tion to the path integral is given by topological terms: 

^cohTFT = J DX exp (-~S m (X) + S top (X)^j -> J DX exp (S top (X)) . 

Here X represents a general field content. An elegant example in this respect 
is 2-dimensional gauge theory [46]. Extensive reviews of localization are 11471 
We will encounter localization on quite a few occasions, starting with Vafa- 



Witten theory in Section 3.2 



3.1.2 Extended objects 

Whereas Yang-Mills theory is formulated in terms of a single gauge potential A, 
string theory is equipped with a whole set of higher-form gauge fields. Instead 
of coupling to electro-magnetic particles they couple to extended objects, such as 
D-branes. This is analogous to the coupling of a particle of electric charge q to 
the Maxwell gauge field A 




where W is the worldline of the particle. Notice that we need to pull-back the 
space-time gauge field A in the first term before integrating it over the worldline. 
We often don't write down the pull-back explicitly to simplify notation. D-branes 
and other extended objects appear all over this thesis. Let us therefore give a 
very brief account of the properties that are relevant for us. 

Couplings and branes in type II 

Gauge potentials in type II theory either belong to the so-called RR or the NS- 
NS sector. The RR potentials couple to D-branes, whereas the NS-NS potential 
couples to the fundamental string (which is often denoted by Fl) and the NS5- 
brane. Let us discuss these sectors in a little more detail. 

The only NS-NS gauge field is the 2-form B. The i3-field plays a crucial role in 
Chapter [5] Aside from the S-field the NS-NS sector contains the dilaton field <j> 
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and the space-time metric g mn . Together these NS-NS fields combine into the 
sigma model action 



S^-modd = —z — j / g mn dx m A *dx n + iB mn dx m A dx n + a'<j>R. (3.9) 



This action describes a string that wraps the Riemann surface S and is embedded 
in a space-time with coordinates x m . In particular, it follows that the £?-field 
couples to a (fundamental) string Fl. 

Remember that the 1-form dx m refers to the pull-back d a x m da a to the world- 
sheet £ with coordinates a a . Furthermore, the symbol * stands for the 2- 
dimensio-nal worldsheet Hodge star operator and R is the worldsheet curvature 
2-form. 



This formula requires some more explanation though. The symbol va* = l s sets 
the string length, since a' is inversely proportional to its tension. Since the Ricci 
scalar of a Riemann surface equals its Euler number, the last term in the action 
contributes 2g — 2 powers of 

9s = e 

to a stringy g-loop diagram; g s is therefore called the string coupling constant. 

The extended object to which the B-field couples magnetically is called the NS5- 
brane. It can wrap any 6-dimensional geometry in the full 10-dimensional string 
background, but its presence will deform the transverse geometry. In the trans- 
verse directions the dilaton field <j> is non-constant, and there is a flux H = dB 
of the B-field through the boundary of the transerve 4-dimensional space. The 
tension of a NS5-brane is proportional to l/g 2 s so that it is a very heavy object 
when g s — > 0. Moreover, unlike for D-branes open strings cannot end on it. This 
makes it quite a mysterious object. 

For the RR-sector it makes a difference whether we are in type IIA or in type IIB 
theory: type IIA contains all odd-degree RR forms and type IIB the even ones. In 
particular, the gauge potentials C\ and C4 are known as the graviphoton fields 
for type IIA and type IIB, respectively, and the RR potential C is the axion field. 
Any RR potential C p+ \ couples electrically to a Dp-brane. This is a p-dimensional 
extended object that sweeps out a (p+ 1) -dimensional world-volume £ p +i. Type 
IIA thus contains Dp-branes with p even, whereas in type IIB p is odd. 

The electric Dp-brane coupling to C p+ i introduces the term 



in the 10-dimensional string theory action, where 1/T P = (27r) p va 7 g s is the 
inverse tension of the Dp-brane. Magnetically, the RR-potential C p+ \ couples to 





(3.10) 
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a D(6 — p)-brane that wraps a (7 — p) -dimensional submanifold E 7 _ 



Calibrated cycles 

D -branes are solitonic states as their tension T p is proportional to l/g s . To be 
stable against decay the brane needs to wrap a submanifold that preserves some 
supersymmetries. Geometrically such configurations are defined by a calibration 
H49II . A calibration form is a closed form $ such that <f> < vol at any point of the 
background. A submanifold £ that is calibrated satisfies 




and minimizes the volume in its holomogy class. On a Kahler manifold a calibra- 
tion is given by the Kahler form i, and the calibrated submanifolds are complex 
submanifolds. On a Calabi-Yau threefold the holomorphic threeform Q provides 
a calibration, whose calibrated submanifolds are special Lagrangians. Calibrated 
submanifolds support covariantly constant spinors, and therefore preserve some 
supersymmetry D-branes wrapping them are supersymmetric BPS states. 



Worldvolume theory 

D-branes have a perturbative description in terms of open strings that end on 
them. The massless modes of these open strings recombine in a Yang-Mills gauge 
field A. When the D-brane worldvolume is flat the corresponding field theory 
on the p-dimensional brane is a reduction of Af = 1 susy Yang-Mills from 10 
dimensions to p + 1. The 9 — p scalar fields in this theory correspond to the 
transverse D-brane excitations. When N D-branes coincide the wordvolume 
theory is a U (N) supersymmetric Yang-Mills theory. 

For more general calibrated submanifolds the low energy gauge theory is a 



twisted topological gauge theory [15011 . which we introduced in Section 3.1.1 
Which particular twist is realized, can be argued by determining the normal 
bundel to the submanifold. Sections of the normal bundel fix the transverse 
bosonic excitations of the gauge theory, and should correspond to the bosonic 
field content of the twisted theory. 



I-branes and bound states 

Branes can intersect each others such that they preserve some amount of super- 
symmetry. This is called an I-brane configuration. In such a set-up there are 
more degrees of freedom than the ones (we described above) that reside on the 
individual branes. These extra degrees of freedom are given by the modes of 
open strings that stretch between the branes. In stringy constructions of the 
standard model on a set of branes they often provide the chiral fermions. 
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Chiral fermions are intimately connected with quantum anomalies, and brane 
intersections likewise. To cure all possible anomalies in an I-brane system, a 
topological Chern-Simons term has to be added to the string action 

S CS = T p f Trexp(^\ A^QA \fI(R). (3.11) 

This term is derived through a so-called anomaly inflow analysis H51[ 1521 . The 
last piece contains the A-roof genus for the 10-dimensional curvature 2-form R 
pulled back to S p+1 . It may be expanded as 

A{R) = 1 -^T + 5760 + '-" 

where pk(R) is a Pontryagin class. For example, the Chern-Simons term ( |3.11| ) 
includes a factor 

F 



when a gauge field F on the worldvolume S p +i is turned on. It describes an 
induced D(p — 2) brane wrapping the Poincare dual of [F/2tt] in £ p +i. 

Vice versa, a bound state of a D(p — 2)-brane on a Dp-brane may be interpreted 
as turning on a field strength F on the Dp-brane. Analogously, instantons ( |3.1| ) 
in a 4-dimensional gauge theory, say of rank zero and second Chern class n, have 
an interpretation in type IIA theory bound states of n DO-branes on a D4-brane. 
More generally, topological excitations in the worldvolume theory of a brane are 
often caused by other extended objects that end on it H53II . 



3.1.3 String dualities 

The different appearances of string theory, type I, II, heterotic and M-theory are 
connected through a zoo of dualities. Let us briefly introduce T-duality and S- 
duality in type II. There are many more dualities, some of which we will meet 
on our way. 



T-duality 

T-duality originates in the worldsheet description of type II theory in terms of 
open and closed strings. T-duality on an S 1 in the background interchanges the 
Dirichlet and Neumann boundary conditions of the open strings on that circle, 
and thereby maps branes that wrap this S 1 into branes that don't wrap it (and 
vice versa) . It thus interchanges type IIA and type IIB theory. 

Similar to electro-magnetic duality (see Section |3~T| ), T-duality follows from a 
path integral argument [15411 . The sigma model action for a fundamental string 
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is based on the term 

-^—7 / g m ndx m A *dx n , 

in equation < \3.9} when we forget the S-field for simplicity. Let us suppose that 
the metric is diagonal in the coordinate x that parametrizes the T-duality circle 
S 1 . Then we can add a Lagrange multiplier field dy to the relevant part of the 
action 

DxDy exp [ ( dx A *dx + —dx A *dy 

J \ 2-Ka' 7T 

On the one hand the Lagrange multiplier field dy forces d(dx) = 0, which locally 
says that dx is exact. On the other hand integrating out dx yields 

Dyexp j {^-^dy A * d V 
So T-duality exchanges 

, 1 
a' 

and is therefore a strong-weak coupling on the worldsheet. More precisely, one 



should also take into account the B -field coupling (3.91, which is related to non- 
diagonal terms is the space-time metric. This leads to the well-known Buscher 
rules [55] 



Since the differential dx may be identified with a component of the gauge field 
A on the brane, and dy with a normal 1-form to the brane, the reduction of 
supersymmetric Yang- Mills from ten to 10 — d dimensions can be understood as 
applying T-duality d times. 



S-duality 

Since TV = 4 supersymmetric Yang-Mills is realized as the low-energy effective 
theory on a D3-brane wrapping R 4 . Since electro-magnetic duality in this theory 
is an exact symmetry, it should have a string theoretic realization in type IIB 
theory as well. Indeed it does, and this symmetry is known as S-duality. In type 
IIB theory S-duality is a (space-time) strong-weak coupling duality that maps 
g s <-» l/g s - Analogous to Yang-Mills theory the complete symmetry group is 



Sl(2,Z), where the complex coupling constant r (3.4) is realized as 

r = C + UT+. 



Since the ratio of the tensions of the fundamental string Fl and the Dl -brane 
is equal to g s , S-duality exchanges these objects as well as the £?-field and the 
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C 2 -field they couple to. Likewise, it exchanges the NS5-brane with the D5-brane. 
M-theory 

Type IIA is not invariant under S-duality. Instead, in the strong coupling limit 
another dimension of size g s l s opens up. This eleven dimensional theory is called 
M-theory. The field content of M-theory contains a 3 -form gauge field C3 with 
4-form flux G 4 = dC 3 that couples to an M2-brane. It magnetic dual is an M5- 
brane. Other extended objects include the KK-modes and Taub-NUT space. We 
will introduce them in more detail later. For now, let us just note that a reduction 
over the M-theory circle consistently reproduces all the fields and objects of type 
IIA theory. (An extensive review can for instance be found in H56II .) 

3.2 Vafa-Witten twist on ALE spaces 

The maximal amount of supersymmetry in 4-dimensional gauge theories is M = 
4 supersymmetry. This gauge theory preserves so many supercharges that it 
has a few very special properties. Its beta function is argued to vanish non- 
perturbatively making the theory exactly finite and conformally invariant H57II . 
It is also, not unrelated, the only 4-dimensional gauge theory where electro- 
magnetic and Sl(2, Z) duality are conjectured to hold at all energy scales. 

In this section we apply the techniques of the previous section to study a twisted 
version of A/" = 4 supersymmetric Yang-Mills theory in four dimensions. It is 
called the Vafa-Witten twist. We study Vafa-Witten theory on ALE (asympto- 
tically locally Euclidean) spaces, which are defined as hyper-Kahler resolutions 
of the singularity 

c 2 /r, 

where T is a finite subgroup of SU(2). ALE spaces are intimately connected to 
ADE Lie algebras. 

The Vafa-Witten twist is an example of a topological gauge theory. It localizes on 
anti-selfdual instantons that are defined by the vanishing of the selfdual compo- 
nent F + of the field strength. The Vafa-Witten partition function is therefore a 
generating function that counts anti-selfdual instantons. On an ALE space this 
partition function turns out to compute the character of an affine ADE algebra. 

This section starts off with the Vafa-Witten twist and ALE spaces. We discuss 
Vafa-Witten theory on ALE spaces, and embed the gauge theory into string the- 
ory as a worldvolume theory on top of D4-branes. This is the first step in finding 
a deeper explanation for the duality between M = 4 supersymmetric gauge the- 
ories and 2-dimensional conformal field theories. 
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3.2.1 Vafa-Witten twist 

C. Vafa and E. Witten have performed an important S-duality check of TV = 
4 supersymmetric gauge theory by computing a twisted partition function on 
certain 4-manifolds M ROH . 



In total three inequivalent twists of Af = 4 Yang-Mills theory are possible. These 
are characterized by an embedding of the rotation group 50(4) = SU(2)l x 
SU(2)r in the R-symmetry group SU(A)r of the supersymmetric gauge theory 
The Vafa-Witten twist considers the branching 

SU(A) R - SU{2) A x SU(2) B 

and twists either SU(2) L or SU(2) R with SU(2) A . Both twists are related by 
changing the orientation of the 4-fold M and at the same time changing r with 
f . Let us choose the left-twist here. This results in a bosonic field content 
consisting of a gauge field A, an anti-selfdual 2-form and three scalars. 

The twisted theory is a cohomological gauge theory with 7Vr = 2 equivariant 
topological supercharges Q±, whose Lagrangian can be written in the form 

C = — F AF - F_ /\*F_ + ... 
47r e 2 

IT 

= —FAF + Q+Q-T, (3.12) 

47T 

where T is called the action potential [58]. In the spirit of our discussion in 
Section 3 . 1 . 1 1 this implies that the path integral localizes onto the critical points 



of the potential T modulo gauge equivalence. On Kahler manifolds this critical 
locus is characterized by the vanishing of the anti-selfdual 2-form and the three 
scalars, whereas the gauge field obeys 

F_ = 0. 

The Vafa-Witten twist thus localizes to the instanton moduli space 

M = W/G, W = {A:F_{A) = 0}. 
of selfdual connections Q The moduli space M naturally decomposes in con- 



1 Alternatively, the localization to F- follows from the field equations. Since the field content of 
the right twist involves only anti-selfdual (instead of selfdual) fields, setting the fermion variations 
to zero forces _F„ = 0. Likewise, performing the left twist corresponds to changing r with f as well 
changing F_ with _F+ in the Lagrangian ( |3.12) . Ultimately, our conventions in equation l |3.2| l and 
{33} imply that the selfdual instantons receive contributions in r. This choice is non-standard in 
the Vafa-Witten literature, but it fits better with the content of this thesis. 
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nected components M n that are labeled by the instanton number 





F A F 


/ Tr 


. 8^ 2 


hi 



The Vafa-Witten partition function computes the Euler characteristic of these 
components (without ± signs). Up to possible holomorphic anomalies it is a 
holomorphic function of r with a Fourier-expansion of the type 



Z G (r)~J2d(n)q n , 



(3.13) 



where the numbers d(n) represent the Euler characteristic of A4 n , whereas q n = 
exp(27rinr) denotes the contribution of the instantons to the topological term in 



the Lagrangian (3.12). The numbers d{n) are integers when G is connected and 
simply connected. 



S -duality and modular forms 



The Vafa-Witten partition function only transforms nicely under S-duality once 
local curvature corrections in the Euler characteristic x an d the signature a of 
M have been added to the action H40II . Notice that this is justified since they 
do not change the untwisted theory on R 4 . In particular, these additional terms 



introduce an extra exponent in (3.13 1 



Z G (T) = <r c/24 £d(n)<f, 

n 

where c is a number depending on \ an d c. The resulting Vafa-Witten partition 
function conjecturally transforms as a modular form of weight w — — x(M) that 
exchanges G with its dual G 

Z g (~1/t) ~t w / 2 Z g {t). 



Since G is often not simply connected (for example the dual of G — SU(2) is 
G = SO(3) = SU(2)/Z 2 ) one has to take into account magnetic fluxes v e 
H 2 (M , ni(G)) . The components of the partition function Z v mix under the S- 
duality transformation t — ► — 1/r. Furthermore, since for such G instantons 
numbers are not integer, the vector valued partition function Z v will only be 
covariant under a subgroup of S7(2,Z). 

Characters of affine Lie algebras are examples of such vector valued modular 
forms. We will soon introduce them and see that they indeed appear as Vafa- 
Witten partition functions. 
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Unitary gauge group and Jacobi forms 

In the following we will be especially interested in Vafa-Witten theory with gauge 
group U(N). This gauge group is not simply-connected, since it contains an 
abelian subgroup U(l) c U(N). Instanton bundles are therefore not only char- 
acterized topologically by their second Chern class ch 2 , but also carry abelian 
fluxes measured by the first Chern class c\. 

The U (N) Yang-Mills partition function gets extra contributions from these mag- 
netic fluxes. The path integral can be performed by first taking care of the U(l) 
part of the field strength. This gives a contribution in the form of a Siegel theta 
function, precisely as explained in Section [3?T] 

We can make these fluxes more explicit by introducing a topological coupling 
v G H 2 (M, Z) in the original Yang-Mills Lagrangian: 

IT 

C = — TrF + A F+ + v A Tr F + + c.C. (3.14) 

4-7T 

Here we define complex conjugation c.c. not only to change r and v into their 
anti-holomorphic conjugates, but also to map the selfdual part F + of the field 
strength to the anti-selfdual part F_ . The v-dependence of the partition function 
is entirely captured by the U(l) factor of the field strength. It results in a Siegel 
theta-function of signature (bf, b^ ) 

9 r (T,f;v,v) = ^ e ^P+-^-)e 2 ™>P+-' D -*'-). (3.15) 
per 

Here p and v are elements of T — H 2 (M, Z), so that v-p (and likewise p 2 ) refers 
to the intersection product J M v A p. 

In this chapter we focus on non-compact hyper-Kahler manifolds whose Betti 
number = 0. We change their orientation to find a non-trivial Vafa-Witten 
partition function. The U(l) contribution to their partition function is then 
purely holomorphic. 

Because of S-duality the total U (N) partition function Z(v, r) is expected to be 
given by a Jacobi form determined by the geometry M. That is, for 

* jeSI(2,Z) and n, m £ H 2 (M, Z) S Z b \ 

it should have the transformation properties 

Z — - - =(cT + d) w / 2 e^+^Z(v,T) 
\ct + a ct + a J 

Z(V + nT + m,T)= e -^Mn 2 r+2n-v) Z ( v ^ ^ 
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where w is the weight and n is the index of the Jacobi form. Using the localiza- 
tion to instantons, the partition function has a Fourier expansion of the form 

Z(v,r) = ]T d(m,n)y"V~ c/24 , (3.16) 

meff 2 (A/),n>0 

where y = e 27 ™, q = e 27TlT and c = Nx- The coefficients d(n, m) are roughly 
computed as the Euler number of the moduli space of U(N) instantons on M 
with total instanton numbers c\ = m and ch 2 = n. 



3.2.2 M5-brane interpretation 

In string theory U(N) Vafa-Witten theory is embedded as the topological subsec- 
tor of Af = 4 super Yang-Mills theory on N D4-branes that wrap a holomorphic 
4- cycle M c X in the IIA background 

IIA: Ixl 4 . (3.17) 

Topological excitations in the gauge theory amount to bound states of DO and 
D2-branes on the D4-brane. 

Let us now consider the 5-dimensional gauge theory on a Euclidean D4-brane 
wrapping M xS 1 . The partition function of this theory is given by a trace over 
its Hilbert space, whose components are labeled by the number n = ch 2 (F) of 
DO-branes and the number m = ci(F) of D2-branes. The coefficients d(n,m) in 



the Fourier expansion (3.16) thus have a direct interpretation as computing BPS 
invariants: the number of bound states of n DO-branes and m D2-branes on the 
D4-brane. For this reason they are believed to be integers in general. We can 
compute d(m, n) as the indej|^] 

d(m,n) = Tr(-1) F e Z, 

in the subsector of field configurations on M of given instanton numbers m, n. 

From the string theory point of view the modular invariance of Z is explained 
naturally by lifting the D4-brane to M-theory where it becomes an M5-brane on 
the product manifold 

M x T 2 . 

The world-volume theory of the M5-brane is (in the low-energy limit) the rather 
mysterious 6-dimensional U(N) conformal field theory with (0, 2) supersymme- 
try. The complexified gauge coupling t can now be interpreted as the modulus 
of the elliptic curve T 2 , while the Wilson loops of the 3-form potential C 3 along 



2 Here and in the subsequent sections we assume that the two fermion zero modes associated to 
the center of mass movements of the D4-brane have been absorbed. 
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this curve are related to the couplings v, as we explain in more detail in Sec- 
tion 3.3.3 With this interpretation the action of modular group SL(2,Z) on v 



and t is the obvious geometric one. 

Instead of compactifying over T 2 , we can also consider a compactification over 
M. We then find a 2-dimensional (0, 8) CFT on the two-torus, whose moduli 
space consists of the solutions to the Vafa-Witten field equations on M. This 
duality motivates the appearance of CFT characters in Vafa-Witten theory. In 



Section 3.3 we will reach a deeper understanding. 



M 4 - Example 

The simplest example is U(l) Vafa-Witten theory on M 4 corresponding to a single 
D4-brane on K 4 . Point-like instantons in this theory correspond to bound states 
with DO-branes and yield a non-trivial partition function 



Z(r,v) 



's(v,r) _ E pG i 



e 



Trirp -\-2irivp 



The Dedekind eta function ry(r) can be rewritten as a generating function 

V(r) Un>o (! ~ t) 

of the number p(n) of partitions (m, . . . , rife) of n. We can identity each such a 
partition with a bosonic state 

a-m ■ ■ ■ a -n k \P) 

in the Fock space TL P of a chiral boson <j)(x) with mode expansion 

d(j>(x) = a n a; _n_1 . 

riGZ 

The state |p) is the vacuum whose Fermi level is raised by p units. The partition 
function Z(r, v) is exactly reproduced by the u(l) character 

Z(r,v) = Tr Hp (y J «/- c / 24 ) = 

where L = \ocq + J2 n>0 a- n a n measures the energy of the states and J = a 
the U(l) charge. The instanton zero point energy c = 1 now corresponds to the 
central charge for a single free boson. 
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3.2.3 Vafa-Witten theory on ALE spaces 

So far we motivated that the Vafa-Witten partition function transforms under 
S-duality in a modular way. Furthermore, we have seen a simple example with 
M = R 4 where the partition function equals a CFT-character. In this section we 
will see that this relation is more generally true for ALE spaces. 

In the forthcoming sections we introduce quite a few notions from the theory 
of affine Lie algebras g and their appearance in WZW (Wess-Zumino-Witten) 
models. The classic reference for this subject is H59H . 

ALE spaces and geometric McKay correspondence 

An ALE space Mr is a non-compact hyper-Kahler surface. It is obtained by re- 
solving the singularity at the origin of C 2 /T, 

M r -> C 2 /r, 

where T is a finite subgroup of SU(2) that acts linearly on C 2 . These Kleinian 
singularities are classified into three families: the cyclic groups the dihedral 
groups Dk and the symmetries of the platonic solids E^. For example, an Ak-i 
singularity is generated by the element 

(z,w) i — ► (e 27rt/k z,e- 2 ^ k w). 

of the cyclic subgroup r = 




C*34 



Figure 3.2: The left picture (1) illustrates an A±- singularity, which is a hyper-Kahler res- 
olution of C 2 /Z 5 . Its homology is generated by 4 independent 2-cycles. They have self- 
intersection number —2 and intersect once with their neighbours. This Kleinian singularity 
is therefore dual to the Dynkin diagram of the Lie algebra su(5), which is illustrated on the 
right in picture (2). The dotted lines complete this diagram into the Dynkin diagram of the 
extended Lie algebra su(5). The labels are the dual Dynkin indices of the simple roots. 

A hyper-Kahler resolution replaces the singularity at the origin with a number of 
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2-spheres. The (oriented) intersection product 

(Sf , Sj) h- > s 2 u s^- 

puts a lattice structure on the second homology. This turns out to be determined 
by the Cartan matrix of the corresponding ADE Lie algebra g, so that there is a 
bijection between a basis of 2-cycles and a choice of simple roots. Ak-\ singu- 
larities correspond to the Lie group SU{k), D k singularities lead to SO(2k) and 
E k ones are related to one of the exceptional Lie groups E e , E 7 or Eg. 

The Dynkin diagram of each Lie algebra is thus realized geometrically in terms 
of intersections of 2-cyles in the resolution of the corresponding Kleinian sin- 
gularity. This is the famous geometric McKay correspondence 11601 1611 . We will 
encounter its string theoretic interpretation in the next chapter. 

In this thesis we mainly consider A k -i surface singularities, for which r = Z/.. 
Let us work out this example in some more detail. A resolved Ak-\ singularity 
M k is defined by an equation of the form: 

fe 

w k = TT(s - Oi) + u 2 + v 2 = 0, for z,u 7 ve C. 

i=l 

More precisely this equation defines a family of A k -i spaces that are parametrized 
by k complex numbers a«. For any configuration with ai ^ . . . ^ a k the surface 
M k is smooth. 

The 4-manifold M& can be thought of S 1 x M-fibration over the complex plane 
C, where the fiber is defined by the equation u 2 + v 2 = \i = — Y\^ =1 (z — a,) over 
a point zeC. Notice, however, that the size (j, of the circle S 1 becomes infinite 
when z — > oo. 

Over each of the points z = a, the fiber circle vanishes. Hence, non-trivial 2- 
cycles dj in the 4-manifold can be constructed as S^-fibrations over some line 
segment [a i: a,j] in the z-plane. In fact, the second homology of the 4-manifold 
M k is spanned by k — 1 of these two-spheres, say Cj(,- +1 j for 1 < i < k — 1. This 
is illustrated in in Fig. |3.2| 

Since the (k — 1) x (fc — 1) intersection form on H 2 (Mk) in this basis 

/-2 1 .-A 
1 -2 1 ••• 
1 -2 ••■ 

V! '••/ 

coincides with the Cartan form of the Lie algebra su(fc) (up to an overall minus- 
sign), the 2-cycles Cj(j+i) generate the root lattice of Au-i. 
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McKay-Nakajima correspondence 



Let us now study Vafa-Witten theory on these ALE spaces. First of all we have 
to address the fact that the 4-manifold Mr is non-compact, so that we have to 
fix boundary conditions for the gauge field. The boundary at infinity is given 
by the Lens space S 3 /r and here the U(N) gauge field should approach a flat 
connection. Up to gauge equivalence this flat connection is labeled by an N- 
dimensional representation of the quotient group T, that is, an element 

p S Horn (r, [/(TV)) . 

If pi label the irreducible representations of T (with p the trivial representa- 
tion), then p can be decomposed as 



i=0 

where the multiplicities Ni are non-negative integers satisfying the restriction 

r 

Nidi = N, d t = dim pi. 



and r is the rank of the gauge group. Now the classic McKay correspondence 
(without the adjective "geometric") relates the irreducible representations pi of 
the finite subgroup T to the nodes of the Dynkin diagram of the corresponding 
affine extension g, such that the dimensions di of these irreps can be identified 



with the dual Dynkin indices (see Fig. 3.2 1. 



Furthermore, the non-negative integers JVj label a dominant weight of the affine 
algebra g whose level is equal to N. Through the McKay correspondence each N- 
dimensional representation p of T thus determines an integrable highest-weight 
representation of at level N. We will denote this (infinite-dimensional) Lie 
algebra representation as V p . For T = Z k , which is the case that we will mostly 
concentrate on, flat connections on S 3 /Zk get identified with integrable repre- 
sentations of su(fc)jv. In this particular case all Dynkin indices satisfy di = 1. 

With p labeling the boundary conditions of the gauge field at infinity, we will 
get a vector-valued partition function Z p (v, r). Formally the U(N) gauge theory 
partition function on the ALE manifold again has an expansion 

Z p (v,r) = Y,d(m,n)y m q h ?+ n ^ 2 \ 



where c = Nk with k the regularized Euler number of the A^-i manifold 14011 . 
The usual instanton numbers given by the second Chern class n — ch 2 in the 
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exponent are now shifted by a rational number h p , which is related to the Chern- 



Simons invariant of the flat connection p. As we explain in Section 3.4.2 h p gets 
mapped to the conformal dimension of the corresponding integrable weight in 
the affine Lie algebra q related to T by the McKay correspondence. S-duality will 
act non-trivially on the boundary conditions p, and therefore Z p (v, t) will be a 
vector- valued Jacobi form [40 J. 



For these ALE spaces the instanton computations can be explicitly performed, 
because there exists a generalized ADHM construction in which the instanton 
moduli space is represented as a quiver variety. The physical intuition under- 
lying this formalism has been justified by the beautiful mathematical work of 
H. Nakajima H391 16211 . who has proved that on the middle dimensional coho- 
mology of the instanton moduli space one can actually realize the action of the 
affine Kac-Moody algebra gjv in terms of geometric operations. In fact, this work 
leads to the identification 

Z p (v, r) = Tr^ (yV ^ 24 ) - X P (v, t), 

with V p the integrable highest-weight representation of qn and Xp its affine 
character. Here c is the appropriate central charge of the corresponding WZW 
model. A remarkable fact is that, in the case of a U(N) gauge theory on a 
singularity, we find an action of su(k) N and not of the gauge group SU(N). This 
is a important example of level- rank duality of affine Lie algebras. This setup has 
been studied from various perspectives in for instance H631 1641 1651 . 

Interestingly, I. Frenkel has suggested [66 ] that, if one works equivariantly for 
the action of the gauge group SU(N) at infinity (we ignore the U(l) part for the 
moment), there would similarly be an action of the su(N)k affine Lie algebra. 
Physically this means "ungauging" the SU (N) at infinity. In other words, we 
consider making the SU(N) into a global symmetry instead of a gauge symme- 
try at the boundary This suggestion has recently been confirmed in 116711 . So, 
depending on how we deal with the theory at infinity, there are reasons to ex- 
pect both affine symmetry structures to appear and have a combined action of 
the Lie algebra 

su(N)k x su(k)]\[. 

We will now turn to a dual string theory realization, where this structure indeed 
becomes transparent. 



3.3 Free fermion realization 



In this section we discover a string theoretic set-up to study the correspondence 
between Vafa-Witten theory on ALE spaces and the holomorphic part of a WZW 
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model. We find that Vafa-Witten theory is dual to a system of intersecting D4 
and D6-branes on a torus T 2 . 



3.3.1 Taub-NUT geometry 

To study Vafa-Witten theory on ALE spaces within string theory, we use a trick 
that proved to be very effectively in relating 4d and 5d black holes H68l|69[[70l 
[7T1 [72H and is in line with the duality between ALE spaces and 5-brane geome- 
tries [73 ] . We will replace the local Ak-i singularity with a Taub-NUT geometry 
This can be best understood as an S 1 compactification of the singularity. The 
TNk geometry is a hyper-Kahler manifold with metric H74U75I , 



-{dx + af + Vdx 2 



with x G S 1 (with period An) and fell Here the function V and 1-form a are 
determined as 

k 

V(x) = 1 + V 1 - da=* 3 dV. 
~ \x - x a \ 

Just like a local A^-i singularity the Taub-NUT manifold may be seen as a circle 
fibration 

S^ N -» TNk 
I 



where the size of the S^ N shrinks at the points xi, . . . , Xk & K 3 , whose positions 
are the hyperkahler moduli of the space. The main difference with the (resolved) 
singularity is that the Taub-NUT fiber stays of finite size R at infinity. 

The total Taub-NUT manifold is perfectly smooth. At infinity it approximates 
the cylinder M 3 x S^ N , but is non-trivially fibered over the S 2 at infinity as a 
monopole bundle of charge (first Chern class) fc 

da = 2nk. 

s 2 

In the core, where we can ignore the constant 1 that appears in the expression 
for the potential V(x), the Taub-NUT geometry can be approximated by the 
(resolved) A k _i singularity. 

The manifold TNk has non-trivial 2-cycles C a .b — S 2 that are fibered over the 
line segments joining the locations x a and Xb in K 3 . Only k — 1 of these cycles 
are homologically independent. As a basis we can pick the cycles 

C a '■= C a , a +i, a = 1, . . . , k — 1. 



3.3. Free fermion realization 



53 



The intersection matrix of these 2-cycles gives the Cartan matrix of A k _i. 

From a dual perspective, there are k independent normalizable harmonic 2- 
forms uj a on TN k , that can be chosen to be localized around the centers or NUTs 
x a . With 

V a =7-z — ~ r j da a = *dV a , 
\x - x a \ 

they are given as 

0J a = dri a , n a = a a -y(dx + a). 
Furthermore, these 2-forms satisfy 

LU a A LU h = 16-K 2 5ab, 



ITN 

and are dual to the cycles C a ,b 



/ uj c = 4n(S ac - S bc ). 
Jc„_ h 



A special role is played by the sum of these harmonic 2-forms 

UJ TN = ^2^a- (3.18) 

a 

This is the unique normalizable harmonic 2-form that is invariant under the tri- 
holomorphic U(l) isometry of TN. The form lotn has zero pairings with all 
the cycles C ab . In the "decompactification limit", where TN k gets replaced by 
A fe _i, the linear combination lo T n becomes non-normalizable, while the k - 1 
two-forms orthogonal to it survive. 

We will make convenient use of the following elegant interpretation of the two- 
form ujtn- Consider the U(l) action on the TN k manifold that rotates the S^ N 
fiber. It is generated by a Killing vector field £. Let rj T N be the correspond- 
ing dual one-form given as (t]tn)h — ', where we used the TiV-metric to 
convert the vector field to a one-form. Up to an overall rescaling this gives 

Vtn = y(d X + a). (3.19) 
In terms of this one-form, lu T n is given by uj T n — drj T N- 



3.3.2 The D4-D6 system 



Our strategy will be that, since we consider the twisted partition function of the 
topological field theory, the answer will be formally independent of the radius 
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R of the Taub-NUT geometry. So we can take both the limit R — ► oo, where 
we recover the result for the ALE space C 2 /Z k , and the limit R — > 0, where the 
problem becomes essentially 3 -dimensional. 

Now, there are some subtleties with this argument, since a priori the partition 
function of the gauge theory on the TN manifold is not identical to that of the 
ALE space. In particular there are new topological configurations of the gauge 
field that can contribute. These can be thought of as monopoles going around 
the S 1 at infinity. We will come back to this subtle point laterj^] 

In type IIA string theory, the partition function of the TV = 4 SYM theory on the 
TNk manifold can be obtained by considering a compactification of the form 

(IIA) TN x S 1 x R 5 , 

and wrapping N D4-branes on TN x S 1 . This is a special case of the situation 



presented in the box on the right-hand side in Fig. 1.6 with T — S 1 , B3 = 
S 1 x M 2 , and S 1 decompactified. In the decoupling limit the partition function 
of this set of D-branes will reproduce the Vafa-Witten partition function on TN k . 
This partition function can be also written as an index 

Z(v,t) = Tr((-l) F e- 0H e me e 2mmv ) 

where = 2nR 9 is the circumference of the "9th dimension" S 1 , and m = c\, 
n = ch% are the Chern characters of the gauge bundle on the TNk space. Here 
we can think of the theta angle 9 as the Wilson loop for the graviphoton field C\ 
along the S 1 . Similarly v is the Wilson loop for C3. The gauge coupling of the 
4d gauge theory is now identified as 

1 = JL 

g 2 g s L ' 

Because only BPS configurations contribute in this index, again only the holo- 
morphic combination r ( |3.4| ) will appear. 

We can now further lift this configuration to M-theory with an additional S* 1 of 
size Rn = gj s , where we obtain the compactification 

(M) TN x T 2 x M 5 , 

now with N M5-branes wrapping the 6-manifold TN k x T 2 . This corresponds 



to the top box in Fig. 1.6 with S = T 2 . As we remarked earlier, after this lift the 



coupling constant r is interpreted as the geometric modulus of the elliptic curve 

3 Recently, instantons on Taub-NUT spaces have been studied extensively in [76 77l 1781 . In 
particular, 1 79 1 gives a closely related description of the duality between J\f = 4 supersymmetric 
gauge theory on Taub-NUT space and WZW models from the perspective of an M5-brane wrapping 
R x S 1 x TN. It is called a geometric Langlands duality for surfaces. 
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T 2 . In particular its imaginary part is given by the ratio i? 9 /i? n . Dimensionally 
reducing the 6-dimensional U(N) theory on the M5-brane world-volume over 
the Taub-NUT space gives a 2-dimensional (0, 8) superconformal field theory, in 
which the gauge theory partition function is computed as the elliptic genus 

Z = Tr ((-1) V°9 io ~ c/24 ) • 



In order to further analyze this system we switch to yet another duality frame by 
compactifying back to Type IIA theory but now along the S 1 fiber in the Taub- 
NUT geometry. This is the familiar 9-11 exchange. In this fashion we end up 
with a IIA compactification on 

(IIA) I 3 xT 2 xK 5 , 

with A" D4-branes wrapping M 3 x T 2 . However, because the circle fibration of 
the TN space has singular points, we have to include D6-branes as well. In 
fact, there will be k D6-branes that wrap T 2 x M 5 and are localized at the points 
. . . ,Xk in the R 3 . This situation is represented in the box on the left-hand 



side in Fig. 1.6 



Summarizing, we get a system of N D4-branes and k D6-branes intersecting 
along the T 2 . This intersection locus is called the I-brane. It is pictured in 



Fig. 3.3.2 We will now study this I-brane system in greater detail. 





Figure 3.3: Configuration of intersecting D4 and D6-branes with one of the 4-6 open strings 
that gives rise to a chiral fermion localized on the I-brane. 
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3.3.3 Free fermions 

A collection of D4-branes and D6-branes that intersect along two (flat) dimen- 
sions is a supersymmetric configuration. One way to see this is that after some 
T-dualities, it can be related to a D0-D8 or D1-D9 system. The supersymmetry in 
this case is of type (0, 8). The massless modes of the 4-6 open strings stretching 
between the D4 and D6 branes reside entirely in the Ramond sector. All modes 
in the NS sector are massive. These massless modes are well-known to be chiral 
fermions on the 2-dimensional I-brane H511 1801 1811 . If we have N D4-branes 
and k D6-branes, the chiral fermions 

ipi,a( z ), V4,a( 2 )> i = l,...,N, a=l,...,k 

transform in the bifundamental representations (AT, k) and (A, k) of U (N) x 
U(k). Since we are computing an index, we can take the a' — > limit, in which 
all massive modes decouple. In this limit we are just left with the chiral fermions. 
Their action is necessarily free and given by 

s = j d 2 z ^B A+A <p, 

where A and A are the restrictions to the I-brane T 2 of the U(N) and U(k) 
gauge fields, that live on the worldvolumes of the D4-branes and the D6-branes 
respectively. (Here we have absorbed the overall coupling constant). 

Under the two J7(l)'s the fermions have charge (+1,-1). Therefore the over- 
all (diagonal) U(l) decouples and the fermions effectively couple to the gauge 
group 

C/(l) x SU(N) x SU(k), 

where the remaining U(l) is the anti-diagonal. At this point we ignore certain 
discrete identifications under the Z n and centers, that we will return to later. 

Zero modes 

A special role is played by the zero-modes of the D-brane gauge fields. In the 
supersymmetric configuration we can have both a non-trivial flat U(N) and U(k) 
gauge field turned on along the T 2 . We will denote these moduli as and v a 
respectively. The partition function of the chiral fermions on the I-brane will be 
a function Z(u, v, r) of both the flat connections u, v and the modulus r. It will 
transform as a (generalized) Jacobi-form under the action of SL(2,Z) on the 
two-torus. 

The couplings u and v have straightforward identifications in the M = 4 gauge 
theory on the TN space. First of all, the parameters m are Wilson loops along 
the circle of the D4 compactified on TN x S 1 , and so in the 4-dimensional theory 
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they just describe the values of the scalar fields on the Higgs moduli space. That 
is, they parametrize the positions Ui of the N D4-branes along the S 1 . Clearly, 
we are not interested in describing these kind of configurations where the gauge 
group U(N) gets broken to U(1) N (or some intermediate case). Therefore we 
will in general put u = 0. 

The parameters v a are the Wilson lines on the D6-branes and are directly related 
to fluxes along the non- trivial two-cycles of TNk and (in the limiting case) on the 
Ak-i geometry To see this, let us briefly review how the world-volume fields of 
the D6-branes are related to the TN geometry in the M-theory compactification. 

The positions of the NUTs x a of the TN manifold are given by the vev's of the 
three scalar Higgs fields of the 6+1 dimensional gauge theory on the D6-brane. 
In a similar fashion the U(l) gauge fields A a on the D6-branes are obtained 
from the 3-form C3 field in M-theory. More precisely, if u a are the k harmonic 
two-forms on TNk introduced in Section [3.3. 1[ we have a decomposition 

C 3 = ^w a AA, (3.20) 

a 

We recall that the forms u> a are localized around the centers x a of the TN ge- 
ometry (the fixed points of the circle action). So in this fashion the bulk C3 field 
gets replaced by k U(l) brane fields A a . This relation also holds for a single 
D6-brane, because the two-form uj is normalizable in the TN% geometry Rela- 
tion ( 3.20] ) holds in particular for a flat connection, in which case we get the 



M-theory background 

C3 = v a uj a A dz + c.c. 

a 

Reducing this 3-form down to the type IIA configuration on TN x S 1 gives a 
mixture of NS B fields and RR C3 fields on the Taub-NUT geometry. Finally, 
in the M = 4 gauge theory this translates (for an instanton background) into a 
topological coupling 

v A Tr F+ + v A Tr 



with v the harmonic two-form 

v = ^2v a uj a . 

a 

The existence of this coupling can also be seen by recalling that the M5-brane 
action contains the term J H A C3. On the manifold M x T 2 the tensor field 
strength H reduces as H = F + A dz + F_ A dz and similarly one has C 3 = 
v A dz + v A dz, which gives the above result. If one thinks of the gauge theory in 
terms of a D3 -brane, the couplings v, v are the fluxes of the complexified 2-form 
combination Brr + tB^s- 
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Chiral anomaly 

We should address another point: the chiral fermions on the I-brane are obvi- 
ously anomalous. Under a gauge transformation of, say, the U(N) gauge field 

5 A = DC, 

the effective action of the fermions transforms as 

k f Tr(£F A ). 
Jt 2 

A similar story holds for the U(k) gauge symmetry. Nonetheless, the overall 
theory including both the chiral fermions on the I-brane and the gauge fields 
in the bulk of the D-branes is consistent, due to the coupling between both 
systems. The consistency is ensured by Chern-Simons terms ( |3.11| ) in the D- 
brane actions, which cancel the anomaly through the process of anomaly inflow 
H511I82II . For example, on the D4-brane there is a term coupling to the RR 2-form 
(graviphoton) field strength G 2 : 

Ics = ~ I G 2 hCS{A), (3.21) 

with Chern-Simons term 

CS(A) = Tr (Ad A + % A A A A A) . 

Because of the presence of the D6-branes, the 2-form G 2 is no longer closed, but 
satisfies instead 

dG 2 = 2nk ■ St 2 ■ 

Therefore under a gauge transformation 8 A = the D4-brane action gives the 
required compensating term 

SIcs -^|g 2 A dTr(CF A ) = -k J Tr(£F A ), 

which makes the whole system gauge invariant. 

3.4 Nakajima-Vafa-Witten correspondence 

So far we have obtained a configuration of N D4-branes and k D6-branes that 
intersect transversely along a 2-torus. Moreover, the massless modes of the 4-6 
open strings combine into Nk free fermions on this 2-torus. This already relates 
SU(N) Vafa-Witten theory on an A^ -singularity to a 2-dimensional conformal 
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field theory of free fermions. However, the I-brane system contains more infor- 
mation than just the Vafa-Witten partition function. In this section we analyze 
the I-brane system and extract the Nakajima-Vafa-Witten correspondence from 
the I-brane partition function. 

3.4.1 Conformal embeddings and level-rank duality 

The system of intersecting branes gives an elegant realization of the level-rank 
duality 

su(N) k «-> su(fc)jy 

that is well-known in CFT and 3d topological field theory. The analysis has been 
conducted in [82| for a system of D5-D5 branes, which is of course T-dual to 
the D4-D6 system that we consider here. Hence we can follow this analysis to a 
large extent. 

The system of Nk free fermions has central charge c = Nk and gives a realiza- 
tion of the u(Nk)i affine symmetry at level one. In terms of affine Kac- Moody 
Lie groups we have the embedding 

u(l) N k x su(N) k x su(k) N C u(Nk)i. (3.22) 

This is a conformal embedding, in the sense that the central charges of the WZW 
models on both sides are equal. Indeed, using that the central charge of su(N) k 
is 

k(N 2 - 1) 
CN ^ k k + N ' 

it is easily checked that 

1 + c N . k + c k , N = Nk. 

The generators for these commuting subalgebras are bilinears constructed out 
of the fermions a and their conjugates ipj a . In terms of these fields one can 
define the currents of the u(N) k and u(k) N subalgebras as respectively 

a 

and 

Jab{z) =^2lpj,a*pt 3 - 
3 

Now it is exactly the conformal embedding ( |3.22| ) that gives the most elegant ex- 
planation of level-rank duality. This correspondence should be considered as the 
affine version of the well-known Schur-Weyl duality for finite-dimensional Lie 
groups. Let us recall that the latter is obtained by considering the (commuting) 
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actions of the unitary group and symmetric group 

U(N) x S k d U{Nk) 

on the vector space C Nk , regarded as the fc-th tensor product of the fundamental 
representation C^. Schur-Weyl duality is the statement that the corresponding 
group algebras are maximally commuting in End ((C N )® k ), in the sense that 
the two algebras are each other's commutants. Under these actions one obtains 
the decomposition 

@V P ®V P , 



-<Nk 



with V p and V p irreducible representations of u(N) and S k respectively. Here 
p runs over all partitions of k with at most N parts. This duality gives the 
famous pairing between the representation theory of the unitary group and the 
symmetric group. 

In the affine case we have a similar situation, where we now take the fcth tensor 
product of the N free fermion Fock spaces, viewed as the fundamental repre- 
sentation of u(N)i. The symmetric group 5 fc gets replaced by u(k) N (which 
reminds one of constructions in D-branes and matrix string theory, where the 
symmetry group appears as the Weyl group of a non-Abelian symmetry). The 
affine Lie algebras 

u(l)jvjt x su(N) k x su(k) N 

again have the property that they form maximally commuting subalgebras within 
u(Nk)i. The total Fock space f® Nk of Nk free fermions now decomposes under 



the embedding (3.221 as 

T ®Nk = Q ^ g ^ g y_ (3 _ 23) 

P 

Here U\\ p \\, V p and V p denote irreducible integrable representations of u(l)jvfc, 
su(k) N , and su(N) k respectively. 



The precise formula for the decomposition (3.231 is a bit complicated, in par- 
ticular due to the role of the overall U(l) symmetry, and is given in detail in 
Appendix[A| But roughly it can be understood as follows: the irreducible repre- 
sentations of u(N)k are given by Young diagrams that fit into a box of size N xk. 
Similarly, the representations of u(k) n fit in a reflected box of size k x N. In this 
fashion level-rank duality relates a representation V p of u(N)k to the represen- 
tation V p of u(fc)jy labeled by the transposed Young diagram. If we factor out 
the u(l) Nk action, we get a representation of charge ||p||, which is related to the 
total number of boxes \p\ in p (or equivalently p). 



At the level of the partition function we have a similar decomposition into char- 
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acters. To write this in more generality it is useful to add the Cartan generators. 
That is, we consider the characters for u(N)k that are given by 

and similarly for u(Ic)n we have 

x f k)N (v,T) = Tr_ ^iVaJS q L -C h , N /2i^ 

Here the diagonal currents 



generate the Cartan tori U(1) N C U(N) and U(l) k C U(k). 

Including the Wilson lines u and v for the U(N) and U(k) gauge fields, the 
partition function of the I-brane system is given by the character of the fermion 
Fock space 

Zi(u, v, t) = Tr^(e 2 " < -^ J o +v " J ^ q L °~^ (3.24) 

Y[ Y\ fl + e 2ni( - Uj+Va) q n+1/2 ^ (l + e -27T»(«i+«a) ? n+l/2 



= q 24 



j=l,...,JV n>0 
a=l,...,fe 



Writing the decomposition (3.23 1 in terms of characters gives 

v,t) 

N-l k-1 
[p]cy N -i,k 3=0 a=0 

where the Young diagrams p e D^v-i,fc of size (iV — 1) x k represent su(N)k 
integrable representations and a denote generators of the outer automorphism 
groups Z N and Z k that connect the centers of SU(N) and SU(k) to the U{1) 
factor (see again Appendix|X|for notation and more details). 



3.4.2 Deriving the McKay-Nakajima correspondence 

In the intersecting D-brane configuration both the D4-branes and the D6-branes 
are non-compact. So, we can choose both the U(N) and U(k) gauge groups 
to be non-dynamical and freeze the background gauge fields A and A. In fact, 
this set-up is entirely symmetric between the two gauge systems, which makes 
level-rank duality transparent. 
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However, in order to make contact with the TV = 4 gauge theory computation, 
we will have to break this symmetry. Clearly, we want the U(N) gauge field to 
be dynamical — our starting point was to compute the partition function of the 
U(N) Yang-Mills theory The U(k) symmetry should however not be dynamical, 
since we want to freeze the geometry of the Taub-NUT manifold. So, to derive 
the gauge theory result, we will have to integrate out the U(N) gauge field A on 
the I-brane. Particular attention has to be payed to the U(l) factor in the CFT on 
the I-brane. We will argue that in this string theory set-up we should not take 
that to be dynamical. 

Therefore we are dealing with a partially gauged CFT or coset theory 

u{Nk)i/su(N) k . 

In particular the su(N) k WZW model will be replaced by the corresponding G/G 
model. Gauging the model will reduce the characters. (Note that this only makes 
sense if the Coulomb parameters u are set to zero. If not, we can only gauge 
the residual gauge symmetry, which leads to fractionalization and a product 
structure.) In the gauged WZW model, which is a topological field theory, only 
the ground state remains in each irreducible integrable representation. So we 
have a reduction 

X f {Nh (%r) - q h ^\ 

with hp the conformal dimension of the ground state representation p. Note 
that the choice of p corresponds exactly to the boundary condition for the gauge 
theory on the A^-i manifold. We will explain this fact, that is crucial to the 
McKay correspondence, in a moment. 

Gauging the full I-brane theory and restricting to the sector p finally gives 

Zl (u,v,r) - Z^(,,r) = ^-/ 24 ^\^-(fc|,|,r) X ^(^r). 



a=0 



Up to the ^X 1 )^ factor, this reproduces the results presented in H401 |39H for 
ALE spaces, which involve just su(fc)jv characters. This extra factor is is due 
to additional monopoles mentioned in Section 3.3.2| They are related to the 



finite radius S 1 at infinity of the Taub-NUT space and are absent in case of ALE 
geometries. 

In fact, the extra U(l) factor can already be seen at the classical level, because 



the extra normalizable harmonic two-form uj in (3.18 1 disappears in the decom- 
pactification limit where TN k degenerates into Ak-i- The lattice H 2 (TN k , Z) is 
isomorphic to Z k with the standard inner product and contains the root lattice 
A k -i as a sublattice given by J2i n i = 0. Note also that the lattice Z fc is not 
even, which explains why the I-brane partition function has a fermionic charac- 
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ter and only transforms under a subgroup of SL(2,Z) that leaves invariant the 
spin structure on T 2 . 

Relating the boundary conditions 

By relating the original 4-dimensional gauge theory to the intersecting brane 
picture one can in fact derive the McKay correspondence directly. Moreover 
we can understand the appearance of characters of the WZW models (for both 
the SU(N) and the SU(k) symmetry) in a more natural way in this set-up. 
Recall that the SU(N) gauge theory on the Af.-i singularity or TNk manifold 
is specified by a boundary state. This state is given by picking a flat connection 
on the boundary that is topologically S 3 /Z k . If we think of this system in radial 
quantization near the boundary where we consider a wave function for the time 
evolution along 

S 3 /1 k x E, 

we have a Hilbert space with one state \p) for each N- dimensional representa- 
tion 

p: Z k ^U(N). 

After the duality to the I-brane system, we are dealing with a 5-dimensional 
SU(N) gauge theory on M 3 x T 2 , with k D6-branes intersecting it along {p} x T 2 
where p is (say) the origin of R 3 . Here the boundary of the D4-brane system is 
S 2 x T 2 . In other words, near the boundary the space-time geometry looks like 
K x S 2 x T 2 . We now ask ourselves what specifies the boundary states for this 
theory. Since we need a finite energy condition, this is equivalent to considering 
the IR limit of the theory. In M-theory the 5 1 -bundle over S 2 carries a first Chern 
class k, which translates into the flux of the graviphoton field strength 

[ G 2 = 2nk. 

Js 2 

Therefore the term 

/ G 2 A CS(A), 

JS 2 xT 2 xR 

living on the D4 brane, leads upon reduction on S 2 (as is done in [82]) to the 
term 

Ics = 2nk f CS{A). 

JT 2 xW 

Hence we have learned that the boundary condition for the D4-brane requires 
specifying a state of the SU(N) Chern-Simons theory at level k living on T 2 . The 
Hilbert space for Chern-Simons theory on T 2 is well-known to have a state for 
each integrable representation of the u(N) k WZW model, which up to the level- 
rank duality described in the previous section, gives the McKay correspondence. 
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In fact, the full level-rank duality can be brought to life. Just as we discussed for 
the TV D4-branes, a SU(k) gauge theory lives on the k D6-branes on T 2 x R 5 . 
The boundary of the space is S 4 x T 2 . Furthermore, taking into account that 
the TV D4-branes source the G4 RR flux through S 4 , we get, as in the above, a 
SU(k) Chern-Simons theory at level TV living on T 2 x E. Therefore the boundary 
condition should be specified by a state in the Hilbert space of the SU(k) Chern- 
Simons theory on T 2 . So we see three distinct ways to specify the boundary 
conditions: as a representation of Z k in SU(N), as a character of SU(N) at 
level k, and as a character of SU(k) at level TV. Thus we have learned that, 
quite independently of the fermionic realization, there should be an equivalence 
between these objects. 

To make the map more clearly we could try to show that the choice of the flat 
connection of the SU(N) theory on S 3 /Z k gets mapped to the characters that 
we have discussed in the dual intersecting brane picture. To accomplish this, 
recall that the original SU(N) action on the A k _ 1 space leads to a boundary 
term (modulo an integer multiple of 2ttit) given by the Chern-Simons invariant 



Restricting to a particular flat connection on S 3 /Z k yields the value of the clas- 
sical Chern-Simons action. 

If we show that 



for the flat connection p on S 3 /Z k gets mapped to the conformal dimension h p of 
the corresponding state of the quantum Chern-Simons theory on T 2 , we would 
have completed a direct check of the map, because the gauge coupling constant 
t above is nothing but the modulus of the torus in the dual description. 

To see how this works, let us first consider the abelian case of TV = 1. In that 
case the flat connection p is given by a phase e 27Tin ^ k with n e Z/fcZ. The 
corresponding CS term gives 



This is the conformal dimension of a primary state of the U(l) WZW model at 
level k. 

A general U(N) connection can always be diagonalized to U(1) N , which there- 
fore gives integers m, . . . ,n N e Z/fcZ. The Chern-Simons action is therefore 





s u(1 Hp) 
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given by 



N o 

nf 



2k' 



On the other hand, a conformal dimension of a primary state in the correspond- 
ing WZW model is given by 

, C 2 { P ) 
p 2(k + N)' 

where p is an irreducible integrable u(N)k weight. Such a weight can be en- 
coded in a Young diagram with at most N rows of lengths i?;. There is a natural 
change of basis n, = Ri + pf eyl where we shift by the Weyl vector p Weyl . If we 
decompose U(N) into SU(N) and U(l), the basis rn cannot be longer than k, 
which relates to the condition n, S Z& on the Chern-Simons side. In this basis 
the second Casimir C2 takes a simple form. Therefore the conformal dimension 
becomes 

N(N 2 - 1) 1 A 2 

lp 24(k + N) + 2(k + N) f^ ni ' 

The constant term combines nicely with the central charge contribution 
to give an overall constant (iV 2 — l)/24. Apart from this term we see that h p in- 
deed matches the expression for S U ^ NS> (p) given above, up to the usual quantum 
shift k—>k + N. 

According to the McKay correspondence one might expect to find a relation be- 
tween representations of and u(k) n integrable weights. Instead, we have 
just shown how u(N)k weights p arise. Nonetheless, one can relate integrable 
weights of those algebras by a transposition of the corresponding Young dia- 
grams. Then the conformal dimensions of u(fc)jv weights p are determined by 
the relation [[83J 

p 9 2 2Nk' 
which is a consequence of the level-rank duality described in Appendix |X| The 
above chain of arguments connects representations and u(fc)jv integrable 
weights, thereby realizing the McKay correspondence. 



3.4.3 Orientifolds and SO/Sp gauge groups 

In this chapter we have considered a system of N D4-branes and k D6-branes in- 
tersecting along a torus, whose low energy theory is described by U(N) and U(k) 
gauge theories on each stack of branes, together with bifundamental fermions. 
We can reduce this system to orthogonal or symplectic gauge groups in a stan- 
dard way by adding an orientifold plane. This construction can also be lifted to 
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M-theory. Let us recall that D6-branes in our system originated from a Taub-NUT 
solution in M-theory. The 06-orientifold can also be understood from M-theory 
perspective, and it corresponds to the Atiyah-Hitchin space Il84ll . Combining 
both ingredients, it is possible to construct the M-theory background for a col- 
lection of D6-branes with an 06-plane. The details of this construction are ex- 
plained in H84B . 

Let us see what are the consequences of introducing the orientifold into our 
I-brane system. We start with a stack of k D6-branes. To get orthogonal or 
symplectic gauge groups one should add an orientifold 06-plane parallel to D6- 
branes H85L which induces an orientifold projection f2 which acts on the Chan- 
Paton factors via a matrix 7^. Let us recall there are in fact two species 06 ± of 
such an orientifold. As the fl must square to identity, this requires 

7n = ±7o, 

with the ± sign corresponding to 06 ± -plane, which gives respectively SO(k) and 
Sp(2k) gauge group. In the former case k can be even or odd; k odd requires 
having half-branes, fixed to the orientifold plane (as explained e.g. in H86D . 

Let us add now N D4-branes intersecting D6 along two directions. The presence 
of 06 ± -plane induces appropriate reduction of the D4 gauge group as well. The 
easiest way to argue what gauge group arises is as follows. We can perform a 
T-duality along three directions to get a system of Dl-D9-branes, now with a 
spacetime-Ming 09-plane. This is analogous to the D5-D9-09 system in [85], in 
which case the gauge groups on both stacks of branes must be different (either 
orthogonal on D5-branes and symplectic on D9-branes, or the other way round); 
the derivation of this fact is a consequence of having 4 possible mixed Neumann- 
Dirichlet boundary conditions for open strings stretched between branes. On the 
contrary for D1-D9-09 system there is twice as many possible mixed boundary 
conditions, which in consequence leads to the same gauge group on both stack 
of branes. By T-duality we also expect to get the same gauge groups in D4-D6 
system under orientifold projection. 

Let us explain now that the appearance of the same type of gauge groups is 
consistent with character decompositions resulting from consistent conformal 
embeddings or the existence of the so-called dual pairs of affine Lie algebras 
related to systems of free fermions. We have already come across one such 



consistent embedding in (3.221 for u(Nk)i. A dual pair of affine algebras in 
this case is (su(N)k, su(k)pf). These two algebras are related by the level-rank 
duality discussed in Appendix[X| As proved in ||8"7l l8"8l , all other consistent dual 
pairs are necessarily of one of the following forms 



(sp(2N) k , sp(2k) N ), 



3.4. Nakajima-Vafa-Witten correspondence 



67 



(so(2JV + l) 2fc+ i, sb(2k + l) 2W +i), 

(sb(2N) 2k+1 , sb(2fc + 1) 2JV ), 

(sb(2iV)2fe, sb(2fc) 2 jv). 

Corresponding expressions in terms of characters, analogous to ( |A.5| ), are also 
given in [88]. The crucial point is that both elements of those pair involve 
algebras of the same type, which confirms and agrees with the string theoretic 
orientifold analysis above. 

Finally we wish to stress that the appearance of U, Sp and SO gauge groups 
which we considered so far in this paper is related to the fact that their respective 
affine Lie algebras can be realized in terms of free fermions, which arise on the 
I-brane from our perspective. It turns out there are other Lie groups G whose 
affine algebras have free fermion realization. There is a finite number of them, 
and fermionic realizations can be found only if there exists a symmetric space 
of the form G'/G for some other group G' [89]. It is an interesting question 
whether I-brane configurations can be engineered in string theory that support 
fermions realizing all these affine algebras. 

From a geometric point of view we can remark the following. For ALE singular- 
ities of A-type and D-type a non-compact dimension can be compactified on a 
S 1 to give Taub-NUT geometries. For exceptional groups such manifolds do not 
exist. But one can compactify two directions on a T 2 to give an elliptic fibration. 
In this setting exotic singularities can appear as well. Such construction have a 
direct analogue in type IIB string theory where they correspond to a collection 
of (p, q) 7-branes H90[ |9~TH . The I-brane is now generalized to the intersection of 
TV D3-branes with this non-abelian 7-brane configuration ||92ll . However, there 
is in general no regime where all the 7-branes are weakly coupled, so it is not 
straightforward to write down the I-brane system. 



Chapter 4 



Topological Strings, Free 
Fermions and Gauge Theory 



In Chapter [3] we found a stringy explanation for the appearance of CFT charac- 
ters in Af = 4 supersymmetric gauge theories. We discovered that these charac- 
ters emerge from a free fermion system living on a torus T 2 . 

Also in Af — 2 supersymmetric gauge theories important exact quantities have 
turned out to be expressible in terms of an effective Riemann surface or complex 
curve S. In this chapter we find that the I-brane configuration can be general- 
ized to this Af = 2 setting by replacing the torus T 2 with the more general 
2-dimensional topology E. Moreover, we find an extension of the duality chain 



to the complete web of dualities in Fig. 1.6 Interestingly this makes it possible 



to compare local Calabi-Yau compactifications with intersecting brane configu- 
rations. This sheds new light on the presence of free fermions in those theories. 

The theme of this chapter is the web of dualities in Fig. |1.6| The three keywords 
"topological strings", "free fermions" and "gauge theory" refer to the three cor- 
nerstones of the duality web. In all of these frames a holomorphic curve E plays 
a central role. The duality web relates the curves in all three settings, thereby 
giving a more fundamental understanding of the appearance of curves in Af = 2 
theories. The goal of this chapter is to introduce the three corners of the web and 
their relations. This yields a fruitful dual perspective on Af = 2 supersymmetric 
gauge theory as well as topological string theory. 

An instructive example of an Af = 2 supersymmetric gauge theory is the cele- 



brated Seiberg-Witten theory. In Section 4.1 we summarize how the low energy 



behaviour of SU(N) supersymmetric Yang-Mills is encoded in a Riemann sur- 
face Y<sw of genus N — 1, which is widely known as the Seiberg-Witten curve. 



In Section 4.1.4 we show that it is dual to an I-brane configuration of D4 and 
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D6 branes that intersect at the Seiberg-Witten curve Y, sw . This set-up is easily 
generalized to more general M = 2 gauge theories. 



In Section 4.2 we study non-compact Calabi-Yau threefolds that are modeled on 



a Riemann surface. Such 6-dimensional backgrounds geometrically engineer a 



supersymmetric gauge theory in the four transverse dimensions. In Section 4.2.3 
we relate the I-brane configuration to such Calabi-Yau compactifications in a 
second chain of dualities. 

This far we haven't discussed topological invariants in these duality frames. This 



is subject of Section 4.3 We review the most relevant aspects of Calabi-Yau com- 
pactifications and the way topological string theory enters. In Section 4.4 we 
introduce the several types of topological invariants that the topological string 
captures, and we show how they enter the web of dualities. Moreover, we dis- 
cuss the relation of these invariants to the free fermions on the I-brane. As an 
application we write down a partition function that counts bound states of D0- 
D2-D4 branes on a D6 brane and argue that this computes the I-brane partition 
function. 



Let us emphasize that novel results in this chapter may be found in Section 4.1.4 
Section [4T23| Section |4~4~3"1 and Section [4^2] 



4. 1 Curves in J\f = 2 gauge theories 

TV = 2 supersymmetric gauge theories (unlike their Af = 4 relatives) are sen- 
sitive to quantum corrections and thus not conformally invariant. In particular, 
the SU(N) theory is asymptotically free: its complex gauge coupling constant 
r depends on the energy scale fj, such that symCm) decreases at high energies. 
This dependence can be argued to be of the form H57II 

i 2 °° / A\ ^ 

Teff 0") = T clas + - log + Y] °k ( - ) (4-1) 

n A kTi W 

for some to be determined constants c^, where A is the scale at which the gauge 
coupling becomes strong. The second term on the right-hand side is the only 
perturbative contribution, which follows from a one-loop computation, and the 
third term captures all possible instanton contributions. 

Surprisingly, N. Seiberg and E. Witten discovered that an elegant geometrical 
story is hidden behind the coefficients ct 119311 . They realized that many proper- 
ties of TV = 2 supersymmetric gauge theories have a geometrical interpretation 
in terms of an auxiliary Riemann surface, which is now called the Seiberg-Witten 
curve. One of the successes of string theory is the physical embedding of the 
Seiberg-Witten curve in a 10- or 11 -dimensional geometry This has deepened 
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the insight in supersymmetric gauge theories considerably. 

In this first section of this chapter we explain how the Seiberg-Witten curve 
comes about, and which information it holds about the underlying gauge theory 
Moreover, we explain its embedding in string theory as the rightmost diagram in 
the web of dualities in Fig. 1.6 All these preliminaries are needed to get to the 
main result of this section: the duality of Af = 2 supersymmetric gauge theories 
with intersecting brane configurations of D4 and D6-branes wrapping the gauge 
theory curve E. 



4.1.1 Low energy effective description 

Let us start with the basics. Since N — 2 super Yang-Mills on R 4 is a reduction 
of M = 1 super Yang-Mills in six dimensions, it follows immediately that its 
field content consists of a gauge field A^, a complex scalar field and two Weyl 
spinors A±. The last three fields transform in the adjoint representation of the 
gauge group. The bosonic part of the action follows likewise from this reduction 

C = -^Tr (F A *F + 2D(f> A + [</>, f ] 2 ) , (4.2) 

where we could have added the topological term ^Tr(FA-F). Supersymmetric 
vacua are therefore found as solutions of 

^) = Tr[0,0t]2 = o , 

i.e. 4> and </>t have to commute. Notice that this gives a continuum set of so- 
lutions, since <j) has an expansion in the Cartan generators {hi} of the gauge 
group 

(f> = a,ihi cii G C. 

The gauge group is thus generically broken to a number of U(l) -factors. Divid- 
ing out the residual Weyl symmetry, for SU(N) we find a moduli space M c of 
classical vacua that is parametrized by the symmetric polynomials 

u k = Tr^ fc 

in the parameters a^. 

Classically, there are singularities in this moduli space where T'F-particles be- 
come massless and the gauge symmetry is partially restored. To understand 
the theory fully, it is important to find out what happens to these singularities 
quantum-mechanically. This information is contained in the quantum metric on 
the moduli space, which is part of the low energy effective action. 
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Quantum moduli space 



Let us explain this in some detail. The abelian low energy effective action is very 
much restricted by supersymmetry 



£ = Im 



(4.3) 



where T§ is any holomorphic function in the M = 2 abelian vector superfields 
ty 1 . The holomorphic function T§ is known as the prepotential, whereas the 
supermultiplets \P* form a representation of the TV = 2 supersymmetry algebra 
and contain the U(l) fields A 1 , $ and \ l ± as physical degrees of freedom. 

In H = 1 language M> is decomposed into two Af = 1 chiral multiplets 4>, 
containing the scalar field and A_, and W Q , which can be expanded in terms 
of A+ and the field strength F^ v . This results in the well-known low energy 
Lagrangian 



C= / d 2 0d 2 9 JC($ k ,$ k ) + / d 2 6 7ii(* fe )Wj,W 



(4.4) 



with 



/C(* fc ,* fe ) = Im 



ar (* fc ) 
9*' 



and 



,•(*»•) = 



a 2 .Fo(^ fc ) 



Important is that the first term (the so-called D-term) in this Lagrangian de- 
termines a Kahler metric gq on the quantum vacuum moduli space M q . In- 
deed, when written in terms of components, we find a sigma model action 
C = gfjdcjfdift + ... for the scalar fields <fi l with Kahler metric 



Im 



d 2 W k ) 



(4.5) 



Furthermore, the second term in the Af = 2 Lagrangian (the F-term) yields the 
familiar Yang-Mills action for the field strengths F* with gauge coupling con- 
stants nj . It captures the holomorphic dependence of the theory. 

For the SU{2) theory, when = aa 3 , the quantum prepotential JF has an ex- 
pansion 



1 



;T~oa 



J 2 , a 
l0g A^ 



fe=i 



(4.6) 



whose second derivative determines the effective gauge coupling r e ff (a) in equa- 



tion (4.1 1. But this expression cannot be valid all over the moduli space: the 
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resulting metric is harmonic, and thus cannot have a minimum, while it should 
be positive definite. So r e ff must have singularities and a cannot be a global 
coordinate on the quantum moduli space M q . Instead, one needs another local 
description in the strong coupling regions on the moduli space. 

Let us introduce the magnetically dual coordinate 



da 



The idea of Seiberg and Witten is that the tuple (ao : a) should be considered 
as a holomorphic section of a S7(2,Z) = Sp(l, Z)-bundle over the moduli space 
M q . Indeed, the metric on M may be rewritten as 



ds 2 = Imr e ff da <S> da — Im dao <8> da, with r e g = 



Oa 



D 



da 



(4.7) 



Since this tuple experiences a monodromy around the singularities of M q 



V a 



M 



a D 
a 



just finding these monodromies defines a Riemann-Hilbert problem whose solu- 
tion determines the quantum metric. And this turns out to be feasible. Except 
for the monodromy around u = oo, Seiberg and Witten find two other 
quantum singularities at u = ±A 2 with monodromy matrices M±a. They are 



shown in Fig. 4. 1 




M» 2 = 



1 
-2 1 



Figure 4.1: The quantum moduli space M q for the SU(2) Seiberg-Witten theory is a 2- 
sphere with three singularities at u — oo and u — ±A 2 . The low energy effective theory is 
described by an Sp(l,Z) = S I (2, Z) -bundle over M q with monodromies M x ±A 2 around 
the singularities. 
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4.1.2 Seiberg-Witten curve 

Mathematically, this solution has another interesting characterization. Notice 



that the metric in equation (4.71 equals that of an elliptic curve at each point 
a e M q . Moreover, the monodromies M^^^i altogether generate a subgroup 
r (2) c S7(2,Z), which is exactly the moduli space for an elliptic curve T,$w 
The singularity structure suggests that the moduli space is parametrized by the 
family 

Z sw (u): y 2 = (x 2 - u) 2 - A 4 (4.8) 



of Seiberg-Witten curves. This family of elliptic curves, illustrated in Fig. 4.2 has 
four branch points in the x-plane, which can be connected by two cuts running 
from ±\/u - A 2 to ±\/u + A 2 . 




Figure 4.2: On the left we see a hyperelliptic representation of the SU(2) Seiberg-Witten 
curve defined in equation ( [4.8J ., together with a choice of A and B-cycle. On the right it is 
compactified by adding two points at infinity. 



At the points ue{oo, ±A 2 } some of these branch points come together so that 
the elliptic curve degenerates. Precisely which 1-cycle degenerates at a quantum 
singularity, labeled by the monodromy matrix M, can be found by solving the 
equation 

(p q) M = 0. 

The 1-cycle pB + qA vanishes at the corresponding singularity of M q . 
Remember that the period matrix r of an elliptic curve is defined by 

where uj is a holomorphic 1-form on Yisw, an d satisfies Imr > 0. This suggests 
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the identifications 



d u a D = 




and leads to the introduction of a meromorphic Seiberg-Witten form rjsw that 
obeys 

duVsw = 

The metric on the quantum moduli space M q can thus be given a geometric 
meaning in terms of an auxiliary Riemann surface Tisw together with a mero- 
morphic 1-form rjsw- 



Monodromies and BPS particles 

Physically, a quantum singularity hints that certain BPS particles becomes mass- 
less. In Af — 2 supersymmetric Yang-Mills BPS particles are characterized by 
their electro-magnetic charge 7 = (p, q). BPS particles with both types of charge 
are called BPS dyons. Their central charge Z is of the form 



Z = qa + pa D = q rjsw + P Vsw, (4.9) 
J a J B 

where on the righthand-side we have written the parameters a and in terms 
of the geometric variables rjsw and the 1-cycles on the Seiberg-Witten curve. 
This formula implies that BPS dyons have a geometric interpretation as wrap- 
ping a combination of A and B -cycles of the Seiberg-Witten curve. This is shown 



in Fig. 4.2 magnetic particles wrap the B-cycle of the curve, whereas electric 



particles wrap the A-cycle. 

The monodromies M x ±A 2 can therefore indeed be explained in terms of BPS 
particles that become massless. Magnetic monopoles of charge (1,0) become 
very light in the neighbourhood of u = A 2 , since they are associated with the 
vanishing of the B-cycle. On the other hand, compared to the electric gauge 
bosons W ± of charge ±(0, 1), they become very heavy in the weak-coupling 
region of the moduli space. This has led to an understanding of confinement in 
J\f = 2 supersymmetric gauge theories [93]. 

Determining the full spectrum of the SU(2) Seiberg-Witten theory is more subtle. 
For example, because of the monodromy around the three singular points, the 
BPS charges are not determined uniquely. A careful analysis | [94l reveals that 
there is a contour onM q going through the singular points u = ±A 2 , where BPS 
dyons may decay into other BPS dyons. This contour separates the strong and 
the weak coupling region and leads to a consistent BPS spectrum. 
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U(N) Seiberg-Witten curve 



The discussion in Section 4.1.1 on the classical moduli space M c can easily be 
extended to other gauge groups. For gauge group U(N) the singularity structure 
on M c is encoded in the characteristic polynomial 

Pn(x, 4>) = det[xl — 4>], 

that defines coordinates u k = Tr0 fc on the moduli space. When two or more a/s 
assume the same value, the gauge group is classically partially restored. 

On the quantum level the low energy theory is captured by a section 

Oi, G T(M q ,H) 

of an Sp(N, Z)-bundle H over M q . This section is related to the genus N — 1 
hyperelliptic curve 

^sw- y 2 = P N {x,u k ) 2 -A 2N , 

where u k now stands for the quantum vacuum expectation value (vev) u k = 
(Tr0 fc ) of the scalar field </>. The extra constraint m = defines the Seiberg- 
Witten curve for gauge group SU(N). The curve Y^sw can be represented by 
a two-sheeted x-plane with TV cuts. Whenever two branch points coincide a 
quantum singularity arises where some BPS dyon becomes massless. 




Figure 4.3: Configuration of N D4-branes stretched between two NS5-branes that realizes 
the SU(N) Seiberg-Witten gauge theory on the D4 worldvolume. This picture is only valid 
in the small g s limit where the effect of the ending of the D4-branes on the NS5 branes may 
be neglected. 
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By applying a coordinate transformation y = Pn{x\ u k ) + A N t we find 

XsvV- A N (t + t- 1 ) + 2P N (v;u k ) = 0. (4.10) 
The Seiberg-Witten differential now takes a particularly simple form 

VSW = U(£,ttfe)y. (4.11) 

Exactly this representation of the Seiberg-Witten curve and differential plays 
a crucial role in the following. It relates J\f = 2 gauge theories to integrable 
systems and makes it possible to embed them in string theory as configurations 
of D4 and NS5 branes. Note that the section (a i: ao,i) is recovered by the period 
integrals 



/ Vsw, a D . t = / j]sw- 



4.1.3 Brane webs 



In string theory M = 2 supersymmetric gauge theories can be studied on a con- 
figuration of D4, NS5, and D6 branes ||95). Pure U(N) (and SU(N)) Seiberg- 
Witten theory are embedded in type IIA theory on R 10 as a combination of two 



NS5-branes with N D4-branes stretched between them, see Fig. 4.3 The NS5- 
branes are located at some fixed classical value of x 6 and are parametrized by 
x°, . . . , x 5 , while the D4-branes are parametrized by . . . , x 3 and stretch be- 
tween the two NS5-branes in the x 6 -direction. Furthermore, we define a com- 
plex coordinate v — x 4 + ix 5 . Since the coordinate a; 6 has to fulfill the Laplace 
equation V 2 x 6 = on the NS5-worldvolume, the NS5-branes are actually curved 
logarithmically at infinity 

x 6 ~ ±Nlog\v\, v^oo. (4.12) 
The D4-branes cause dimples on the NS5-worldvolume. 

The N abelian gauge fields on the N D4-branes realize a low energy description 
of Af — 2 super Yang-Mills in the Minkowski directions x°, . . . ,x 3 . The vev's 
for the complex scalar 4> correspond to the positions of the D4-branes on the 
NS5-brane, and the effective gauge coupling is given by 

1 L(v) 



2e» 



where L(v) is the x 6 -distance between both NS5-branes at position v. Hence v 
plays the role of mass scale in four dimensions. The corresponding logarithmic 
behaviour of the gauge coupling constant agrees with its one-loop correction 
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(see equation ( |4.ip ). 

Since the gauge coupling constant is naturally complexified, it is natural to in- 
troduce a new complex coordinate s = x 6 + ix 10 and lift the configuration to 
M-theory, where a; 10 parametrizes the M-theory circle S 1 . In M-theory the N 
D4-branes and the two NS5-branes lift to a single M5-brane. Supersymmetry 
forces this M5-brane to wrap a holomorphic cycle in the complex 2-dimensional 
surface spanned by v and t = e~ s . Moreover, the classical IIA geometry forces 
this Riemann surface to have genus g = N — 1. 

By decomposing the self-dual 3-form field strength T on the M5-brane 

T = FAA + *FA *A, 

into a 2-form F on R 4 and a 1-form A on the Seiberg-Witten curve, we recover 
the abelian gauge field strengths F l in the 4-dimensional theory. The five-brane 
kinetic energy J T A *T reduces to the 4-dimensional effective gauge Lagrangian 

C = n i F%r\F%, (4.13) 

where nj is the period matrix of the M-theory curve ||95Tl . So choosing the 
Seiberg-Witten curve 

HsW- A N (t + r 1 ) + 2P N (v;u k ) = 0. 



as M-theory curve, consistent with the boundary conditions (4.12 1, indeed engi- 
neers the U(N) (or SU(N)) gauge theory dynamics in 4 dimensions (depending 
on whether U\ =0). 

4.1.4 I-brane configuration 

This brings us to the most important paragraph in this section. We can gen- 



eralize the I-brane configuration in Figure 3.3.2 to gauge theories with Af = 2 
supersymmetry. Like for the Af — 4 gauge theories in Chapter[3j we study Af = 2 
theories on more general Taub-NUT backgrounds TN k . Remember that TN\ is 
related to M 4 in the limit that the Taub-NUT circle becomes very large. 

The first duality chain 



The M5-brane configuration in Section 4.1.3 is in many ways the most elegant 



starting point to study supersymmetric gauge theories. For a pure Af = 2 susy 
Yang-Mills theory it wraps the Seiberg-Witten curve T.sw we met in equation 



(4.101. We call B the 2-dimensional complex surface in which this curve is 



embedded. So let us start with the M-theory compactification 

(M) TN xBx i 3 , 
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corresponding to the top box in Fig. 1.6 (with S 1 decompactified). Here we 
have denoted the three non-compact directions as R 3 to distinguish them from 
the R 3 in the base of TN. We further pick B to be a flat complex surface that is 
topologically a T 4 or some decompactification of it. That is, in the most general 
case B will be a product 

B = E x E' 

of two elliptic curves. But more often we will consider the degenerations B = 
C* x C* and B = C x C, or any mixed combination. (In the relation with inte- 
grable hierarchies the cases C, C*, and E correspond to rational, trigonometric, 
and elliptic solutions respectively.) We will denote the affine coordinates on B 
as (x, y) e B. The complex surface B has a (2,0) holomorphic form 

uj = dx A dy. 

We will now pick a holomorphic curve E inside B given by an equation 

E : H(x,y)=0, 

and wrap a single M5-brane over TN x E. Because E is holomorphically em- 
bedded this is a configuration with TV = 2 supersymmetry in four dimensions. 

There are two obvious reductions to type IIA string theory depending on whether 
we take the 5 1 inside B, or an S 1 in the Taub-NUT fibration. In the first case we 
will compactify B along a S 1 down to a three dimensional base B3. The curve E, 
and therefore also the M5-brane, will partially wrap this S 1 . Consequently, we 
arrive at a configuration of NS5-branes and D4-branes that are spanned between 
them [95]. In the classical situation discussed by Witten we take B = C x C* 
and end up with a IIA string theory on 

(IIA) TN x R 6 

with a set of parallel NS 5-branes with D4-branes ending on them, exactly as we 
discussed in Section |4.1.3[ 

In the dual interpretation we switch to the other duality frame, by compactifying 
to Type IIA theory along the S 1 fiber in the Taub-NUT geometry. This is the 
familiar 9-11 exchange. In this fashion we end up with a IIA compactification 
on 

(IIA) I 3 xSx R 3 . 

with N D4-branes wrapping R 3 x E. However, because the circle fibration of 
the TN space has singular points, we have to include D6-branes as well. In 
fact, there will be k D6-branes that wrap 6xli 3 and are localized at the points 
x\, . . . ,Xk in the E 3 . This situation is represented in the box on the left-hand 



side in Fig. 1.6 and illustrated in Fig. 4.4 Summarizing, we get a system of 
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Figure 4.4: A more general configuration ofD4 and D6-branes where the intersection locus 
is an affine holomorphic curve £. 

N D4-branes and k D6-branes intersecting along the holomorphic curve S. As 
before we refer to this intersection locus as the I-brane. 



Comparing partition functions 

In this generalized geometry we should consider the free fermion system on a 
higher genus Riemann surface with action 

1= [ ^dtp. 



Let us compare the I-brane with the gauge theory computation. In the gauge 
theory we are computing two contributions. Firstly, there is a gauge coupling 
matrix r y of the U(l) 9 fields F l 



TN 



-in 



mFi AFl + ViAFX 



for a genus g curve E. Compared to equation (4.13) we added magnetic cou- 
plings Vi, like in equation ( [3.14 I. On the TN geometry the gauge field strengths 
F l have fluxes in the lattice 



[F 1 /2tt] =p l £ H 2 (TN,Z). 

Since the cohomology lattice H 2 (TN,Z) = Z k , these fluxes are labeled by inte- 
gers p l a with i = 1, .... g and a = 1, . . . , k. 
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Secondly, there is a gravitational coupling T± that appears in the term (we dis- 
cuss this term in detail in Section 4.3 and Chapter[5]) 



/ Tx{t) TiR+ AR+. 
Jtn 



Since the regularized Euler number of TNk equals k, combining these two terms 
yields the partition function 

Zgauge = e 7rzp ° T ^ p3 ' a+27rtv > p «e k:Fl . (4.14) 

In the I-brane model the partition function Z gaU ge is nothing but the determinant 
of the chiral Dirac operator acting on k free fermions living on the "spectral 
curve" S fl , coupled to the flat U(k) connection v on corresponding rank k vector 
bundle E — > S. So we are led in a very direct way to 

Zgauge = det9 £ . (4.15) 



The results (4.14 1 and ( 4.15] ) are just the usual bosonization formula, where the 



fermion determinant is equivalent to a sum over the lattice of momenta together 
with a boson determinant. Here we use the identification 

T\ = -^logdet A s . 

To complete this map we need to show why the p l are identified with fermion 
currents on the Riemann surface through the corresponding cycle, but this is 
relatively clear. Consider a cycle A* on the Riemann surface and a disc ending 
on this cycle (which can always be done as £ is contractible in the full CY) . Then 
the statement that F i is turned on corresponds to the fact that the integral of 
the corresponding flux over this disc is not zero. Since the fermions are charged 
under the U(k) gauge group, this means that they pick up a phase as they go 
along this cycle on the Riemann surface (the Aharanov-Bohm effect). Thus the 



holonomy of the fermions correlates with the p l . Later (in Section 4.4.21, we 
provide an alternative view of the fluxes p l : they also correspond to D4-branes, 
wrapping 4-cycles of the Calabi-Yau and bound to the D6-brane. 



4.2 Geometric engineering 



In Section 3.2 we considered A/" = 4 supersymmetric Yang-Mills in the back- 
ground of an ALE space C 2 /T, and discovered an interesting relationship with 
two dimensional conformal field theory We explained this by embedding the 
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gauge theory in type IIA theory on a D4-brane wrapping the ALE space. In the 
ten dimensions of string theory, however, much more is possible. 

Remember that ALE spaces C 2 /r are characterized by their vanishing two-cycles 



(see Section 3.2.3), whose intersection matrix realizes the Dynkin diagram for 
the corresponding ADE Lie group. Resolving the singularity gives a finite volume 
e to the vanishing cycles. Let us call the dual two-forms Ui. The RR gauge field 
C3 reduces to a set of r abelian gauge fields A 1 

r 

C 3 = ]TA^. (4.16) 

i=l 

When e — > the gauge symmetry is enhanced to the corresponding ADE gauge, 
similarly (and in fact dual) to when D-branes approach each other H96L This 
realizes the geometric McKay correspondence in string theory. 

Wrapping a D2-brane over any of these two-cycles yields a BPS particle in the 
six transverse directions to the ALE space, whose mass is proportional to the 
volume e of the two-cycle it is wrapping. Since these 6-dimensional BPS particles 
transform as vectors and are charged under the Cartan of the ADE-group, they 
are the W^-bosons corresponding to the breaking of the ADE gauge group to its 
Cartan subalgebra. 

A simple example is given by the ALE-fibration 

(z - a)(z + a) + u 2 + v 2 = 0. 

Its only two-cycle is spanned in between z = — a and z = a. Two-branes can 
wrap this two-cycle with two possible orientations, generating a W + and W~- 
boson with masses proportional to a. So this engineers a broken SU(2) gauge 
group for a generic value for a that is enhanced to SU(2) when a = 0. Note 
that this matches with the classical Seiberg-Witten moduli space M c (see Sec- 
tion 4.1.1 1. Indeed, the ALE fibration only breaks half of the supersymmetries, 
which amounts to M = 4 supersymmetry in four dimensions. As we pointed out 
before, in Af = 4 theories classical results are exact. 

We can turn this example into a string theoretic setting that studies 4-dimen- 
sional A/" = 2 Yang-Mills by fibering the ALE space over a genus zero curve. The 
genus zero curve breaks the supersymmetry from Af = 4 to M = 2, without 
introducing extra particles. This idea of looking for a string theory set-up that 
engineers a particular supersymmetric gauge theory in string theory is called 
geometric engineering Wf\ l98l |99l fTOOH ■ 



In Section 4.2.2 we will see how the results of Seiberg and Witten can be ele- 
gantly embedded in string theory in the language of string compactifications. 
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4.2.1 Non-compact Calabi-Yau threefolds 

Let us return to the local Calabi-Yau threefolds that we introduced in Chapter [2j 
and give some explicit examples that we will meet later-on in this thesis. We 
start with one of the simplest Calabi-Yau threefolds that is modeled on an affine 
curve S: the deformed conifold. 



Deformed conifold 

The deformed conifold X^ is defined by the equation 

X^ : xy — uv = fx, (x, y, u, v) S C 4 . 

More precisely, the parameter /ieC parametrizes a family of Calabi-Yau three- 
folds X^ that becomes singular at ju = 0. This singularity is called the conifold 
singularity. The non-vanishing holomorphic three-form fl equals 

du 

Q = — AdxAdy. (4.17) 
u 

The threefold X^ just contains one compact cycle: a 3-cycle with topology S* 3 
that shrinks to zero-size when fj, — > 0. This is particularly easy to see after a 
change of variables 

X^ : z 2 + w 2 + u 2 + v 2 — (j,, (z, w, u, v) £ C 4 . 

So (j, parametrizes a family of T*S 3, s. 

When we view X^ as a (u, w)-fibration over the complex plane spanned by z and 
w, its degeneration locus is 

: z 2 + w 2 = fi 

in the (z, w)-plane. The 5' 3 -cycle in X^ may then be viewed as an S' 1 -fibration 
over a disk D in the (z,w)-plane, that is bounded by the curve E M . Since the 
(m, w)-fibration degenerates at the locus z 2 + w 2 = fi the resulting 3-cycle has 
topology S 3 . This is illustrated in Fig. 



4.5 



Since the S 3 -cycle is special Lagrangian it is a supersymmetric cycle. In type IIB 
we can wrap a D3-brane around it and find a vector BPS particle in the transverse 
four dimensions, whose mass is proportional to the complex structure modulus 
X. With Cauchy's theorem we can reduce this formula to the 1 -cycle dD of E M 

tt= I dzAdw= I r), (4.18) 

S 3 JD JdD 
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Figure 4.5: The deformed conifold is a non-compact Calabi-Yau threefold that is modeled 
on the curve E M defined by z 2 +w 2 — p,. Its only compact 3-cycle is S 1 -fibered over the disk 
D: Over each line segment in D with endpoints on dD the S 1 fibration forms a 2-sphere. 
Moving the line segment over the disk D shows that the compact 3-cycle is homeomorphic to 
S 3 . 

where rj = wdz is a meromorphic 1-form on the (z, w) plane. The 4-dimensional 
BPS particle couples to a 17(1) gauge field 




that is obtained as a reduction of the RR 4-form over the 5 3 -cycle. 

This bijective correspondence between 3-cycles in a local Calabi-Yau threefold 
modeled on a curve £ and 1-cycles on £ holds in general. The 3-cycles may 
be constructed by filling in a disk D whose boundary dD is a 1-cycle on £. If 
one of the variables in the complex surface B is C* -valued, the disk D will be 
punctured. In such a situation differences of 1-cycles have to be considered. We 
will see an example of this shortly. 

Resolved conifold and toric Calabi-Yau's 

Instead of deforming the conifold singularity we can also resolve the singularity. 
This is described by C 4 parametrized by (x, y, u, v) together with the identifica- 
tion 

(x, y, z, w) ~ (k~ 1 x, k~ x y, kz, kw), k 6 C*. 

The first two complex coordinates parametrize a sphere CP 1 and the last two 
coordinates two line-bundle over it. Altogether this gives the total space of the 
line bundles 0(— 1) © 0(— 1) — * CP 1 . The resolved conifold is an example of a 
local toric Calabi-Yau, just like C 3 in Chapter [2| 

Like any local toric Calabi-Yau, the resolved conifold can be obtained by glueing 
a few copies of C 3 such that its singular locus is a linear trivalent graph in R 2 . 
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Figure 4.6: The resolved conifold is a non-compact toric Calabi-Yau threefold. The T 2 x H- 
fibration degenerates over a trivalent graph consisting of two 3-vertices. The S 1 -fibration 
over the inner leg of this graph forms a 2-sphere. 



The toric diagram of the resolved conifold is shown in Fig 4.6 It consists of two 
copies of C 3 with coordinates (x, z, w) and (y, z, w) respectively. Since both 1- 
cycles in T 2 shrink at the vertices, the middle toric leg represents the CP 1 -cycle. 



4.2.2 Geometrically engineering Seiberg-Witten theory 

Supersymmetric gauge theories with any gauge group and matter content may 
be engineered by a local Calabi-Yau compactification. Pure TV = 2 Seiberg- 
Witten theory with an ADE gauge group is embedded string theory as a local 
K3-fibration over CP 1 . Zooming in on the ALE-singularities of the K3 reveals an 
ADE gauge group in four dimensions, which is broken by the Higgs mechanism 
when some of the two-cycles gain a non-zero mass. 

Let us consider SU(2) Seiberg-Witten theory in some detail. This may be engi- 
neered in type IIA by any local Hirzebruch surface, which is the total space of 
the canonical bundle over a Hirzebruch surface. For example, take the simplest 
Hirzebruch surface CP^ x CPy, where CPj denotes the base sphere, and CPj- is 
the only two-cycle in the resolved y^-singularity This non-compact Calabi-Yau 
manifold is toric, and its toric diagram is shown in Fig. 4.7 The W± bosons 



correspond to D2-branes that are wrapped around the CPj- with opposite orien 



tations. 



To go to the field theory limit we should take the string scale to infinity, while 
keeping the masses of the ly-bosons fixed. This corresponds to letting the size 
t b of CPj to infinity, while taking the size tf of CP^ proportional to the mass a 
of the W -bosons, as in 



exp (—tt,) = exp i 



■1/Sym) 



exp (-t f ) = exp (-/3a) (4.19) 



when /? — > 0. Without this decoupling limit we end up with a 5-dimensional 
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Figure 4.7: 5(7(2) Seiberg-Witten theory can be engineered as a local Calabi-Yau compact- 
ification, based on a local Hirzebruch surface. The 4-dimensional field theory results are 
recovered when taking the limit tb — > oo, as in equation ( 4.19 K 



theory on S 1 x R 4 , where the size of the S 1 is given by (3. 

The Seiberg-Witten prepotential JF is reproduced by stringy instanton correc- 
tions to the toric Calabi-Yau geometry. In this geometry the instantons may wrap 
the base n times and the fiber m times. This gives a contribution to the so-called 
type IIA prepotential ( 4.34ft , as we explain in much more detail in Section 4.3 In 



the 4-dimensional field theory limit only the fiber worldsheet instantons remain. 
They recombine into the Seiberg-Witten prepotential (|4.6[). 



The mirror map translates this type IIA configuration into a type IIB configura- 
tion where we can see the Seiberg-Witten curve explicitly in the limit /3 — > 0. We 



find a non-compact Calabi-Yau X$w based on the Seiberg-Witten curve (4.10) 



H sw (t, v) = A(i + 1- 1 ) - 2(v 2 - a 2 ) = 0. (4.20) 

Recall that t e C* while v £ C. The holomorphic three-form thus reduces to the 
Seiberg-Witten form 

Vsw^v^. (4.21) 



y4-cycles on Y^sw are n °t contractible on the (i, w)-plane. Instead, compact A- 
cycles in the noncompact Calabi-Yau threefold will reduce to a difference of A- 
cycles on T.sw- Indeed, notice that a point on the 1-cycle A 1 and one on another 
1-cycle —A\ with opposite orientation, are connected by a CP 1 in the Calabi- 
Yau. The resulting 3-cycle therefore has the topology of S 2 x S 1 . For the B- 
cycles this subtlety does not arise, and compact B-cycles in the Calabi-Yau have 
S 3 topology and reduce to compact 1 -cycles connecting the two hyperelliptic 



planes. See Figure 4.8 
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Figure 4.8: The relation between 3-cycles in the Calabi-Yau Xsw and 1-cycles on the Rie- 
mann surface £sw for the Seiberg-Witten geometry. For the A-cycle, byfibering S 1 over the 
line segment whose endpoints are at a point on At and a point on —Aj, one obtains S 2 . 
By moving the endpoints over Ai and —Aj, one obtains S 2 x S 1 . For the B-cycle, similarly 
moving the S 2 ending on B it one obtains S z . 



Self-dual strings 

Wrapping D3-branes around a 3-cyle T = qA + pB of Xsw, introduces a BPS 
dyon in four dimensions whose mass is the absolute value of 

z~ q n + P I n. 

J A JB 



This reproduces the mass-formula (4.9). On the Seiberg-Witten curve T*sw the 



D3-branes reduce to strings, whose tension is proportional to to the size of the 
2-cycle above it. These strings are not fundamental strings, but instead non- 
critical. They live in six dimensions and couple to the B-field that is part of a 
6-dimensional tensor multiplet. Since the field strength of B is self-dual, they 
are called selfdual strings HIOIH . 

The crucial difference between TV = 2 and TV = 4 gauge theories is that the 
metric on the SU{2) Seiberg-Witten curve is not just the usual flat metric, as 
it is on the TV = 4 torus. The Seiberg-Witten metric can be derived from the 
metric on the D3-branes. Since these branes wrap supersymmetric 3-cycles they 
are calibrated by Re fl. The pull-back of ft to their worldvolume is proportional 
to the volume element on the brane H102II . On the space part of the self-dual 
string, parametrized by x, we thus find 



d ( f , . d log t \ 

to^w-ar j =0 ' 

where rjsw = Vswdt/t- This is the geodesic equation for a metric 

9ti = Vswrf sw ■ (4-22) 
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Since r/sw 1S meromorphic, this metric has poles. Its geodesies are therefore 
curved, so that not all BPS particles are stable. Studying these BPS trajectories 
gives a powerful method to determine quantum BPS dyon spectra. In particular 
this leads to the correct SU(2) Seiberg-Witten spectrum H101L 

Notice that when we scale the Seiberg-Witten form rjsw as 

Vsw -> -r- (4.23) 
and take the limit A — > 0, the Seiberg-Witten metric reduces to the usual M = 



4 flat metric. This is a preview on Section 4.3 where we study gravitational 
corrections to the prepotential JF that scale the prepotential to Fq/\ 2 . In the 
limit A — > we recover TV = 4 results out of the W = 2 data. 



4.2.3 Completing the web of dualities 

Now that we have seen the intimate connection between non-compact Calabi- 
Yau compactifications and M = 2 supersymmetric gauge theories, it is time to 



link them to our first chain of dualities in Section 4.1.4 We accomplish this by 
going through another chain of dualities, represented by the vertical sequence 
of boxes in Fig. |1.6| 



The second duality chain 

Let us consider a slightly more general compactification of M- theory, namely 

(M) TN x B x K 2 x S 1 , 



corresponding to the top box in Fig. 1.6 The extra S 1 does not really influence 



the earlier results, since the D6-branes remain non-compact and therefore the 
gauge theory that they support stays non-dynamical. Hence the I-brane con- 
figuration remains the same. In the other compactification with an ensemble 
of NS5-branes and D4-branes we can now perform a T-duality on S 1 to give 
a web of (p, q) 5-branes in Type IIB, which is another familiar and convenient 
realization of the TV = 2 system. 

However, in this situation there is an obvious third possible compactification to 
type IIA, by just reducing on the extra S 1 that we have introduced. This will give 
IIAon 

(IIA) TN x BxR 2 

with N NS5-branes wrapping TN x E. We haven't gained much in this step, but 
now we can T-dualize the NS5-brane away to remain with a purely geometric 
situation H731 HOIL In general a T-duality transverse to a set of N NS5-branes 
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produces a local A N _i singularity of the form 

uv = z N . (4.24) 

In the case of a single 5-brane N = 1 this gives an A "singularity". We recall that 
world-sheet instanton effects are important to understand this very non-trivial 
duality H751 IT031 ITtHl ■ 

Applying this T-duality in the present set-up gives us a type IIB compactification 
of the form 

(IIB) TN x X, 
where X is a non-compact Calabi-Yau geometry of the form 

X : uv + H(x,y) =0, 

modeled on the affine Riemann surface £ that is defined by H(x, y) = 0. This is 
just an application of ( 4.24| ) in the case N = 1, where z is the local coordinate 



transverse to the curve E. 



Let us emphasize that the resulting web 1.6 can be used to study any non- 
compact Calabi-Yau threefold X that is modeled on a Riemann surface S. In 
particular, the Calabi-Yau doesn't need to have a toric mirror. Examples of such 
Calabi-Yau's are the Dijkgraaf-Vafa geometries that we will encounter in Chap- 
terras well as Chapter[8] 

Moreover, notice that we restricted ourselves to N = 1, corresponding to a 
single M5-brane in the upper node of the duality web |1.6| There is no problem 
in generalizing this to arbitrary number N of M5-branes though, we just find 
non-compact Calabi-Yau threefolds whose fiber over the affine curve £ is given 
by a more complicated local singularity. 



4.3 Topological invariants of Calabi-Yau threefolds 

So far we paid attention to some geometrical aspects of the Calabi-Yau back- 
ground itself in a Calabi-Yau compactification. For associating topological in- 
variants to Calabi-Yau threefolds, we need to go one step deeper and study the 
moduli spaces of the fields in a Calabi-Yau compactification. That is the theme 
of this section. 

A string compactification is a generalization of the old idea of Kaluza and Klein 
H105II10611 to unify electromagnetics and gravity in four dimensions by introduc- 
ing an extra dimension. A reduction of the 5 -dimensional metric over a circle S 1 
yields the 4-dimensional metric g^ v and gauge field = J gl g^. 
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In this thesis we will mostly consider compactifications of type II to four dimen- 
sions, with a Calabi-Yau threefold X as compactification manifold. The low en- 
ergy effective theory in four dimensions is determined by reducing the massless 
fields of type II theory. These are given by a metric gMN, the B-field Bmn an d 
the dilaton (/>, together with the R-R gauge potentials and their superpartners. 

String compactifications are characterized by the amount of supersymmetry that 
is preserved. This is proportional to the number of covariantly constant spinors 
on the compactification manifold, or equivalently to the amount of reduced 
holonomy. For example, complex Calabi-Yau threefolds with SU (3) holonomy 
preserve a quarter of the 10-dimensional supersymmetry. This results in a 4- 
dimensional theory with TV = 2 supersymmetry. Supersymmetry dictates that 
the resulting massless fields can be combined into 4-dimensional N = 2 mul- 
tiplets. E.g. the 4-dimensional metric g^ v combines with the graviphoton and 
two gravitinos in a gravity multiplet, and yields for example the 4-dimensional 
Einstein gravity Lagrangian 

J d*x ^g~R. 

But there are more multiplets that play a role in the resulting 4-dimensional 
low energy effective theory The scalar components of these multiplets all have 
an interpretation in terms of the internal Calabi-Yau metric g mn . As this internal 
metric may vary over x e R 4 , though preserving the Calabi-Yau condition R mn = 
0, their moduli appear in the 4-dimension theory as fields 4>{x). A reduction of 
the 10-dimensional Einstein gravity Lagrangian shows that they are part of a 
4-dimensional sigma model action 

J d A x G aP {(j))d(t) a A*d<f>P, (4.25) 

where G a p(<j>) is the metric on the moduli space of the Calabi-Yau. Now we 
already learned in Chapter [2] that this metric splits into two pieces, the first 
describing h 2 ' 1 complex structure moduli X 1 and the second ft, 1 ' 1 complexified 
Kahler moduli P, which combine the Kahler metric g and the B -field. 

In the language of TV = 2 supersymmetry the type IIB low energy effective theory 
is captured by a TV = 2 supergravity theory in 4d coupled to ft 2 ' 1 vector multi- 
plets, whose scalar components parametrize the complex structure deformations 
of X, and to ft 1 ' 1 + 1 hypermultiplets, whose scalar components describe defor- 
mations of the complexified Kahler moduli of X plus the axion-dilaton C + ie~^. 
In the context of IIA compactifications these identifications are reversed: there 
are ft 1,1 vector multiplets and ft 2 ' 1 + 1 hypermultiplets. 

As we will see in detail in a moment the metric on the scalar moduli spaces is 
captured by classical geometry, up to such quantum corrections in g s in full string 
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theory and in a' at world-sheet level. The fact that these two sets of multiplets 
are decoupled in the 4-dimensional theory is important in constraining these 
corrections. For example, the metric on the IIB moduli space My doesn't receive 
any string loop corrections nor instanton corrections, since the dilaton as well 
as the Kahler moduli (which control the size of the Calabi-Yau) are part of the 
hypermultiplets. On the other hand, the metric on the IIA moduli space My is 
sensitive to a' corrections. 



4.3.1 Special geometry 



Supersymmetry imposes strong constraints on the geometry of the moduli spaces 
of the scalar fields. It forces the metric G - on any Af = 2 vector multiplet moduli 
space M v to be of the special Kahler form ||T07llT08ll 



G ; 



didjfC, 



(4.26) 

with Kahler potential K.. This Kahler potential can be expressed in terms of a 



prepotential T , similar to our discussion in Section 4.1.1 Let us first show how 



the prepotential To is related to the Calabi-Yau geometry in both type IIA and IIB 



compactifications, and in Section 4.3.1 we explain the relation to the quantum 
moduli space of j\f = 2 supersymetric gauge theories. 



Type IIB vector moduli space 

In a type IIB Calabi-Yau compactification the Kahler potential on M. v is given by 

K = -\ogi(J fMnY (4.27) 

Here fl is the nonvanishing holomorphic three-form of X, locally determined up 
to multiplication by a nonvanishing holomorphic function. The transformation 
£1 —>■ eJ^il changes the Kahler potential into 

K(z, z) -> JC(z, z) - f(z) - f(z), 

so that the Kahler metric Q4.26D indeed remains invariant. Notice that ( |4.27| ) 
corresponds precisely to the Weil-Petersson metric on the moduli space of com- 
plex structures of the Calabi-Yau manifold X. 

The fact that the Kahler potential K is captured by a single function Tq is known 
as special geometry To see this let us start by choosing a basis of three-cycles 
{Ai,Bj} of X, with i,j = 0,1,..., h 2 ' 1 , such that 



A'nB^S}, A 1 n i 3 = b, n Bj = o. 
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As such a basis is preserved under the symplectic group Sp(b 3 ,Zf\ it is called a 
symplectic basis of X. 

The complex structure periods of X with respect to this basis are defined as 

x l = [ n, ^„,i = I n. (4.28) 

Ja* jb % 

The tuple (X % , J-Q.i) forms a local section of an Sp(b 3 , Z)-bundle over the moduli 
space My, whereas the quotients 

r?i 1 1,2,1 

Z = i = l,...,h 

yield a set of local coordinates on My- 

Since the variation of a (3, 0)-form just contains a (3, 0) piece and a (2, 1) piece, 
f x Q/\ di£l — 0. This implies that the functions Fi(X) are in fact first derivatives 

•F ,i(X) - d^o(X), T (X l ) = -X'Fo^X) 

of a homogeneous function Tq of degree 2 in the complex moduli X = {X 1 }. 
This is the prepotential. Geometrically, this means that the image of the period 
map, which sends 

n^(X\T a ^), 
is a Lagrangian submanifold of H 3 (X, C). 

The Riemann bilinear identity J x a A (3 = J2i ( /a* a Jb @ ~ §A i @ Ib a ) * m ~ 
mediately shows that the Kahler potential is fully determined by the prepoten- 
tial F : 

K{X, X) = - log i (x l T, hl - xV ,i) • (4-29) 



Decoupling gravity 

In general, to make contact with the 4-dimensional world around us, we would 
like to consider compactifications with a relatively small Calabi-Yau. The Planck 
scale in four dimensions is then proportional to the size of the threefold (and 
inversely related to its curvature). 

1 Recall that Sp(N, Z) is the group consisting of 2N x 2N integer-valued matrices 

9= (c d) suchthat 9 t JQ = J with J=(°j ~qJ, 
where a, b, c and d are N x N matrices. 
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However, when we are purely interested in the gauge dynamics of the reduced 
theory we want to decouple gravity in 4d. This is commonly done by zooming 
in on the part of the complex moduli space where the Calabi-Yau develops a sin- 
gularity. In such a region of the moduli space a particular set of cycles becomes 
very small. (Think of the singularities on the quantum SU{2) Seiberg-Witten 
moduli space M q where 1-cycles degenerate.) 

In four dimensions this results in a new lower energy scale, governing the dy- 
namics of the fields that correspond to the singularity. Zooming in close to 
the singularity, we can forget about the rest of the Calabi-Yau so that we are 
effectively studying non-compact Calabi-Yau compactifications. Depending on 
the type of the compactification, wrapping branes around vanishing 2, 3 and 4- 
cycles yield massless BPS vector and hyperparticles, that can engineer any gauge 
symmetry and matter content that one is interested in. 

In this non-compact limit the local special geometry of TV = 2 supergravity 
reduces to rigid special geometry, relevant for the low energy dynamics of Af = 2 
gauge theories (more details e.g. ||93l 11091 1110II ). In particular, the Kahler 
potential reduces to 



JC = i / ft Aft. (4.30) 
'x 



so that the metric is given by 



(4.31) 



This is indeed in agreement with the Seiberg-Witten expression (4.5 1 



Normalizable and non-normalizable modes 

An important point is the distinction between normalizable and non-normalizable 
complex structure moduli in the case of noncompact Calabi-Yau manifolds. To be 
more precise let us consider the local Calabi-Yau modeled on a Riemann surface 
S. The coefficients of the polynomial H(x, y) characterize the complex structure 
of X, so that they are the complex structure moduli of X. However not all of 
them are dynamical. Some of them control the complex structure of 3-cycles 
which are localized in the "interior" of the singularity and are dynamical, while 
others describe how the singularity is embedded in the bigger Calabi-Yau and 
become frozen when we take the decoupling limit. 

To determine if a specific complex structure modulus X is dynamical or not, one 
has to compute the corresponding Kahler metric 

9xx = dxdxK = idxdx / ft A ft. (4.32) 
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If this expression is finite, then the modulus X is dynamical, otherwise it is 
decoupled and should be treated as a parameter of the theory. We will refer to 
the first set of moduli as normalizable and to the second as non-normalizable. 



Type IIA vector moduli space 

Similar to how the complex structure moduli enter in the IIB vector moduli 
space, the Kahler moduli parametrize the IIA vector moduli space. It is conve- 
nient to enlarge the moduli space to all complex even-dimensional forms on the 
Calalabi-Yau threefold X. The Kahler periods of X are then found with respect 
to the element 

= exp(t) e H 2 *(X, C), (4.33) 

where t = B + iJ denote the complexified Kahler form on the Calabi-Yau. When 
integrated over a basis of two-cycles C l this yields the Kaher parameters t % = 
J ci t, for i — 1, . .. j/i 1 ' 1 . More precisely, these are the normalized complex 
Kahler parameters t 1 = X l /X°. 

The Kahler potential is given by 

K = - log i ( f OAH 



where ~ above fl reminds us that we should include a minus sign for compo- 
nents in H 1 ' 1 and H 3 ' 3 (to define a Hermitean inner product). The Kahler 
potential can then be written in terms of a holomorphic function Tq das as i n 



equation (4.29 1. It equals the triple intersection number 



•^O.clasW = ■= [ ththt. 

6 Jx 

in the normalized coordinates t. As we already suggested in our notation, in 
a type IIA compactification this only determines the full prepotential T Q up to 
non-perturbative corrections in a'. 

Both type II vector multiplet moduli spaces are related by mirror symmetry, 
which exchanges a type IIB compactification on a Calabi-Yau threefold X, with 
Hodge numbers h 1 ' 1 and ft 2 ' 1 , with a type IIA compactification on its mirror X, 
whose Hodge numbers are flipped. There is a precise mirror map between the 
complex structure moduli Z l on X and the Kahler moduli t l on its mirror X, that 
determines the full IIA prepotential in the large radius limit to be of the form 

Mt)= I f tMM-i— ^((3)+ V GW ((i) e ^S,*'- (4.34) 

deH 2 (X) 
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where GW (d) are the so-called genus zero Gromov-Witten invariants. They 
count the number of worldsheet instantons in the Kahler class d = £\ diC 1 . 
Gromov-Witten invariants are one type of topological invariants on a Calabi-Yau 
threefold. They give a mathematical definition of what is called the A-model in 



topological string theory. This is the topic of Section 4.3.2 



4.3.2 Topological string theory 

Topological strings were introduced by Witten in [11 1 111 as a twisted version of a 
supersymmetric 2-dimensional sigma model 

Z a (X; t)= J DxDgc exp (-t J g mn dx m A *dx n + . . , 

that integrates all maps x of a worldsheet C into the target manifold X with 
metric g mn J^] The maps are weighted by the volume of x(C). The extra integral 
over all metrics g c on C couples the sigma model to gravity. When X is a 
Calabi-Yau threefold the sigma model is conformally invariant and Af — (2,2) 
supersymmetry on the worldsheet is preserved. 



Similarly as in Section 3.1.1 the sigma model is twisted by choosing an embed- 
ding of the worldsheet Lorentz group U(l) into the R-symmetry group U(l)n 
of the supersymmetry algebra. Essentially this gives two possibilities, which are 



called the A-model and the B -model. Precisely as in Section 3.1.1 both models 
are characterized by their BRST operators, which make sure the amplitudes are 
independent of the metric g rnn of X. In fact, one finds that the A-model only 
depends on the h 1 ' 1 Kahler moduli of X, while the B-model is just based on the 
h 2 ' 1 complex structure moduli of X. Mirror symmetry equates the B-model on 
the Calabi-Yau X and the A-model on its mirror X. 

There are many excellent reviews on topological string theory and mirror sym- 
metry, see for instance lfTT2l [TT3l ITT41 [TT5l [TT6H . 



4.3.3 Gravitational corrections 

How do topological string amplitudes pop up in the physical string? In Sec- 



tion 



4.1 we wrote down the most general Lagrangian (|4.3]> one can build out 



of any number of Af = 2 vector multiplets X 1 (which contain the scalars X % 
as lowest components) . A Calabi-Yau compactification furthermore produces an 
TV = 2 gravity multiplet, whose components may be recombined in the so-called 



2 Be careful not to confuse the worldsheet C in the sigma-model with the target space curve E in 
the local Calabi-Yau X s . 
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Weyl multiplet W M „. This multiplet is expanded as 

where F + is the self-dual part of graviphoton field strength and R + the self-dual 
Riemann tensor. In the 4-dimensional low energy effective action >V M „ appears 
together with the Z l 's in F-terms of the form 



j d A x J d A 6 T g {TC){W 2 ) 9 , 



which clearly generalize the Lagrangian (4.3 ) that only captures the prepotential 



F Q . Expanding the above Lagrangian in components yields the terms 

J d A x F g {X l ) R\ Fl 9 ~ 2 . (4.35) 

In other words, the F g 's are coefficients in a gravitational correction to the am- 
plitude for the scattering of 2g — 2 graviphotons. In H1171 111811 it was shown 
that these coefficients may be computed in topological string theory The vector 
multiplets in a IIB compactification parametrize complex structure moduli, so 
that the above F-terms compute B-model free energies T g , whereas in a type IIA 
compactification the F-terms generate A-model invariants. 

These gravitational couplings are crucial in the study of supersymmetric black 
holes ll2^[2^rTT9lfT20irT2TirT22Tl . But even when we decouple gravity by zoom- 
ing in on the singularity of a Calabi-Yau (the topic of the next paragraph), they 
appear as meaningful holomorphic corrections to the effective 4-dimensional 
gauge theory liT23l[T24l[T25ll . 



A-model and Gromov-Witten invariants 

The A-model enumerates degree d holomorphic maps x : C g — > X from a genus 
g worldsheet C g into the Calabi-Yau X. These are captured by the Gromov-Witten 
invariants 

GW g (d) = [_ 1 e Q, 

JMg(X,d)]™ 

that "count" the number of points in their compactified moduli space M g (X, d) 
(which is rigorously defined in |126~1 |127H ). In a large radius limit the partition 
function of the A-model has a genus expansion 

Z G w{t-\) = exp A)) ; T{t\ A) = ^ \ 2g ~ 2 T g {t), (4.36) 

g>0 
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where we introduced the topological string coupling constant A that keeps track 
of the worldsheet genus g, and where we absorbed the coupling constant t in the 
complexified Kahler class t. The FgS can be expressed in terms of the Gromov- 
Witten invariants 

with the notation d-t = f.x*(t). In particular, the genus zero contribution Tq 
equals the prepotential ( |4.34| ) . 

A-model on toric Calabi-Yau threefolds 

In H17H the A-model on a non-compact toric Calabi-Yau threefold is solved by tak- 
ing advantage of the large N open-closed string duality between Chern-Simons 
theory on S 3 and the A-model on the resolved conifold H18H . It was discov- 
ered that the all-genus free energy can be computed by splitting the toric tar- 



get manifold in C 3 -patches, as discussed in Section 4.2.1 On each C 3 -patch 
the worldsheet instantons localize onto the trivalent vertex in the base of the 
T 2 x M-fibration, where at least one of the cycles of the T 2 -fibration degener- 
ates. In fact, the topological string amplitude on such a patch is an open string 
amplitude. 

The boundary conditions are specified by so-called A-branes that sit at the end 
points of the trivalent graphs. Supersymmetry conditions determine these A- 
branes to wrap special Lagrangian cycles in the Calabi-Yau threefold. In non- 
compact toric Calabi-Yau's such cycles end on the degeneration locus and wrap 
the T 2 -fiber together with a half-line in the base transverse to the trivalent graph. 
Since one of the T 2 -cycles degenerates at the graph the topology of the A-brane 
is S 1 x C. It can only move up and down a toric edge. Open strings may wrap 
the S 1 of each A-brane an arbitrary number of times. 

In total there can be three stacks of A-branes at the toric legs of the trivalent 
vertex, which the open string wraps. With the Frobenius relation this winding 
information can be rewritten in terms of representations of the Lie group U(oo). 
The open topological string amplitude on each C 3 -patch yields the topological 
vertex expression 

C RRR = V N RlR ?Q Ka ' /2+KR - /2 WRiQl Wr2Q ' 3 (4 38) 

^R X R 2 R 3 2.^ ^QiQ\ q W» n ' 

Qx,Q 3 R2 ° 

where the Ri are U(oo) representations, the numbers N are integers that count 
the number of ways that the representations Qi and Q\ go into R\ and and 
the W's are link invariants for the U(oo) Hopf link. For more details we refer to 
reference H17L 
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The full closed topological string amplitude is found by multiplying the topo- 
logical vertices. When two C 3 -patches are glued along a toric edge, one has 
to sum over the attached representation R with weight exp (— tl(R)), where t 
is the Kahler parameter of the toric edge and l(R) the number of boxes in the 
Young diagram corresponding to R. We will see examples of such computations 
in Chapter [6] and Chapter [7] 



B-model and Kodaira-Spencer theory 



The free energy of the B-model has a similar genus expansion as in (4.36) in a 
large complex structure limit, that is related to the A-model expansion by the 
mirror map. But in contrast to the A-model, the B-model is best understood 
from a target space point of view, where it is described as a Kodaira-Spencer 
path integral over complex structure deformations of X H117B 

Z = ( D<j)exp ( [ d(p A dcf) + XA 



Here, the complex structure field A = X + d<f) e H 21 is expanded around a 
background complex structure specified by Z e H 2 ' X {X), so that 4> € H 1 ' 1 (X) 
describes cohomologically trivial complex structure fluctuations. The interaction 
term schematically denoted by A 3 is more carefully equal to fl ■ {A 1 A A 1 ) A A, 
where A' e -ff 0,1 (Tx) is uniquely determined Q • A 1 = A. 

This partition function quantizes complex structures as its equation of motion is 
the Kodaira-Spencer equation 

dA' + ±[A , ,A'} = 0, 

which is condition for a complex structure d + A' ■ d to be integral. At tree level 
the free energy is captured by special geometry in terms of the periods 



as described in Section 4.3.1 At one loop level the free energy computes the 



logarithm of the analytic (Ray-Singer) torsion of X H117II 

K= E 2M(-) P+9 logdet'A M , (4.39) 

P,8=0 

where the prime ' refers to subtracting the zero modes. Higher FgS don't have 
such a neat interpretation; they just give quantum corrections to special geome- 
try. 
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B-model on local Calabi-Yau modeled on a curve 

Kodaira-Spencer theory on a local Calabi-Yau reduces to a 2-dimensional 
quantum field theory on the curve £ that quantizes the complex structure defor- 
mations of £ H171 112811 . These complex structure variations are controlled by a 
bosonic chiral field <j) such that 

7] = d<t>{x), (4.40) 

Let us assume for a moment that the complex structure of E can only be changed 
at its k asymptotic infinities (so E is a genus zero curve), and that these regions 
are described by a local coordinate Xi such that Xi — > oo at the boundary. Near 
each boundary <9£i the chiral boson <j) admits a mode expansion 

nGZ 

(When Xi is a periodic coordinate, the series should be expanded in e nXi .) 

Denote the Hilbert space of this free boson by H. The B-model free energy 
sweeps out a state 

\w) e n m . (4.4D 

At each boundary <9Ej we can introduce a coherent state 

\t i ) = exp(j2 t >-n) l°>> 

\n>0 / 

where the t l n 's represent the complex structure deformations at the correspond- 
ing asymptotic infinity. Roughly, t l n corresponds to complex structure variations 
Ui ~ at the zth boundary when n > 0. It follows that the B-model partition 
function can be written as the correlator 

expJ 7 (t 1 ,...,t fc )= (t 1 |<g)...<g>(t fe |W). (4.42) 

In H128I it is discovered that there is a large symmetry group that acts on this 
theory, whose broken symmetries generate an infinite sequence of Ward identi- 
ties that are strong enough to determine the free energy T as a function of the 
deformation parameters t l n . In three complex dimensions these symmetries are 
the global diffeomorphisms that preserve fL In two complex dimensions they re- 
duce to diffeomorphisms that preserve the complex symplectic form dy A dx on 
B. Obviously, these symmetries are broken by E. This gives <j> an interpretation 
as Goldstone boson. 
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Geometrically, the Lie algebra of infinitesimal tranformations is generated by 
Hamiltonian vector fields 

x df(yuXi) <■ df(yi,Xi) 

ox l = , dy t = , 

oyi axi 

with the Hamiltonian f(y, x) being any polynomial in y and x. This is known 
as the Wi +00 -algebra. On the quantum level any change of local coordinates 
Sxi = e(xi) is implemented by the operator 

i(xi)T(xi)dxi 

acting on the Hilbert space, where T(x) = (d<j)) 2 /2 is the energy momentum ten- 
sor of the free boson CFT. Similarly, when f(yi, xi) — y™x™ at the ith asymptotic 
infinity, we find a quantum generator 



92, 



n+1 



These generators are the modes of the W-current W n+1 (x) ~ (d<p) n+1 /(n + 1), 
that includes the Virasoro current for n = 1. 

To write down the Ward identities, corresponding to the broken Wi +00 -symme- 
try we first need to see how the complex structure deformations in the various 
asymptotic regions are related. It turns out that this is highly non-trivial, and 
can be best understood in terms of the topological B-branes in the geometry X^. 

Topological B-branes wrap holomorphic cycles of the Calabi-Yau geometry. In the 
local geometry X a complex 1-dimensional branes are parametrized by E. These 
branes wrap the non-compact fiber uv = over the curve S. More precisely, 
such a fiber is degenerated into two parts v = and u = 0, which are wrapped 
by a brane and an anti-brane resp. Inserting such a brane at position p on 
an asymptotic infinity deforms the meromorphic 1-form rj by a small amount 
rj = A, where the contour encircles the point p on S. Since we identified 77 



with d<p in ( |4.40| ), we find the equality 

d<j>{xi) ^(p)..-) = A<.»^(p).»). 



Now the OPE : -if>* (xi)i/j(p) : ~ l/{x l — p), when x l — > p, shows that the B-brane 
corresponds to the fermion ip by the familiar bosonization rules 

: ip(xi)ip*(xi) : = d(f>(xi)/\, ip(xi) = exp (<f>(xi)/X) . 



Similarly, an anti-brane corresponds to its conjugate i/j* — exp (—(fi/X). 
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This has some very interesting consequences. It is argued in [ 128 ] that the 
brane partition function $(xi) — (ip(xi)}, for a B-brane inserted at a point Xi 
on the ith asymptotic patch, transforms to another asymptotic region as a wave 
function (similar to the closed partition function in H129L see also [|130lll31ll ). 
As a result the fermion fields in both patches are related in a Fourier-like way 

^{x j ] = Jdx i e s l 3 *> x 'V x il>(x i ), (4.43) 

where S is a gauge transformation that relates the symplectic coordinates (y, x) 
in both patches 

ytdxi - yjdxj = dS(xi,Xj). 

Notice that when the local coordinates are related by a symplectic transforma- 
tion Sp(l,Z) = SL(2, Z), the exponent S(xi,Xj) is a homogeneous quadratic 
function in Xi and xj, so that the wave-function transforms in the metaplectic 
representation. 

Putting everything together we find the Ward identities H128II 

/ r(x l )xTy?^(x l )\W) = 

By bosonizing the fermionic fields and contracting the above state with a co- 
herent state (t\, this yields a set of differential equations that can be solved 
recursively in the worldsheet genus g. 

Let us recapitulate: Topological B-branes that end on £ behave as free fermions 
on E. However, their transformation properties from patch to patch are rather 
unusual. In this thesis we examine these free fermions from the I-brane perspec- 
tive. In Section |4.4.2| we relate the B-model fermions to the ones on the I-brane, 
whereas Chapter[5]is devoted to explaining their characteristics from the I-brane 
point of view. 



4.4 BPS states and free fermions 



It is time to take another look at the web of dualities in Fig. 1.6 The lowest 4 
boxes in the vertical sequence of the web are all related to Calabi-Yau compact- 
ification down to a 4-dimensional Taub-NUT manifold. The middle ones corre- 
spond to topological string theory, in the sense that the holomorphic F-terms on 
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the Taub-NUT compute topological string amplitudes. The lowest ones are also 
familiar as string theory realizations of other types of topological invariants on 
Calabi-Yau threefolds, called Gopakumar-Vafa (GV) invariants and Donaldson- 
Thomas (DT) invariants. We are particularly interested in the DT perspective, as 



this leads to a natural I-brane partition function, see Section 4.4.3 



4.4.1 BPS states in the 9-11 flip 

Let us start by going through the 9-11 flip in the vertical sequence once again. 
This time we pay attention to the topological invariants that are associated to 
these duality frames H7H • 



Donaldson-Thomas theory and D0-D2-D6 bound states 

Instead of studying holomorphic embeddings of a worldsheet E 5 into the 
Calabi-Yau threefold X, one can also think of its image 0*([£ ff ]) c H 2 {X) as 
the zero-locus of a finite set of holomorphic functions on X. Mathematically this 
is rigorously defined in terms of rank 1 ideal sheaves £. On a Calabi-Yau X ideal 
sheaves £ with ch 2 = d and c 3 = n can be counted as the Donaldson-Thomas 
invariants 

DT„, d = / leZ, 

J [£ n (X ,d)]™ 

since their moduli space [£ n (X, d)] vir has virtual dimension zero H1321 [T33l . 
Their generating function is 

Z m (t, e x ) = J2 DT d ,„e- d *e" A (4.44) 

The degree zero Gromov-Witten and Donaldson-Thomas partition functions are 
conjectured to be related as Zq T (£, e A ) = (Zq w (t, A)) , whereas their reduced 
parts Z' = Z/Zq are conjectured mathematically to be equal 

Z^(t,e x )=Z' GW (t,X). 

This has been verified in some important cases, such as toric Calabi-Yau three- 
folds ITT341 fT35l fl36H . 

Physically, these invariants can be thought of as capturing D0-D2 bound states on 
a single D6 brane. In the maximally supersymmetric U(l) worldvolume theory 
on the D6-brane these bound states correspond to non-trivial topological sectors 
of the rank 1 gauge bundle £: the D2 charge d equals ch 2 (E), while the DO 
charge n equals ch 3 (E). So DT,j. n should correspond to the number of bound 
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states of a D6 brane with D2-branes that are wrapped around a cycle d € H 2 (X) 
and n added DO-branes. 

When we wrap the D6-brane around a Calabi-Yau threefold X the worldvolume 
gauge theory is naturally twisted. On X x S 1 its partition function is given by 
the Witten index 



Tr[{-l) F e 



-PH-] 



where (3 is the radius of S 1 . Since the theory is topological we can take the limit 
P — ■> to find a 6-dimensional maximally supersymmetric U(l) gauge theory. 
The D0-D2 bound states are captured by the topological terms 

S=\[ c 3 (£)+ [ tAch 2 {£), (4.45) 
Jx Jx 

where t denotes the Kahler class of X. Since the only relevant contributions in 
this topological gauge theory are given by the above topological terms, we find 
the Donaldson-Thomas partition function ( [4.44 ). The mathematical relationship 



between GW and DT invariants corresponds physically to a gauge-gravity corre- 
spondence between the 6-dimensional U(l) gauge theory and topological string 
theory Il32ll . 

In string theory this configuration is embedded in the type IIA background 

IIA : X x E. 3 x Si 

with a single D6-brane wrapped on X x bound to D2 and DO-branes. 

Notice that in our duality web the Taub-NUT space TN may have an arbitrary 
number k of nuts. In the remainder of this thesis we restrict to k = 1 just because 
that makes it easier to write down generating functions for BPS states. It is in 
fact a striking question how to use the I-brane web of dualities to write down a 
partition function that holds for any fcj^] 

The 9-11 flip and Gopakumar-Vafa invariants 

As the D6-brane dissolves into a non-trivial Taub-NUT geometry, this configura- 
tion lifts to M-theory as 

M : XxTNxS}, (4.46) 

accompanied by M2-branes and KK momenta along the Taub-NUT circle S^ N . 
Note that instead of reducing over S^ N to go down to IIA, it is also possible to 

3 The obstacle in writing down higher-rank Donaldson-Thomas invariants is the definition of a 
nice moduli space. Lately, this has been studied in 111 371 . It would be interesting to find out how 
this generalized Donaldson-Thomas theory is related to our web of dualities. 
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shrink the thermal circle Si. This yields the background X x TN with funda- 
mental strings wrapping 2-cycles of the Calabi-Yau X. Since the 5-dimensional 
angular momentum around Sg couples to the graviphoton field, the Witten in- 
dex will in this configuration compute the A-model partition function Z G w(t, A) 

ED- 

Moreover, in H71H it is argued that this S^y-Si flip (9-11 flip) encodes yet an- 
other interpretation of the topological string partition function in terms of the 
Gopakumar-Vafa invariants. These integer invariants 

gv^ e z 

count the number of A/2-branes wrapped over a 2-cycle d in the Calabi-Yau X 
in a compactification of M-theory on X to five dimensions H221 1231 11191 Q The 
integer m stands for the left spin content of the corresponding 5-dimensional 
BPS particle. More accurately, its spin (mi,mj{) = (2j£,2j|j) takes value in 
the 5-dimensional rotation group 50(4) = SU(2) L x SU(2) R , but to find a 
proper complex structure invariant one should sum over the right spin content. 
Compactifying the fifth dimension gives the BPS particles an extra angular mo- 
mentum. 



Let us go back to the M-theory set-up (4.46). In the strong coupling limit in 



which the radius R of the Taub-NUT circle S^ N is large, we effectively zoom in 
on the center of the Taub-NUT. Near this center the geometry cannot be distin- 
guished from M. 4 , so that the M2-branes form a free gas of spinning BPS particles 
in M 4 . Their spin receives a internal contribution m from the U(l) c SU(2) L 
isometry of the Taub-NUT plus an orbital contribution n that originates from 
the KK-momenta along the S^ N . This motivates the Gopakumar-Vafa partition 
function 



z GV (t,x)= n n n nii-e^+^e^- 1 ^ 1 ^, 

d£H2 m£Z k— — ra n—1 



as a second quantized product over the spinning BPS states H711 11401 l22l . The 
equivalence of the GV partition function Zcv(t, A) to the GW partition function 
Z GW (t, A) conjectures the integrality of the Gopakumar-Vafa invariants GV™. 

So although the Gromov-Witten invariants are not integer, and thus cannot be 
made sense of as counting BPS states in string theory, their generating function 
does allow a reformulation in terms of the integer-valued Donaldson-Thomas 
invariants and Gopakumar-Vafa invariants, which do have a BPS-interpretation 
in string theory and are connected by this 9-11 flip. 



4 Mathematically it is not so easy to define Gopakumar-Vafa invariants rigorously. Recent attempts 
can be found in I138II1391 . 
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Degree zero example 

Let us give a simple example of these dualities (more can be found in e.g. HI 141 
114110 . In Gromov-Witten theory the constant map contributions are captured by 
the generating function 

(-1) 9 X(X) f j (-1) 9 X(X) \B 2g \\B 2g _ 2 \ 
'Mo 



Gw„(0) = ^^,_4_ 1 - 2 29(29 _ 2)(29 _ 2) , 



where c? g _ 1 is (g — l)th Chern class of the Hodge bundle over M g (the moduli 
space of Riemann surfaces of genus g) and B n are the Bernouilli numbers. The 
corresponding partition function Zqw.o can be rewritten as a Gopakumar-Vafa 
sum 

Zgv.o = II C 1 - e^y nx{ * ] = J] (1 - e ^)" GV °'° . 

n>0 n>0 

This generating function is a power of the MacMahon function 

M(q)=H(l-q n )- n , 

n>l 

which counts 3-dimensional partitions, and as such appears in the localization of 
the 6-dimensional gauge theory and the computation of the Donaldson-Thomas 
invariants 11321 l28l H42H . 



4.4.2 Fermions and BPS states 

Let us compare the different types of objects that play a role in the remainder of 
the duality web. In the I-brane frame these are the free fermions themselves and 
the fluxes through the a-cycles of the Riemann surface that they couple to. In the 
B-model these are BPS states that are obtained by wrapping D3-branes around 
yl-cycles and the fluxes through these 3-cycles. These B-model invariants can be 
translated to analogous charges in the Gopakumar-Vafa M-theory setting or the 
Donaldson-Thomas frame in type IIA. Let us look at this closer. 

Relating the I-brane fermions to BPS states 

Perhaps it is clarifying to compare the chiral fermions, that appear so naturally 
in the intersecting brane system, to the usual BPS states. This is most naturally 
done in the M-theory picture, where we consider an M5-brane with topology 

TN k x E. 

First of all, the chiral fermions are given by the open fundamental strings that 
stretch between D4-branes and D6-branes. On the Riemann surface E they wrap 
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an A-cycle, which is their time trajectory, times an interval /. At one end of 
the interval the open string ends on a D4-brane, whereas on the other end it 
ends on a D6-brane. These fundamental strings are lifted to open M2-branes in 
M-theory. Since the Taub-NUT circle shrinks at the D6-endpoint, the topology 
of the membranes is S 1 x D 2 , where S 1 is the time trajectory and D 2 is a 2- 
dimensional disc whose boundary dD 2 lies on the M5-brane. This boundary 
encircles the S^ N of the Taub-NUT geometry. Another way to see this is that the 
BPS mass of these open M2-brane states is given by 



U>TN 



D- 



Vtn, 



dD 2 



where tjtn is the one-form (3.19 1 on TN. This mass goes to zero exactly when 
the M2-brane approaches one of the NUTs of the Taub-NUT geometry. There the 
chiral fermions appear. 

So, if we compute a fermion one-loop diagram, this is represented in M-theory 
in terms of open M2-brane world-volumes with geometry D 2 x S 1 and boundary 
T 2 = S 1 x S 1 on the M5-brane. Note that the S 1 on the TN factor is filled in by 



a disc. This is illustrated in Fig. 4.9 



(1) 





(2) 





Figure 4.9: Two kinds of open M2-brane instantons that contribute to a M5-brane with 
geometry TN k x E: (1) the free fermions, massless at the NUTs ofTN k ; (2) the usual BPS 
states that become massless when the Riemann surface E pinches. 



On the other hand we have the traditional BPS states in Calabi-Yau compactifica- 
tions, that we discussed in Section 4.2 In the IIB compactification on TN k x X 
these will be given by D3-branes that wrap special Lagrangian 3-cycles in X. Let 
us consider the D3-branes that wrap the A-cycles of the local Calabi-Yau, and 
thus fill in a disc D that ends on the Riemann surface £. After the dualities that 
map this configuration to an M5-brane in M-theory, these states become open 
M2-branes with the topology of a disc as well. But now the boundary S 1 of these 
discs will lie on the surface S. The time trajectory will be along the space-time 
TN k . More invariantly we have again M2-branes with world-volumes D 2 x S 1 
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and boundary S 1 x S 1 , but now the S 1 on the Riemann surface £ is filled in. 
This makes sense, since the mass of the BPS states, given by 

ydx, 

goes to zero exactly when the surface £ is pinched or forms a long neck. These 
states are the M-theory interpretation of the well-known massless monopoles of 
Seiberg and Witten 11951 H43l [14411 . 

In a full quantum theory of the M5-brane, both kinds of open M2-branes should 
contribute to the partition function. In fact, the boundaries of these M2-branes 
are the celebrated self-dual strings (see Section 4.2.2ft that should describe the 



M5-brane world-volume theory H145L IIOTH . Clearly the corresponding massless 
states are contributing in different regimes. In that sense the relation between 
the free fermions and the usual BPS states can be considered as a strong-weak 
coupling duality. 



Fermion charges on the I-brane 

It might be good as well to follow the fermion numbers p 1 , . . . , p 9 (through 
the handles of the Riemann surface) and the dual U(l) holonomies v%, . . . , v g 
(that couple to these fluxes) through this chain of dualities. We pick k = 1 for 
simplicity. First we remark that we have to choose a basis of a-cycles on £ to 
define these quantities. 

In the IIB compactification on TN x X the quantum numbers p l appear as fluxes 
of the RR field G5 through a basis of 3-cycles of the Calabi-Yau xj^jln reduction 
of G 5 to the 4-dimensional low-energy theory on TN this gives the 1/(1) gauge 
fields F l of the vector multiplets that appear in the gauge coupling 

TiiFlAFl, 

TN 



analogous to the reduction in equation ( 4.13ft 



After mapping this configuration to IIA theory on M. 3 x S 1 x X with a D6-brane 
wrapping S 1 x X, the flux p is carried by the U(l) gauge field strength F on 
the world-volume of the D6-brane, [F l /2n] = p l e H 2 (X,Z). This can be in- 
terpreted as a bound state of a single D6-brane with p D4-branes. In a similar 
fashion the Wilson lines vi are mapped to potentials for the D4-branes. So in 
this duality frame we can simply shift the fermion number by adding D4-branes. 



5 Indeed, the fermion flux originates from a 2-form field strength on the D6-brane. This lifts in 
M-theory to a 4-form flux G4 and arises as a Gs-flux in type IIB. We will explain these last steps in 
more detail in Section|5.2.1| 
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B-model branes compared to I-brane fermions 

Another natural question to ask is whether these fermions in the topological B- 



model, see Section 4.3.2 are the same as the physical fermions we encountered 
on the I-brane. An important property of the fermions in the context of topolog- 
ical vertex is that the insertions of the operators tp(xi), that create fermions 
(which is of course not the same as the quanta of the corresponding field), 
change the geometry of the curve. The fermions will produce extra poles in 
the meromorphic differential ydx which encodes the embedding of the curve as 
H(x,y) = 0. We have the identification y = d<fr(x), and by bosonization the 
operator product with a fermion insertion gives a single pole at each fermion 
insertion ^ 

dcf>(x) ■ ip(xi) ~ - - — ip(xi). 

In the superstring such a correlator 

(tp(xi) ■•■ip(x n )) 

of fermion creation operators corresponds to the insertion of D5-branes in type 
IIB compactification. These 5-branes all have topology M 4 x C, where in the 
Calabi-Yau uv+H(x, y) they are located at specific points Xi of the curve H (x, y) = 
along the line v = (so they are parametrized by the remaining coordinate 
u). Having this extra pole for y means that the Riemann surface has extra tubes 
attached to it at x = Xi. 

If we T-dualize this geometry to replace the Calabi-Yau X by an NS5-brane wrap- 
ping R 4 x E, the D5-branes, which are all transverse to £, will become D4-branes. 
So we get an NS5-brane with a bunch of D4-branes attached, that all end on the 
NS5-brane. This configuration can be lifted to M-theory to give a single irre- 
ducible M5-brane, now with "spikes" at the positions x\,...,x n . So we indeed 
see that the two kinds of fermions (or at least their sources) are directly related 
and have the same effect on the geometry of the Riemann surface. 



4.4.3 I-brane partition function 

In Type II compactifications on Calabi-Yau geometries four-dimensional F-terms 
can be computed using topological string theory techniques. We now want to 
see how these kind of computations can be mapped to the I-brane model. 



Starting point will be the end of the chain of dualities in Figure 1.6: the IIA 
compactification on M 3 x S 1 x X with X a (non-compact) Calabi-Yau geometry, 
where we wrap a D6-brane along S 1 x X. This is the set-up of Donaldson- 
Thomas theory. With the right background values of the moduli turned on, the 
topological string partition function can be reproduced as an index that counts 
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BPS states degeneracies of D-branes in this configuration. 

More precisely, the topological string theory partition function in the A-model 
naturally splits in a classical and a quantum (or instanton) contribution 

Here £ e H 2 (X) is the complexified Kahler class, A the topological string cou- 
pling constant, and C2 = c%{X). The classical contributions should be read as 
integrals over the Calabi-Yau X. The quantum contribution is decomposed as 



Z qu (t,X) =cxp ^A 29 - 2 ^ 9 (<) 

with the genus g free energy expressed in terms of the Gromov-Witten invariants 
of degree d as 

^(t) = ^GW 3 (d)e dt . (4.49) 



We can now use the fact that Z qu has a dual interpretation as the Donaldson- 
Thomas partition function counting D0-D2-D6 bound states (here we ignore a 
subtlety with the degree zero maps) 

Z qu (t, A) = ^ DT ( n > d ) e"™ V'*. (4.50) 



In this sum n € H (X,Z) = Z and d e H 2 (X,Z) are the numbers of D0- 
branes and D2-branes. As before d ■ t stands for J d t. The integers DT(n, d) are 
the Donaldson-Thomas invariants of the ideal sheaves with these characteristic 
classes. From the BPS counting perspective it is also natural to add the expo- 
nential cubic pref actor in ( 4.48] ), since this is nothing but the tension of a single 



D6-brane (including the geometrically induced D2-brane charge). Remember 
that this tension is measured by integrating fl — expt over the submanifold. 

In type IIA string theory set-up the complex parameters A and t can be expressed 
in terms of geometric moduli of the S 1 and the Calabi-Yau X, and the Wilson 
loops of the flat RR fields C\ and C3. In particular, we can write 

\=J^ + i6, (4.51) 

with 

13 = 2ttR 9 = j> ds 
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the length of the Euclidean time circle S 1 , and 8 the Wilson loop 



s 1 



That is, A can be written as the holonomy of the complexified one-form ds/g s + 
iCi (in string units). An important remark is that, as expressed in equation 
for BPS states 9 and (3 only appear in the holomorphic combination 
In the same way the parameter t is given by the integral of the com- 



(4.50 



(4.51 



plex 3 -form 

/ kAds 
t = <p ViC 3 . 



It is rather trivial to also include the coupling to D4-branes in this BPS sum. As 
explained before, such a bound state of p D4-branes to a D6-brane is given by a 
flux of the U(l) gauge field on the D6-brane. We can think of this as a non-trivial 
first Chern class of the line bundle over the D6-brane that wraps X, so that the 
D4-brane has charge p = Tr[F/2ir]. Tensoring with the extra line bundle will 
not change the BPS degeneracy, since the moduli space of such twisted sheaves 
is isomorphic to that of the untwisted one. The only part that changes are the 
induced DO and D2 charges, that shift as 

d - d- l -p 2 -^c 2 (4.52) 

1 3 1 

n — > n + dhp+-p + — pAc 2 . 

Here we also wrote the charges d G H A (X) and n e H 6 (X) as de Rham forms 
by using Poincare duality. The induced charges follow from applying equation 
( |3.1 ip . For example, the D2-brane charge d gets a contribution from the cou- 
plings 1/2 Tr [F/2tt] 2 and c 2 /24 on the D6-brane worldvolume. 

So, if we also include a sum over the number of D4-branes, weighted by a po- 
tential v € H 4 (X), we get a generalized partition function 

Z(v, t, A) = 

= J2 e p ^- t2 / 2A »e-( p2 / 2+C2 / 24 )*e-( p3 / 6+pC2 / 24 ) A e- t3 / 6A2 Z qu (t + p\, A) 
P eH 2 (x,z) 

= e pv Z top (t + p\,\). (4.53) 

P eH 2 (x,z) 

Apart from adding the D6-brane tension — < 3 /6A 2 , we have also added the ten- 
sion — j p t 2 /2\ of the D4-branes. Remember that the D4-branes translate into 
fermion fluxes on the I-brane. From this fermionic (I-brane) point of view it 
is natural to sum of these fermion numbers. The structure d4.53] > is therefore 
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the object that we want to identify with the I-brane partition function and that 
should be computable in terms of free fermions. It should be remarked that the 
partition function ( [4.53 ) was also found in H146H , where a dual object was stud- 
ied: a NS5-brane wrapping X. Also in [114711 , a partition function of this type 
was considered and directly related to fermionic expressions. Moreover, recently 
it was even conjectured to capture non-perturbative aspects of the topological 



string H148II . We will comment more on this in Section [674 



Let us finish this chapter by noting that the above expression for Z(v, t, A) has 
an interesting limit for A — * 0, where only genus zero and one contribute. In 
that case we have 



Z top (t + M) ~ exp 



1 i i 



■^i(*) + 0(A) 



(4.54) 



If we now subtract the singular terms (which have a straightforward interpreta- 
tion as we shall see in a moment), we are left with the familiar A = answer 



Z(v,t) 



Chapter 5 

Quantum Integrable 
Hierarchies 



The string theory embedding of topological string theory in terms of a Calabi- 
Yau compactification to a Taub-NUT space, suggests a duality of the topological 
string partition function and the I-brane partition function. We thus expect that 
the topological string partition function on a non-compact Calabi-Yau threefold 
Xs, that is modeled on a holomorphic curve E, has an interpretation in terms of 
physical chiral fermions on E. However, we discover that these fermions don't 
just transforms as sections of the square-root of the canonical bundle on E (just 
like the topological B-branes in the B-model). Instead, the topological string 
coupling constant translates into a non-trivial flux on E that quantizes the curve 
into a non-commutative object. Fermions should in this context be mathemati- 
cally interpreted as elements of a holomorphic P-module supported on E. The 
goal of this chapter is to explain the topological string partition function as a 
tau-function of a quantum or non-commutative integrable hierarchy. 

In Section |5?fl we start with (semi-classical) Krichever solutions of the Kadomtsev- 
Petviashvili (KP) hierarchy. We explain how the semi-classical contribution T\ to 
the free energy can be interpreted in terms of such a Krichever solution. In Sec- 
tion (5^2] we study the effect of the topological string coupling constant A on the 



I-brane. We introduce P-modules and show in detail how the resulting I-brane 
configuration should be understood mathematically in terms of a quantum in- 
tegrable hierarchy. In Section 5.3 we use our framework to assign a fermionic 
state to a non- commutative curve corresponding to E. In analogy with the semi- 
classical recipe the determinant of such a state yields a tau-function. We conjec- 
ture that this quantum tau-function is equal to the all-genus topological string 
partition function. The advantage of this line of thought is that the total topolog- 
ical string partition function on a local Calabi-Yau threefold acquires a very sim- 
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pie interpretation as a fermion determinant on an underlying non-commutative 
curve. In Chapter [6] we work out some insightful examples. 



5.1 Semi-classical integrable hierarchies 

An important class of conformal field theories is that of free chiral fermions on 
a Riemann surface E. Already in the mid-eighties it was discovered that these 
CFT's are intimitely related to a certain integrable system, well-known as the 
Kadomtsev-Petviashvili (KP) hierarchy. The CFT partition function appears as a 
so-called tau-function of this integrable hierarchy. It computes the determinant 
of the Cauchy-Riemann operator 8 on E. Let us explain this in more detail. 

5.1.1 KP integrable hierarchy 

The KP integrable system originates from the non-linear partial differential equa- 
tion 

du _ d 3 u ^ g du ^ 
dt dx 3 dx 

This equation was written down around 1900 by Kortweg and de Vries as a 
description of non-linear waves in shallow water. To see how this differential 
equation is included in an integrable hierarchy let us write down a pseudo- 
differential operator 



L = d + ^ Ul (x)d-\ 



i=0 



where d = d/dx. This operator L is known as a Lax operator. The negative 
powers in its expansion are defined through the Leibnitz rule 



oo 



k=Q 



97 = EL )(d k f)d l - k , forteZ 



with (*) = i-. . .-(i—k+l)/k\. Sod -1 should be interpreted as partial integration. 
The Lax operator may depend on an infinite set of times x — ti,t 2 , . . . and 
satisfies the KP flow equations 

dL 

■— = [H n , L], forn>l (5.2) 
ot n 

where the Hamiltonians H n = (£")+ are powers of the Lax operator L. The 
subscript in (L n ) + denotes the restriction to the positive powers of the pseudo- 
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differential operator L n . The Hamiltonians obey the Zakharov-Shabat relations 

777 -^m 777 H n — \H n , H m ] . 

They make sure that the defining KP equations \5.2) line out a commuting flow. 



We can just as well write down the KP integrable hierarchy (5.2) for a power 
P = L p of the Lax operator L. When P is actually a differential operator, the 
resulting integrable hierarchy is of so-called KdV type. For 

P = d 2 + u(x), (5.3) 



we easily recover the original KdV equation (5.1 1. 



In the last decades many complementary perspectives on the KP integrable hi- 
erachy have been developed (starting with [|1491ll50lll51IO . In this section we 
are mostly interested in its geometric interpretation in terms of (possible singu- 
lar) Riemann surfaces. This relation, discovered by Krichever and illustrated in 



Fig. 5.1 comes about as follows. Look at the algebra of differential operators 
that commute with a given differential operator P. This turns out to be a com- 
mutative algebra that we denote by Ap. In the KdV example Ap is a polynomial 
ring generated by the degree two KdV operator P from equation ( |5.3p and a 
degree three operator Q 

A P = C[P, Q]/(Q 2 = P 3 - 92 P - 53), 

in terms of the Weierstrass invariants g 2 and g 3 . Note that this forms the al- 
gebra of functions on an elliptic curve. Any (pointed) curve that is obtained 
via a commuting ring of differential operators is called a Krichever curve. It is 
parametrized by the eigenvalues of the commuting operators in Ap, and there- 
fore also referred to as a spectral curve of the KP system corresponding to P. 

According to the above map many differential operators P will correspond to 
the same spectral curve £: in fact, for most of them the algebra A p will be 
generated by P only, so that the Krichever curve is just a pointed projective 
plane. However, when we fix a line bundld^]£ on the spectral curve £, together 
with a point peS and trivializations of £ and C in the neighbourhood of p, 
there is a natural correspondence with a subset of solutions to the KP hierarchy. 
This is called the Krichever correspondence. 

So let us start with a spectral curve £ together with a line bundle C, that comes 
equipped with a connection A. Both from the physical and mathematical per- 
spective it is natural to consider a chiral fermion field tp(z) on £ that couples to 
the gauge field A. The free fermion partition function computes the determinant 



1 For singular curve we need to consider rank 1 torsion free sheafs. 
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of the twisted Dirac operator 8a coupled to the line bundle C. 

It has been known for a long time that these chiral determinants are closely 
related to integrable hierarchies of KP-type. If one picks a point p e E on the 
curve together with a local trivialization e* of the line bundle around p, the ratio 
with respect to a reference connection A 

det d A 

T(t) = = — 

det 

equals a so-called tau-function of the KP integrable hierarchy. This determinant 
has many interesting properties, e.g. the dependence of this determinant on the 
connection A is captured by a Jacobi theta-function 




Figure 5.1: The Krichever correspondence assigns a geometric configuration (E — p, z^ 1 , C) 
to a dense subset of points W in the Grassmannian Gr, where z" 1 is a local coordinate 
in the neighborhood p on the curve £. Such a geometric interpretation only exists when 
the stabilizer A of W is non-trivial. Under the Krichever map it turns into the algebra of 
holomorphic functions on E — p. 



How is the above tau-function related to the KP hierarchy (5.2 1 that we started 
with? This becomes clear when we study the system from a Hamiltonian per- 
spective. In this formulation the partition function Z(S 1 ) is an element of a 
Hilbert space H assigned to a circle S 1 surrounding p. This Hilbert space con- 
sists of functionals on all possible boundary conditions of the fields at the circle 
around p. In this example that Hilbert space is just the Fock space T that is 
constructed out of the modes ijj n and ip* °f tne fermion field ip(z). So we find a 
state 



|W) S T. 

In fact, we can describe the state |W) explicitly. It is the semi-infinite wedge 
product of a basis that spans the space W of holomorphic sections 

W = H°(E-p, C). 
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These are all meromorphic sections of the line bundle C that are only allowed 
to have poles at p. Notice that W is a module for the algebra A = — p : O) 

consisting of holomorphic functions on £ — p. 

Let us choose a coordinate z^ 1 in a neighbourhood around p. Since a holo- 
morphic section of C on X — p can at most have a (finite order) pole at p, the 
subspace W is a subset of C((z -1 )) = C^ffiCKz' 1 ]]. The set of all subspaces W 
of C((z -1 )) whose projection to C[z] has a finite index fi, with respect to the pro- 
jection map C((z~ 1 )) i— > C[z), has the structure of a Grassmannian Gr(fi). The 
Krichever map assigns a geometric set-up to an element W of the Grassmannian 
that has a a non-trivial (A ^ C) stabilize^ 

The infinite wedge products |W) form a line bundle over the Grassmannian. 
Pulling this line bundle back to the family of configurations (£, P, C) recon- 
structs the determinant line bundle corresponding to the O-operator on X. 

The big-cell of the index zero Grassmannian is the subset that is comparable 
to the vacuum C[z _1 ] (both the kernel and the cokernel of the projection map 
have dimension zero). To compute the tau-function on the big cell, we first 
associate a coherent state \t) to the local trivialisation around P, corresponding 
to the chosen boundary conditions. Then, combining the above ingredients, the 
tau-function can be written as 

T{t) = {t\W). (5.4) 

It is even possible to reconstruct the differential operator P. Notice that any 
subspace W in the big cell contains a unique element of the form 

oo 

T)(z,t) = 1 + ^2a,(t)z- 1 . 

i=l 

such that the Baker function 

i>{t, z) = r)(z, t)g(z), g{z) = exp tnZ n ^j 

is an element of W for all times t. Substituting z <-> d in the expression for r\ 
defines a pseudo-differential operator K{d,t), such that P = Kd p K~ x solves 
the differential equation 

Pip(t,z) = z p ^{t,z). 



2 More carefully, the rank of W over A determines the rank of the bundle £ over S. 
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We conclude that this differential operator P is fixed by the state W and thus by 
the geometrical configuration (S, P, L) together with trivializations. 

Multiplying the subspace W by the function g(z) defines an action on the Grass- 
mannian, that leaves the differential operator P fixed. The flow parametrized 



by t n is equivalent to the nth KP flow (5.21. Geometrically it leaves the spectral 



curve S invariant and multiplies £ by a flat line bundle, so that it corresponds 
to a straight line motion on the Jacobian of S. 



5.1.2 Topological strings at 1-loop 

The formalism of the last section can be easily extended to more general geomet- 
ric configurations, consisting of a genus g Riemann surface £ with an arbitrary 
number k of punctures. A free fermionic field ip(z) coupled to a line bundle C 
over £ determines a state |W) in the fcth fold tensor product W 8 ^. This has been 
exploited in the late eighties to understand the Polyakov string in the operator 
formalism (see e.g. H1521 [T53l 115410 . The KP formalism determines that the 
state \W) is a Bogoliubov transformation 

k 

\W) = exp I V V 4iV^_* s I |0) (5.5) 



,i,j=l r,s>0 



of the vacuum. 



The most elegant feature of this formalism is that the Riemann surface can be 
split up in elementary building stones. The total partition function can be re- 
constructed by glueing these using a natural inner product on H. One of such 
elementary pieces is the three-punctured sphere 

\V) € H m . (5.6) 

Its coefficients may be determined by the CFT equality 

(^^hiv) = (M0)\Mi)\H^)), 

that follows since the three punctures on the sphere may be fixed at 0, 1, oo. 

Returning to the topological B-model on the Woo -constraints seem to sug- 
gest that also the dual topological string partition function Z^ p can be written as 



a Bogoliubov state (5.5 1 [17, 128]. This implies that also the topological string 
is governed by the KP hierarchy. However, it is known that Z® op is generically 
not of the Krichever form, i.e. it does not correspond to regular free fermions 
on a Riemann surface. The goal of this chapter is to show how the B-model 
partition function should be interpreted geometrically. We will be motivated by 
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the fact that the fermion fields that play a role in the B -model do not obey the 
usual transformation rules. 

But before going into this, let us remark that in the limit A — > the B -model 
fermions do transform semi-classically. To see this we expand the fermion field 

ip(x) 

in a classical piece plus quantum corrections. It is shown in H171 II 2811 that in 
the limit of small quantum corrections the Fourier-like transformation ( 4.43| ) 
reduces to the transformation property 

1p qu (Xj)dxy 2 = ijjquix^dx^ 2 

for the quantum field Vv- m other words, the semiclassical approximation of 
the fermionic field ip(x) transforms in the classic way as a spin 1 /2 field on S. 



Relatedly let us turn to the Ray-Singer determinant (4.391 that describes the 
(worldsheet) genus one part of the free energy T. When the Calabi-Yau threefold 
is non-compact and modeled on a Riemann surface E, the Ray-Singer torsion 
reduces to the bosonic determinant 

T\ = -^logdet As. 

By the boson-fermion correspondence this determinant is equal to the logarithm 
of the determinant of the 9-operator on E. In other words, the KP tau function 
computes the 1-loop semi-classical partition function exp(.Fi) on a non-compact 
Calabi-Yau background X%. In particular, the topological vertex reduces to the 
CFT vertex ( [576] ) in the limit that A -> |Q7J . 

We will see this explicitly in some examples in Chapter [7J In these examples 
we compute exp(jF 1 ) for two threefolds in which E is a compact genus one 
and a compact genus two Riemann surface. Other instances can be found in the 
correspondence between the B -model and matrix models [115511 . 



5.2 P-modules and quantum curves 

Let us now release the constraint A = and turn our attention to the full free 
energy 

g 

As we discussed in Chapter[4]the topological string coupling constant A is embed- 
ded in a type IIA Calabi-Yau compactification as the graviphoton field strength 
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C\ . Let us therefore chase the graviphoton field through the duality web to find 
out its implications on the I-brane. 



5.2.1 Chasing the string coupling constant 

We start with the purely geometric M-theory compactification on TN x S 1 x X. 
Asymptotically this geometry has a T 2 fibration over M 3 . The ratio of the radii 
of the two circles of this two-torus is given by 

= 
2irg s £ s R n ' 

whereas the complex modulus of this T 2 is 



a _ e p 

2ni 2-7T 2ng s L 



i. 



(The last equality sign follows from equation ( 4.51| >.) Indeed, remember that 



in general when we compactify an M-theory circle, the off-diagonal components 
gn t i combine into the type IIA graviphoton field C\. In the M-theory back- 
ground described above, the only off-diagonal components in the T 2 -metric 
are parametrized by the real part of the T 2 complex structure. The real part 
of the complex modulus should therefore be proportional to the graviphoton 
= § sl C\. The asymptotic torus T 2 is illustrated in Fig. 



5.2 



When we exchange the roles of the 9th and 11th dimension, we will perform a 
modular transformation or S-duality 

A -> 4tt 2 /A. 

In the dual IIA compactification on TN x X the asymptotic values for the radius 
of the circle fibration and the graviphoton Wilson line are thus proportional to 
— 1/A. In the somewhat singular limit /3 — ► the complex modulus A limits to iO. 
So after the flip we find that the new graviphoton field becomes proportional to 
1/A. 

After the flip the Wilson loop only makes sense asymptotically, since Sp is con- 
tracture in TN. In fact, the graviphoton gauge field is given by 



where the one-form 77 is our friend (3.191. This field is not flat but has curvature 



G 2 = dd = \u. (5.7) 
A 
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Here lo is the unique harmonic 2-form that is invariant under the tri-holomorphic 
circle action ( 3.18 ). Note that this is a natural choice, since in the case of TN\ 
this form reduces to the usual constant self-dual two-form in the center M 4 (up 
to hyper-Kahler rotations). 




Figure 5.2: The above torus T 2 is present asymptotically in the M-theory geometry. In a 
type IIA reduction over the Taub-NUT circle Sj N , of size R 9 — (3, the real part of the T 2 
complex modulus X/2iri is proportional to the graviphoton field G\ integrated over S 1 . 



Summarizing, the topological string partition function will be reproduced by a 



type IIA compactification on TN x X with graviphoton flux given by ( 5.7 1 . Note 
that in this case the graviphoton is inversely proportional to the topological string 
coupling! 

It is now straightforward to follow this flux further through the duality chain. 
In the type IIB compactification on TN x X the self-dual 5-form RR field G5 is 
given by 

G 5 = -uj A il. 
A 

with Q the holomorphic (3, 0) form on the Calabi-Yau X. 

We will now T-dualize this configuration to the IIA background that includes a 
NS5-brane. In that case there is 4-form RR-flux 

G 4 = |w A dx A dy. (5.8) 
A 

Here dx A dy is the (2, 0) form on the complex surface B. This 4-form flux can 
be directly lifted to M theory, where we have the geometry 

TN xBx M 3 . 



B-field 

Now we have to discuss what the interpretation of this flux is, if we reduce to IIA 
theory along the 5* 1 inside TN to produce our system of intersecting branes. In 
that case we will have an extra set of D6-branes with geometry 8xK 3 . We want 
to argue that the G4 flux becomes a constant NS _B-field on their world- volumes. 
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As a preparation, let us recall again how the world-volume fields of the D6- 
branes are related to the TN geometry in the M-theory compactification. First 
of all, the centers x a of the TN manifold are given by the vev's of the three 
scalar Higgs fields of the 6+1 dimensional gauge theory on the D6-brane. In a 
similar fashion the £7(1) g au g e fields A a on the D6-branes are obtained from the 
3-form C 3 field in M-theory. More precisely, if uj a are the k harmonic two-forms 
on TNk introduced in section 2, we have a decomposition 

C 3 = ^2uj a AA a . 

a 

We recall that the forms ui a are localized around the centers x a of the TN geom- 
etry. So in this fashion a bulk field gets replaced by a brane field. This relation 
also holds for a single D6-brane, because u is normalizable in TN\. 

As a direct consequence of this, the reduction of the 4-form field strength G 4 = 
dCs can be identified with the curvature of the gauge field 

G 4 = ^2^a A F a . 



Combining this relation with the presence of the flux (5.8 1, we find that in the 



I-brane configuration the D6-branes support a constant flux 

F a = \dx A dy. 



There is simple and equivalent way to induce such a constant magnetic field 
on all of the D6-branes: turn on a NS B-field in the IIA background^ We can 
therefore conclude that in the presence of the background flux ( |5.8| ) translates 
into a constant Bjys fiekQinduced on the surface B 

B NS = jdx/\dy. (5.9) 

In the next section we will discuss the full consequences of this. 



3 This can be most easily understood from the worldsheet point of view. The coupling of the 
B -field to the fundamental string in equation l [3.9| l is not invariant under gauge transformations 
B n B + d A when the worldsheet has boundaries. This can be repaired by a simultaneous gauge 
transformation A i— » A — A/2na' of the U (1) worldvolume gauge field A on the brane which the 
string is ending on. This implies that only B + 2na' F is a gauge-invariant combination on the brane. 

4 Note that the above B-field is holomorphic because we started out with a holomorphic gravipho- 
ton field strength. This is unconventional: string theory forces the B-field to be real. More precisely 
the full topological content of the intersecting brane configuration is captured by a holomorphic and 
an anti-holomorphic piece that couple to the real B-field B + B. 
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Classical term T 

But at this point we first want to point out one immediate and more elementary 
consequence of the £?-field. The presence of the flux induces a U(l) gauge field 
on the D6-brane 

A=\ydx. (5.10) 
A 

For the 4-6 strings we have to restrict A to E. Therefore the chiral fermions are 
coupled to a non-zero U(l) gauge field. This background gauge field gives a 
contribution to the effective action on E of the form 

Here (a\ &,) is a canonical basis of ffi(E, Z). Plugging the expression for A we 
obtain precisely the (genus zero) prepotential of topological string theory 

F=^Fo, (5.11) 

where, as always, 

X 1 = &> ydx, diTo — f ydx. 

Ja { Jbi 

In fact, we can also include a non- trivial flux p l through the cycles a 1 . This will 
give a second contribution to the free energy given by 

A =\p%T . (5.12) 

We recognize the contributions ( |5.11| ) and ( |5.12| ) as the genus zero contribu- 
tions in the expansion for small A of the general expression (4.541. 



5.2.2 D-Modules 

Let us now explain how 2?-modules naturally appear in the I-brane set-up. (See 
also H156H for a much more involved setting.) First of all, by very general ar- 
guments the algebra A of open string fields on the D6-brane is naturally non- 
commutative. This is a consequence of the fact that the Riemann surface that 
describes the interaction 

A®A^ A 
only has a cyclic symmetry (see Fig. |5.3|). 



This non-commutativity is particularly clear if one includes a B-field as in (5.9 1. 
One simple way to see this is, that in the presence of such a £?-field a gauge field 
A is induced that couples to the open strings. The gauge field satisfies dA = B 
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and can be chosen as 

A = —ydx. 
A 

Therefore, on the 6-6 strings there is a boundary term 

J A = J dt jyx. 

If we reduce this term to the zero-modes of the strings we get the usual term 
of quantum mechanics, where A plays the role of h. (Indeed, notice that the 
momentum coordinate is given by dL/dx = y.) Therefore the coordinates x and 
y become non-commutative operators 

[x, y] = A. 

So, the zero-slope limit of the algebra A becomes the Heisenberg algebra, gen- 
erated by the variables x,y. This is also known as the non-commutative or 
quantum plane. In the case where B = C 2 we can identify this algebra with the 
algebra of differential operators on C 

A = V C - 

The algebra T>c consists of all operators 

^E^- d = iL- 

i 

Here we have identified y = —\d. 

Now suppose that we add some other brane to this system, in our case a D4- 
brane localized on S. We pick x as our local coordinate, so that, once restricted 
to the curve, the variable y is given by a function y = p(x). Now the space of 




A A 

Figure 5.3: The 6-6 strings naturally form a non-commutative algebra A: glueing the inner 
endpoints of two 6-6 yields another 6-6 string. On the other hand, 4-6 strings are a module 
M for the algebra A: glueing the right endpoint 4-6 to the left one of a 6-6 string yields 
another 4-6 string. 
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4-6 open strings, that we will denote as M, is by definition a module for the 
algebra A of 6-6 strings. This is a simple consequence of the fact that glueing a 



6-6 string to a 4-6 string produces again a 4-6 string, as illustrated in Fig. 5.3 
Therefore there is an action 

Ax M M. 

(More completely, M. is a _4-,B bimodule, where B is the algebra of 4-4 open 
strings.) 

Modules M. for the algebra of differential operators are called V-modules. In 
this case we are interested in P-modules that in the semi-classical limit reduce 
to curves or equivalently Lagrangians. Such P-modules are called holonomic. 

So we can draw the following conclusion: in the presence of a background flux, 
the chiral fermions on the I-brane should no longer be regarded as local fields or 
sections of the spin bundle A" 1 / 2 . Instead they should be interpreted as sections 
of a non-commutative 2?-module. 

Notice that if S is a non-compact curve, having marked points at infinity, the 
symplectic form dx A dy becomes very large at the asymptotic legs. This can be 
see by using the appropriate variables at infinity x' = 1/x and y' = l/y. In these 
variables the B-field becomes singular which means that the non-commutativity 
goes to zero. This explains why it makes sense to speak about the usual free chi- 
ral fermions at infinity, and to discuss their nontrivial transformation properties 
from patch to patch as in H128II . Considering compact spectral curves seems to 
be much more involved from this perspective. 

In the context of string theory it is worth stressing the range of parameters a' 
and A in which P-module description is valid. The string coupling A, which en- 
ters in the B -field flux as B = jdz A dw, plays an important role as quantization 
parameter. From the 2?-module point of view there seems to be no restriction on 
A, so one might hope that the P-module even captures non-perturbative infor- 
mation. However, in a particular system under consideration some restrictions 
on the values of A could arise that are related to the radius of convergence of the 
partition function. Although we do make some additional remarks in Chapter[6j 
we do not study these issues in this thesis. 

On the other hand, the string scale a' does not play a fundamental role in the 
P-module. The 2?-module describes the topological sector of the intersecting 
brane configuration, which is realized in terms of massless modes of the I-brane 
system. Therefore the 2?-module description is valid only in the regime where 
a' is small (so that no massive modes interfere with our description). The most 
interesting case is of course when it is non-zero, as it provides a normalization 
factor for the worldsheet instanton contributions to the open 4-6 strings in the 



I-brane partition function (4.53 1. Section 6.3 clarifies this with an example 
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2?-modules and differential operators 

The theory of 2?-modules was introduced and developed, among others, by I. 
Bernstein, M. Kashiwara, T. Kawai and M. Sato, to study linear partial differen- 
tial equations from an algebraic perspective H1571 11581 |159llT60ll . Currently this 
is a very active field, with connections and applications to many other branches 
of mathematics. 

As already mentioned above, P-modules are defined as modules for the algebra 
of differential operators V. In general, in a local C™ patch with complex coordi- 
nates (zi, . . . , z n ), the operators Zi and d Zi represent the nth Weyl algebra. The 
operators Pel? are of the form 

p = ^2 ai u ...,i n 9 Zil ■■■9 Zin . 

ii,...,i n 

With a set of operators Pi,. . . , P m € 2? one can associate a system of differential 
equations 

P 1 *=... = P m * = 0, (5.13) 

where ^ takes values in some function space V. An algebraic description of 
solutions to such a system can be given in terms of a 2?-module M determined 
by the ideal generated by Pi , ... , P m e V 

V 

M = , r . (5.14) 

T>-{P x ,...,P m ) 

The advantage of considering such a 2?-module is, firstly, that it captures the so- 
lutions to the above system of differential equations independently of the form 
in which this system is written. Secondly, it is also independent of the function 
space V - be it the space of square-integrable functions, the space of distribu- 
tions, the space of holomorphic functions, etc. 

Suppose that one would want to extract solutions from M. that take value in 
the function space V. Such a space V is itself a P-module. Namely, x and y are 
realized as multiplication by x and the differential — Xd x . One of the important 
properties of P-modules is that the space of solutions to the system of differential 



equations (5.13 1 in V is given by algebra homomorphism 

Rom v (M,V). (5.15) 



An important notion is a dimension of a 2?-module. The so-called Bernstein 
inequality asserts that a non-zero P-module M over the n th Weyl algebra has a 
dimension 2n > dim M. > n. In particular, V considered itself as a P-module 
has a dimension 2n. On the other hand, dimC[xi, . . . , x n ) — n. For a non-zero 

P G V, dimV/VP = 2n - 1. 
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A special role in theory of P-modules is played by the so-called holonomic V- 
modules, which by definition have a minimal dimension n. In particular they 
are cyclic, which means they are determined by a single element * e M called 
a generator. 

In the context of the I-brane in C 2 we are just interested in the 1st Weyl algebra 
{x, \d x ) of dimension 2. In this case we immediately conclude that the module 
V/VP has a dimension n = 1 for any non-zero P, and is thus holonomic and 
hence cyclic. It can be realized as 

M = {P* : D e £>}, (5.16) 

where the generator ^ is a solution to the differential equation = 0. Such 
P-modules reduce to curves or equivalently complex Lagrangians in the semi- 
classical limit, which is of course the main reason to study them in the context 
of I-branes. 



Rank 1 example 



Let us explain this structure in more detail with a simple example of a P-module. 
We start with the commuting case, in which the algebra A is given by the ring 
O of functions on the plane. If the spectral curve S is given by P = 0, then we 
can write M = Os as the quotient 

M = O/Je, 

where J s = O ■ P is the ideal of functions vanishing on S. 

Now suppose that P is not a polynomial, but a differential operator 



P€V. 



Then we can similarly define a 2?-module as an equivalence class of differential 
operators 



One way to think about such a module is in terms of a formal solution to the 
equation 

= 0. 



Mathematically, such a solution * e V is captured by the 2?-module homomor- 
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phism (|5.15]> 



M = 



V 



V-P 

Indeed, the map that sends the element 



V. 



[1] G M i ^ ^(z) G V 



is well-defined because every element P' e VP is mapped to zero (remember 
that W fulfills P^S = 0), and it is a bijection; conversely, any map M. to V is 
determined by a holomorphic solution to the differential equation P^> = 0. So 
M. can also be realized as the vector space of expressions of the form 



M = {D^; D e V}. 



The P-module M. and the corresponding differential operator P should be con- 
sidered as the non- commutative generalization of the classical curve E. This is 
the quantum spectral curve from the theory of quantization of integrable systems, 
as is known from the geometric Langlands perspective H156II . 

Within the context of string theory it is clear that there should be a unique T>- 
module that corresponds to the curve S. This prescription should fix possible 
normal ordering ambiguities in P. It would be interesting to understand this 
directly from the mathematical formalism. 

P-modules and flat connections 

More generally, P-modules are defined as differential sheaves on any variety 
X. The sections of the sheaf T>x over an open neighbourhood U are given by 
linear differential operators on U. Therefore, both the structure sheaf Ox (of 
holomorphic functions) as well as the tangent sheaf T x (whose local sections 
are vector fields) may be embedded in T>x- 

O x ^V x ^ T x 

In fact, T>x is generated by these inclusions. 

A sheaf M. on X is defined to be a left module for T> x when v ■ s <E M, for any 
v e T>x and s e M. Furthermore, it has to fulfill 

v ■ (fs) = v(f)s + f(v ■ s) 
[v, w] • s = v • (w • s) — w • (v • s) 

for any v € T>x, f € Ox and s € M.. Suppose that M is a left T>x -module 
whose sections are the local sections of some vector bundle V (this encomprises 
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all V x -modules that are finitely generated as Ox -modules). Then the action of 
T>x defines a connection on V as 

V v (s) = vs, (5.17) 

whose curvature is zero. So a P-module structure on the sheaf of sections of a 
vector bundle V defines a flat connection on this vector bundle. And conversely, 
any module consisting of sections of a vector bundle V with flat connection Va, 
has an interpretation as a P-module defined through the action of the flat con- 
nection. Therefore, a 2?-module is in general just a system of linear differential 
equations, changing from patch to patch on X. This is known as a local system. 
In the main part of this paper X is just C or C*. 

Examples 

1) Take a linear partial differential operator on C, for example 

P=Xzd z -l. (5.18) 
The differential equation Pip = is solved by ip(z) — z x l x , so according to 



(5.161 the corresponding P-module can be represented as 

M = (z,X8 z ) z 1/A . 

There are many equivalent ways of writing this module. For example, intro- 
ducing ^ = zty, the above differential equation is transformed into P^> = 
with 

P = Xzd z — A - 1, 

This follows simply from the relation (Xzd z — A — l)x = x(Xzd z — 1). This new 
operator, as well as the solution to the new equation ^ = z 1+1 / A look different 
than before. Nonetheless, they represent the same 2?-module 

M = (z, Xd z ) z 1+1 / x - (z, Xd z ) z 1 ^. 

This simple example indeed shows that the formlism of P-modules allows to 
study solutions to partial differential equations independently of the way in 
which the differential equation is written. 

The flat connection corresponding to P is determined by the action of d z on the 



elements of the P-module, as in (5.171. It is given by 



Va = d z dz — —dz, 
Xz 
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determining ip(z) as a local flat section. 

2) All the modules that we will study in this paper are over C or C*. It is 
important that they may be of any rank though. Let us therefore also give a rank 
two example on the complex plane C. The second order differential equation 

Pip = (\ 2 d 2 z - z)ip (5.19) 

can be written equivalently as a rank two differential system 



Pijipi = 0, with P i3 



Xd z 
Xd z 





f 




H 




i 



Holomorphic solutions of this linear system are captured by the map 

that sends the two generators [(1, 0)*] and [(0, 1)'] to two independent (2-vector) 
solutions of Pip = 0. The corresponding flat connection reads 

and turns the two solutions into a locally flat frame. 



5.2.3 Quantum curve 



The £>-field quantizes the I-brane configuration into a P-module. Last subsection 
we introduced these objects and saw that they represent solutions to a linear 
system of differential equations. However, the I-brane setup doesn't provide us 
with just any 2?-module: this P-module must represent a quantization of the 
curve S together with a meromorphic 1-form r, obeying dr = u>, on it. In this 
article we focus on smooth curves that are given by an equation of the form 

S: H(z,w) = w n + u n ^ 1 (z)w n - 1 + ... + u a (z) =0, (5.20) 

where z € C (or C*) and w e C. These play a prominent role in integrable 
systems as spectral curves. We will describe P-modules corresponding to these 
curves. 
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Semi-classical geometry 



The spectral curve £ in (5.20 ) is a degree n cover over C (or C*) 



£ C T* 
C 



with possible branch points (from now on we restrict to z e C for simplicity in 
notation). The curve £ is imbedded in C 2 and equipped with the (meromorphic) 
1-form 

t = ]-wdz\ s . 



Furthermore, fermions on £ transform as holomorphic sections of a line bundle 

1 /2 

£ (g> -ftT s , provided by the D6-brane. The tuple (£, r) on £ pushes forward to a 
couple 

7T„ : (£,r) h-> (V= tt»£,0 = tt*t) (5.21) 

on C under the projection map 7r : £ — > C. So V is a rank n vector bundle on 
C, whereas 4> £ H°(C,Kc ® EndV) is a meromorphic 1-form valued in gl(n). 
Such an object is called a Higgs field. It endows V with the structure of a Higgs 
bundle. Setting the characteristic polynomial 

det(r - (j)(z)) = 

returns the equation for the spectral curve. The push-forward map tt* sets up a 
bijection between spectral data and (stable) Higgs pairs 

(£,£) <-» (V,0). (5.22) 



When the base C is a compact curve C instead, the moduli space of stable Higgs 
pairs forms an algebraically completely integrable system, the Hitchin integrable 
system. The Hitchin map 

H°(C, EndV ® K c ) -> ®? =1 H°(C, K l c ) 
4> i— * det(w — 4>{z)), 

provides this moduli space with the structure of a Lagrangian fibration, whose 
fibers are generically Lagrangian tori. Any point in the image of the Hitchin map 
can be identified with a spectral curve £, whereas the fiber of the Hitchin map 
equals the moduli space of line bundles on £ of a certain degree, which is iso- 
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morphic to the Jacobian Jac(E). This verifies that the Hitchin fiber is generically 
given by a torus. Multiplying £ by a flat bundle on E defines a linear flow over 
the Hitchin fiber, exactly as in our discussion of the Krichever correspondence in 
Section I5XT1 



Quantum geometry 



The P-modules generated by the B-field (5.9 1, as well as those considered in the 
last subsection, depend on A (where A is a formal variable A e C[[A]]). These are 
known as XVmodules 111611 . As a linear differential system such a XVmodule 
corresponds to a A-connection Va 

V x = \d 2 -A(z). (5.23) 

that is defined through the Leibnitz rule Va(/s) = /Va(s) + As <£> df for any 
function / and section s. Since all the P-modules and connections we consider 
are V\ and A- connections, we often omit the subscript A. 

Semi-classically a A-connection Va reduces to a 1-form Vq(z) with values in 

gl(n) 

Va^Vq, (A->0). (5.24) 
We just encountered this object as a Higgs field 4>. Moreover, we explained with 



(5.21 1 that a Higgs (V, 4>) and spectral data (E, C) provide equivalent informa- 
tion. In particular, the spectral curve can be recovered by the determinant of the 
Higgs field. This implies that A-connections quantize spectral dataj^] 

It tells us exactly which requirements a P-module quantizing the I-brane config- 
uration has to satisfy. Fermions on a degree n spectral curve have to transform 
under a rank n A-connection Va on C, whose semi-classical A — > limit is given 
by the Higgs field 

V = 7T*(r). 

A simple example of a A-connection is given by 

V = Xd z -A(z), 

with A(z) = 7r»(r). Its determinant is a degree n differential equation that 
canonically quantizes the defining equation for E. 



5 These A-connections are also known as A-opers, and play an important role in the quantum 
integrable system of Beilinson and Drinfeld [162, 16311. 
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Examples 



In the last subsection we gave two examples of XVmodules: one of rank 1 and 
another one of rank 2. Let us examine them here in the light of deformation 
quantization. 



1) In the first example we found the A-connection 

V A = Xd z -- (5.25) 

z 

on the z-plane. The semi-classical spectral data is given by the degree 1 spectral 
cover 

v 1 

2j : to = — , 

z 

with z, to e C*, together with the (meromorphic) 1-form 

A = -dz. 

z 

Equivalently, the 2?-module M. corresponding to Va is generated by 

M = (z,Xd z )z^\ 

which is clearly invariant under the algebra A of functions on E at A = 0. It is 
therefore a quantization of E. This example enters string theory as the deformed 
conifold geometry describing the c = 1 string. It is described as a 2?-module in 
H). We will come back to it in Section [533] 



2) In the second example we considered a 2?A-module generated by a single 
second order generator 



P = \ 2 dl - z. 



(5.26) 



The corresponding rank 2 A-connection 

A I o \d z 



1 

z 



is a A-deformation of the degree 2 spectral cover (illustrated in Fig. 5.4) 

E : w 2 = z, 

with meromorphic 1-form r = wdz\^. Note that this one-form pushes forward 
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to the connection 1-form, or Higgs field, 



in the basis {dz, wdz} of ramification 1-forms on the z-plane. Indeed, local 
sections of C push forward to local sections generated by 1 and w on the z- 
plane. Now, wdz ■ 1 = wdz and wdz ■ w = w 2 dz = zdz on E. 



We discuss the string theory interpretation of this P-module in Section 6.1 




Figure 5.4: A second order differential operator P in \d z defines a rank 2 \-connection 
Va- The determinant of Vo determines a degree 2 cover over C which is called the spectral 
curve E. 



5.3 Fermionic states and quantum invariants 

In the last section of this chapter we quantify the quantum integrable system that 
we described in the last section. Just like the Krichever map embeds a geometric 
set-up consisting of a line bundle over a curve into the KP Grassmannian, there 
is a straightforward way in which a quantum curve or P-module M. gives rise 
to a solution of the KP-hierarchy. By definition M. carries an action of both 
x and d x . However we are free to ignore the second action, which leaves us 
with the structure of an 0-module, O being the algebra of functions in x. By 
applying the infinite-wedge construction to the 0-module W we obtain in the 
usual way a state |W) in the fermion Fock space. Roughly speaking, W can be 
considered as the space of local sections that can be continued as sections of a 
(non-commutative) 2?-module, instead of sections of a line bundle over a curve. 



We explain this in Section 5.3.1 In Section 5.3.2 and Section 5.3.3 we continue 
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to discuss how to assign quantum invariants to quantum curves. Also this is 
inspired on the KP-hierarchy. 

5.3.1 Fermionic state 

In this section we introduce an infinite dimensional Grassmannian and its de- 
scription in terms of the second quantized fermion field (we learned this mate- 
rial e.g. from lfT5Tl 11641 11651 11661 [T671Q . Later on we will extend this formal- 
ism in a way which associates fermionic states to P-modules, thereby providing 
a fermionic description of the I-brane system. This technology is required as 
pre-knowledge to Chapter|6] 

Grassmannian and second quantized fermions 

The space H = C((z~ 1 )) of all formal Laurent series in z" 1 can be given an 
interpretation of a Hilbert space. Basis vectors z n , for n G Z, correspond to one 
particle states of energy n associated to the Hamiltonian zd z . This Hilbert space 
has a decomposition 

H = H+®H-, 

such that the first factor TL+ = C[z] is a subspace generated by z°, z 1 , z 2 , . . ., 
while H- is generated by negative powers z~ x ,z~ 2 , Consider now a sub- 
space W of H with a basis {wk(z)}ken- We say it is comparable to TL+, if in the 
projection onto positive and negative modes 

j>0 j>0 

the matrix w + is invertible. The Grassmannian Gr is the set of all subspaces 
W C C((z -1 )) which are comparable to H+. 

In what follows we take much advantage of the correspondence between Gr 
and the charge zero sector of the second quantized fermion Fock space !Fq. In 
this correspondence the subspace H+ is quantized as the Dirac vacuum 

|0) = z° A z 1 A z 2 A . . . , (5.27) 

with all positive energy states filled. The fermionic state associated to the sub- 
space W with basis Wq(z), w\{z), W2(z), ... is represented by the semi-infinite 
wedgd^ 

|W> = w A wt Aw 2 A . . . (5.28) 
6 Actually, we have to tensor with to make the state fermionic. 
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which is an element of the fiber of a determinant line bundle over the element 
W e Gr (and therefore determined up a complex scalar c) 

To make contact with the usual formulation of the second quantized fermion 
Fock space, we can identify the differentiation and wedging operators with the 
fermionic modes 

These half-integer modes are annihilation and creation operators which arise 
from a decomposition of the fermion field ?p(z) and its conjugate ip*(z) 

*P(Z)= J2 ^rZ^- 1 - p{*)= E €z~ r ~K (5-29) 

and they obey the anti-commutation relations {ip r , ip*L s } — S ryS . 

For subspaces W G Gr Q the determinant of the projection onto H + is well de- 
fined and can be expressed as 

detw+ = (0|W). 

More generally one can consider the Fock space T which splits into subspaces 
of charge p 

T = ^ T v - 

pGZ 

Each subspace T v is built by acting with creation and annihilation operators on 
a vacuum 

\p) = z p A z p+1 A z p+2 A..., 

with the property 

ip r \p) = for r>p, 
ip* \p) = for r > -p. 

The Fermi level of the vacuum \p) is shifted by p units with respect to the Dirac 
vacuum |0). This fermion charge is measured by the U(l) current 

n 

whose components a n = J2k '■ i^r^n-r satisfy the bosonic commutation rela- 



5.3. Fermionic states and quantum invariants 



137 



tions 

[a m , a_ n ] = m5 m ,n- 

With each subspace W c C((z)) comparable to the one generated by (z fc ) fc > p 
one can associate a state \ W) € J 7 of charge p. This charge is equal to the index 
of the projection operator pr + : W — > 7Y+. 

A state in the Fock space T has also a simple representation in terms of the 



so-called Maya diagram (see Fig. 5.5 1. Black boxes in such a diagram represent 
excitations, whereas white boxes are gaps in the energy spectrum of the fermion. 
The charge of a state is given by the number of excitations minus the number 
of gaps. Fermionic states or Maya diagrams of a fixed charge p can also be 
associated to two-dimensional partitions. In particular in p = sector the state 

d 

i i? )=n^a ! -w^,-iio> 

1=1 

corresponds to the partition R = (Ri, . . . ,Ri) such that 

a t = Ri -i, bi = R\ - i. 

In what follows a state corresponding to a partition R of charge p is denoted as 

\ P ,R). 

Flow on the Grassmannian 

Multiplying a basis vector Wk(z) of W by a power series f(z) = J2 n >o fn zTL , that 
vanishes at z = 0, defines an action on the Grassmannian: 

f(z)\W) = ^2 w " A • ■•"fc-i A / • w fc A w k+1 .... 




Figure 5.5: Elements of the Fock space f are in a bijective correspondence with Maya 
diagrams. The bottom line represent a Maya diagram corresponding to a fermionic state 
with charge p. As illustrated it is characterized by a two-dimensional partitions R located at 
position p. We therefore denote the state as \p, R) G T. 
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When we write Wk{z) in terms of the basis (V) ;eZ this action is encoded by the 
multiplication by an infinite matrix in gl^, whose (i, j) th entry is given by 
On the fermionic state |W) a multiplication by z n translates into a commutator 
with the bosonic mode a n , since a n increases the fermionic mode number by 

[a n , 1p r ] = 1pr+n- 

Multiplication by a power series f(z) therefore translates to the operator 

/ = ^2fn[a n ,»] € gloo- 

n 

on the Fock space. 

Exponentiating the action of gl^ yields the group Gl^. An element g(z) = 
exp(f(z)) of this group acts on |W) by multiplying all its basis vectors 

g{z)\W) = g-w A...Ag-w k A... 

From the fermionic point of view this action is given by conjugating each basis 
vector w k with the element 

.9 = exp /»"») = CX P (J> dz f(z)J(z)j € Gloc. 



We call T the group of exponentials g(z) : S 1 — > C*. An important subgroup of 
T is the group T + of functions g : S 1 — > C* that extend holomorphically over 
the disk D = {z : \z\ < 1}: 

T+ = {. 9o : D Q -» C* : g (0) = 1}. 

Another subgroup is the group T_ of functions g^ : S 1 — > C* that extend over 
the disk fl M = {zeCU {oo} : \z\ < 1}: 

T_ = { 9oo -.D^^C*: . 9co M = 1}. 

Any jeT can be written as an exponential exp(/). When g e T + the function / 
vanishes at z = 0, and when g e T_ it vanishes at z = oo. 

T + and T_ have different properties when acting on Grassmannian. The action 
of T_ is free, since any W € Gr has only a finite number of excitations. On 
the contrary, T + acts trivially on a vacuum state \p). Although the action of 
the groups T + and T_ on a subspace W is commutative, as it is just given by 
multiplication, as operators on the fermionic state | W) it matters which element 
is applied first. This introduces normal ordering ambiguities. 
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An element 



j(t, z) = exp **** = exp (/(*, z)) e T +1 (5.30) 



. fe>i 



defines a linear flow over the Grassmannian Gr. On the Fock space it acts as an 
evolution operator 



u(t)= cx P U ;/:./• 



2ni' 

The determinant det(W)+ is not equivariant with respect to the action of T + . 
The difference is measured by the so-called tau-function 

dot (g^wh (0\U(t)\W) 

Tw f = =0 + = -l/nlvw\ ' ( - 5 - 31) 

g 1 dot io + g i (0|>V) 

which yields a holomorphic function r : T + — > C. This can be regarded as a 
wave function of |W). 

Blending 

So far we considered the Hilbert space TL = Tt^ of functions with values in C. 
More generally, one can consider a Hilbert space of functions with values 
in C". Let (ei)i=i,...,„ denote a basis of C™. For each n there is an isomorphism 
between TL^ and H given by the lexicographical identification of the basis 

e lZ k f — ► z™^ 1 - 1 . 

This isomorphism is called blending. 

In the fermionic language the Hilbert space H (n) lifts to the Fock space of n 



fermions ^fW, i = 1, . . . , n, each one with the expansion (5.29 ) and such that 

Now blending translates to the following redefinitions of these n fermions into 
a single fermion ip 

^n(r+ Pl ) = V>r \ Kir-Pi) = ^ ^ ' 

where 

2»-n-l 

Pi = ^ • (5.32) 

Blending can also be expressed in terms of two-dimensional partitions intro- 
duced above. Consider n partitions of charges pi, with J2i Pi — P> corre- 
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sponding to states in n independent Hilbert spaces of fermions ip(*h Associating 
with each such partition a state of a chiral fermion \p i} R^)), we have a decom- 
position 

n 

\p,b) = (g)bi,i? w ), 
i=i 

and the blended partition R of charge p, corresponding to a state in the Hilbert 
space of the blended fermion vff, is defined as 

{n( Pl + R (l y m - to) + i - 1 | to e N} = {p + R K - K \ K e N}. (5.33) 



A simple example: rational curves 

Let us illustrate how this formalism can be used to describe quantum curves. 
Take a very simple example: the curve y = 0. Topologically E = C can be viewed 
as a disc and in the fermion CFT it will correspond to a state in the Fock space 
T. In this case the corresponding P-module just consists of the polynomials in 

x 

M = C[x] 

and y is realized as —Xd x . The one-form ydx vanishes identically. The free 
fermion theory based on this module consists of the usual vacuum state |0). 

But now we can make a small variation, by picking the curve 

y = p(x), 

with p{x) some function. In this case the (meromorphic) one-form is p(x)dx. 
The corresponding 2?-module is still isomorphic to C[x] as a vector space, but 
now the operator y is represented as 

V = -\d x +p{x). 

Of course, there is an obvious map between these two modules: we simply 
multiply the functions ip(x) e C[x] as 

ip(x) -» e- s W x il>(x), dS(x) = P (x)dx. 

In the quantum field theory, where ip(x) becomes an operator acting on the Fock 
space T, this correspondence is represented by a linear map U such that 



U(t) ■ iP(x) ■ Uit)- 1 = e~ s(x V X TP(x). 
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If S(x) = J2k tkX h such a map is given by 

U(t) = exp^2jt k a k 

where ^2k a k x ~ k ~ X ~ d(j>(x) =: ^^P(x) : is the usual mode expansion of the 
1/(1) current. Here we use that [a k ,ip(x)] — x k ip(x). The corresponding state in 
the Sato Grassmannian is given by U(t)\0). Since afc|0) = for k > 0, this state 
is only different from the vacuum if the function S(x) (or p(x)) has poles. 



5.3.2 Second quantizing P-modules 

Finally we have all the ingredients to associate a fermionic state to a given V- 
module on C. The P-module M encodes holomorphic solutions to a system of 
differential equations. In particular it is an Oc-module, and forms a subspace 
of C((z -1 )) that we will name W. Second quantization turns this subspace into 
a fermionic state |W). Since the I-brane configuration in fact provides a V\- 
module (in contrast to a 2?-module) the resulting I-brane fermionic state |W) is 
a A-deformation as well. 

In Section [5.2.3| we learned that a V\ -module on C when A — * reduces to a 
spectral tuple (£, r). We will argue here that the fermionic state \W), associated 
to the P-module W, reduces to the semi-classical Krichever state corresponding 
to this spectral data in the same limit. The tau-function ( 5.31] ) corresponding 



to this Krichever state computes the determinant of the 3-operator, which is just 
the genus one part T\ of the all-genus free energy. The V\ -module gives a A- 
deformation of this solution that computes the full I-brane partition function 
( 14331 . 

In this section we motivate and explain the second quantization of the T>\- 
module. But first we summarize the semi- classical correspondence. 



Semi-classical state 

Let us remind ourselves shortly how we associate a semi-classical fermionic state 
to a pointed curve £ — z^, together with a line bundle C. As we explained in 



Section|5?T|the traditional way H151II is to form the space of global holomorphic 



sections of C on E — 

W = H (Z-z oo ,£). 
Recall that W is a an ^4-module for 
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1 /2 

Tensoring the line bundle C with a square root turns sections of C into 
fermionic sections: W thus corresponds to a subspace that is being swept out in 
time by a free fermion field tp(z) living on E - z^. 

When we denote the semi-infinite set of generators W by Wk(z), a second quan- 
tization turns the subspace W into the fermionic state 

\W) = wo A wi A w 2 A 

The map that assigns a subspace W to the couple (£, £) is the inverse of the 
Krichever map. It yields a geometric solution in the Grassmannian Gr. 

When 7r is an (n : 1) projection of S onto some other curve C, while £ pushes 
forward to a rank n vector bundle V = over C, it is equivalent to look 
at the subspace of global sections of V on C — ^{zao). This yields a fermionic 
state in the n-component Grassmannian Gr n H1681|169ll . As we described in the 
previous subsection blending (or the lexiographical ordening) recovers the state 
|W) that is part of Gr x . 

The flow over the Grassmannian, generated by T + , obtains a geometric inter- 
pretation as a linear flow over the Jacobian of £, and therefore relates such 



geometric solutions to the Hitchin integrable system in Section 5.2.3 [170) 



The tau-function associated to a fermionic state \ W), that is found as a Krichever 
solution, equals the determinant of the 9-operator on E, and thus computes the 
partition function of free fermions on E. This is exactly the contribution to 
the free energy that we expect from the I-brane set-up when A — > 0, so that 
commutativity is restored. 

For all spectral curves in C 2 or C* x C that we consider later in this thesis, the 
line bundle C is almost trivial, so that the choice of trivialization of L at is 
the only non-trivial piece of data. Picking such a frame is equivalent to choosing 
a flat connection on S — z^. This corresponds to an element of T + . However, we 
noticed in the previous subsection that this acts trivially on the fermionic state. 
So the Krichever map just yields the Dirac vacuum. 



Rank 1 quantum state 

To find a non-trivial fermionic state |W), as an expansion in A, we start with a 
XVmodule. Let us first explain the rank 1 case, with a XVmodule on C specified 
by the (meromorphic) connection 



V A = d z - \a(z) 
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that may be trivialized as 

V A = d z - g x (zy 1 (d z g x (z)). 

When g\(z) e T + this represents a pure gauge transformation on the disk (so 
that V a corresponds to a regular flat connection on C). 

For any g\(z) a fermionic section ip(z) of C <g> K 1 / 2 may be written as 

ip{z) =g\(z)£(z), 

where £(z) is a section of C <S> K 1 / 2 with trivial connection d z . Flat sections \I>(z) 
are defined by the differential equation 

d x -\A{z))*{z)=0. 



They define a local trivialization of the bundle C with connection V a, and we 
will use them to translate the geometric configuration into a quantum state. 

A flat section for the trivial connection d z is given by E(z) = 1. We associate the 
tuple (C,d z ) to the ground state 

|0) = z° A z 1 A z 2 A . . . . 

The gauge transformation g\{z) maps the trivial solution S(z) = 1 to &(z) = 
g\(z), which transforms the vacuum into the fermionic state 

|W)= 5 a|0), 

where g\ acts as a G/oo transformation on the fermionic modes 

|W) = g x (z)z a A g x {z)z 1 A g x {z)z 2 A.... 
as we explained in the last subsection. 

In other words, we build the quantum state by acting with the P-module gener- 
ator $>(z) = g\{z) on the vacuum 

W = V X ■*(*). 

The state |W) is just second quantization of the the 2?A-module W. Notice 
that this state is non-trivial only when g\(z) is not a pure gauge transforma- 
tion (which would correspond to a Krichever solution) . This implies that the flat 
sections will diverge near z = 0, corresponding to a distorted geometry in this 
region. 
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Rank n quantum state 

A degree n spectral curve £ is quantized as a A-connection of rank n. This is 
equivalent to a XVmodule M that is generated by a single degree n differential 
operator P. As an Cc-module, though, M. is generated by an ra-tuple 

(*(*), W*),...,^- 1 *^)), 

where ^(z) is a solution of the differential equation P^S = 0. In other words, 
this blends an n-vector of solutions to the linear differential system that the 
A-connection defines. We will name this Oc -module 

W = O c -^(z),d^(z),...,d^(z)) C Cdz- 1 )). 

(of course it contains the same elements as M) This is the subspace we want to 
second quantize into a fermionic state |W). 

Now P has n independent solutions ^i, that differ in their behaviour at infinity. 
These solutions have an asymptotic expansion around z — oo that contains a 
WKB -piece plus an asymptotic expansion in A, and should thus be interpreted 
as perturbative solutions that live on the spectral cover. We suggest that the 
asymptotic expansion of any solution can be turned into a fermionic state that 
captures the all-genus I-brane partition function. This partition function thus 
depends on the choice of boundary conditions near z^. 

Some of the WKB -factors will be exponentially suppressed near z^, while others 
exponentially grow. This depends on the specific region in this neighbourhood. 
The lines that characterize the changing behaviour of the solutions 'J, are called 
Stokes and anti-Stokes rays. Boundary conditions at infinity specify the solution 
up to a Stokes matrix: a solution that decays in that region can be added at no 
cost. 

This implies that the perturbative fermionic state we assign to a 2?-module de- 
pends on the choice of boundary conditions. On the other hand, the 2?-module 
itself is independent of any of these choices and thus in some sense contains 
non-perturbative information and goes beyond the all-genus I-brane partition 
function. This agrees with the discussion in JT7TJ. Nonentheless, the focus in 
this paper is on the perturbative information a P-module provides. 

5.3.3 Quantum invariants and A-deformed CFT's 

Up to here we have explained how a spectral curve may be quantized into a T>\- 
module, and how this translates into a fermionic state \W). Most importantly, 
this allows us to associate a quantum invariant to a spectral curve. 

Spectral curves embedded in C 2 are characterized by a single region near infin- 



5.3. Fermionic states and quantum invariants 



145 



ity. The all-genus I-brane partition function is (like in the semiclassical Krichever 
setting) given by the determinant of \W). When E is part of C* x C, it contains 
two regions at infinity. In this situation the I-brane partition function is com- 
puted as a correlation function, by contracting two fermionic states. 

Likewise, we expect that it is important for any I-brane curve to consider all re- 
gions where the curve approaches infinity. In such a patch the £?-field becomes 
singular so that the non-commutativity parameter A tends to zero. Hence we 
can associate a perturbative fermionic state |W) to this neighbourhood, once 
a choice of local symplectic coordinates (z, w) is made. The result is a quan- 
tized module that is invariant under the action of the Weyl algebra V\. Any 
other choice of local coordinates amounts to a combination of the following two 
transformations 

z^z-f f{w) and w i— » w, (5.34) 
zhhc and w i— > —z. 

These generate automorphisms of the Weyl algebra, but they change the T>\- 
module associated to the asymptotic neighbourhood. 

Moving from one patch at infinity to another changes the canonical coordinates 
by such a complex symplectic transformation as well. Correspondingly the T>\- 
module, and thus the quantum fermion field, transforms in the metaplectic rep- 
resentation [128]. Indeed, in the A — > limit one recovers a semi-classical 
fermionic section of K 1 / 2 . 

This suggests that the complete I-brane partition function may be found by 
writing down the correct fermionic state for each point at infinity and then 
glueing them by using a symplectic identification of coordinates. Although the 
XVmodules associated to the regions near infinity depend on the choice of lo- 
cal coordinates, this quantum invariant should be independent of the chosen 
parametrizations. This is a claim that we cannot yet justify, except that from the 
philosophy of string theory there should be a unique such quantum invariant. A 
simple supporting example is found in the Chapter|6] 

One of the motivations of Chapter [6] is to see in practise how quantum curves 
lead to I-brane partition functions. We study several well-known examples of 
spectral curves in string theory, and determine the XVmodule that underlies 
their partition function. The first set of examples treats matrix model spectral 
curves embedded in C 2 with just one region at infinity. In the second set we 
study Seiberg-Witten geometries embedded in C* x C. 



Chapter 6 



Quantum Curves in Matrix 
Models and Gauge Theory 



This chapter illustrates the P-module formalism of Chapter [5] from a string 
theory perspective, with examples from the theory of random matrices, mini- 
mal (non-critical) string theory supersymmetric gauge theory and topological 
strings. As a result we connect these familiar ingredients in a common frame- 
work centered around P-modules. String theory provides solutions to integrable 
hierarchies of the KP type. This was first noted in the context of non-critical 
(c ^= 26) bosonic string theory, which has a dual formulation in terms of Her- 
mitean random matrices. The matrix model partition function 

is known to be a tau-function of the KP integrable system. Although an algebraic 
curve £ emerges in the limit that the size N of the square matrix M tends to 
infinity, these matrix model solutions do not correspond to geometric Krichever 
solutions. In particular, the relevant Fock space state \ W) does not have a purely 
geometric interpretation as being swept out by regular free fermions living on 
the matrix model spectral curve E. 

The matrix model partition function admits a formal expansion 

Z mm (X) =exp^A 2 ^ 2 ^ 

9 

in the string coupling constant A. In the 't Hooft limit A^ is sent to infinity while 
the product of N with A is held fixed, so that the geometric curve £ equiv- 
alently emerges in the classical limit A — > 0. This suggests that A should be 
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interpreted as some form of non-commutative deformation of the underlying al- 
gebraic curve. In fact, there have been many indications that this is the right 
point of view. 

In the simplest matrix models £ appears as an affine rational curve given by a 
relation of the form 

H(x,y)=0 

in the complex two-plane C 2 , with a (local) parametrization x — p(z) and y = 
q(z), with p, q polynomials. Of course, p and q commute: [p, q] = 0. However, 
the string-type solutions with A ^ are characterized by quantities P and Q that 
no longer commute but instead satisfy the canonical commutation relation 

[P,Q] = X. 

In this case clearly P, Q cannot be polynomials, but are represented as differen- 
tial operators, i.e. polynomials in z and d z . 

As we will point out in Section [67T] these solutions are naturally captured by a 
P-module. Instead of classical curve in the (x, y) -plane, we should think of a 
quantum curve as its analogue in the non-commutative plane [x, y] = A. If we 
interpret 

ox 

one can identify such a quantum curve as a holonomic P-module W for the 
algebra V of differential operators in x. Roughly speaking, W can be consid- 
ered as the space of local sections that can be continued as sections of a (non- 
commutative) P-module, instead of sections of a line bundle over a curve. 

One other important instance of integrable hierarchies in string theory is in four- 
dimensional J\f — 2 supersymmetric gauge theories. In Chapter[4]we have seen 
that the low energy effective description of Seiberg-Witten theories is deter- 
mined by a twice-punctured algebraic curve Y,sw, defined by an equation of 
the form 



H(t,v) = 



with t e C* and v e C, that appears as a spectral curve of a Hitchin inte- 
grable system. In Chapter[4]we geometrically engineered Seiberg-Witten theory 
as a Calabi-Yau compactification and encountered additional gravitational cor- 



rections T g to the effective action. 



Like in the matrix model setting these T g -terms are multiplied by some power 
of the string coupling constant A, suggesting that the full genus free energy T = 
So A 29_2 JF ff has an interpretation in terms of a quantum Seiberg-Witten curve. 



This motivates us to quantize the Seiberg-Witten surface T,sw in Section 6.3 
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Again, we see that a 2?-module underlies the structure of the total partition 
function. 



6. 1 Matrix model geometries 

Hermitian one-matrix models with an algebraic potential 

d+l 

W{M) = ^2ujM J 

3=0 

are defined through the matrix integral ( |6.1| ). In the large N limit the distribu- 
tion of the eigenvalues A, of M on the real axis becomes continuous and defines 
a hyperelliptic curve 

S mm : y 2 - W(xf + f(x) = 0, (6.2) 

called the (matrix model) spectral curve. The polynomial f(x) — ^^J^jZo bjX^ 
is determined as 

4/x ^ W'(x) - W'(Xj) 

i— 1 

with /i = NX. The potential W(x) determines the positions of the cuts of the 
hyperelliptic curve, and contains the non-normalizable moduli. On the other 
hand, the size of the cuts is determined by the polynomial f(x), that comprises 
the normalizable moduli bo, . . . , bd-2 and the log-normalizable modulus bd-i- 

R. Dijkgraaf and C. Vafa discovered that this matrix model has a dual description 
in string theory. In the 't Hooft limit N — > oo (with /i fixed) it is equivalent to 
the topological B -model on a Calabi-Yau geometry modeled on the matrix 
model spectral curve E mm [TT231 [T24l fT25H . A good review is |fT72ll . This duality 
may be generalized by starting with multi-matrix models, whose spectral curve 
is a generic (in contrast to hyperelliptic) algebraic curve in the variables x and 

y- 

The I-brane picture suggests that the full B -model partition function on these 
Calabi-Yau geometries can be understood in terms of 2?-modules. Even better, 
we will find that finite N matrix models are determined by an underlying V- 
module structure. 

In the past, as well as recently, Hermitean matrix models have been studied in 
great detail in many contexts. Already in H1731I174H an attempt has been made 
to understand the string equation [P, Q] — A in terms of a quantum curve in 
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terms of the expansion in the parameter A. In G. Moore's approach this sur- 
face seemed to emerge from an interpretation of the string equation as isomon- 
odromy equations. 

More recently, quantum curves have appeared in the description of branes in 
a dual string model. In topological string theory as well as non-critical string 
theory a dominant role is played by holomorphic branes: either topological 
B -branes |fT28ll or FZZT branes IfTTBl |T76l \T77\ [TTTH . Their moduli space 
equals the spectral curve, whereas the branes themselves may be interpreted 
as fermions on the quantized spectral curve. As was reviewed in Chapter [4j 
in these theories it is possible to compute correlation functions using a Wi +OD - 
algebra that implements complex symplectomorphisms of the complex plane B 
- as in ( [5.34P - in quantum theory as Ward identities lfT28l [1781 [T79ll . 

These advances strongly hint at a fundamental appearance of P-modules in the 
theory of matrix models. Indeed, this section unifies recent developments in 
matrix models in the framework of Chapter [5] Firstly, after a self-contained in- 
troduction in double scaled models we uncover the P-module underlying the 
double-scaled (p, 1) -models. In the second part of this section we shift our focus 
to general Hermitian multi-matrix models, and unravel their P-module struc- 
ture. 

6.1.1 Double scaled matrix models and the KdV hierarchy 

Our first goal is to find the P-modules that explain the quantum structure of 
double scaled Hermitean matrix models. This double scaling limit is a large 
N limit in which one also fine-tunes the parameters to find the right critical 
behaviour of the multi-matrix model potential. Geometrically the double scaling 
limit zooms in on some branch points of the spectral curve that move close 
together. Spectral curves of double scaled matrix models are therefore of genus 
zero and parametrized as 

>:,.., : y p + *« + . . . = o. 

The one-matrix model only generates hyperelliptic spectral curves, whereas the 
two-matrix model includes all possible combinations of p and q. These double 
scaled multi-matrix models are known to describe non-critical (c < 1) bosonic 
string theory based on the (p, q) minimal model coupled to two-dimensional 
gravity 111301 IT3T1 IT321 IT331 ITM [T85H (reviewed extensively in e.g. lfT86l IT371 ) . 
This field is called minimal string theory. 

Zooming in on a single branch point yields the geometry 



S p ,i : y p = x, 
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corresponding to the (p, 1) topological minimal model. This model is strictly 
not a well-defined conformal field theory, but does make sense as 2d topological 
field theory Forp = 2 it is known as topological gravity HT881 [T89l [T90l 11651 . 

All (p, q) minimal models turn out to be governed by two differential operators 

p = (\d x y p + u p ^ 2 {x){\d x y- 2 + ... + u (x), 
Q = {\d x y + v q _ 2 { x ){\d x y- 2 + ... + v (x), 

of degree p and q respectively which obey the string (or Douglas) equation 

[P,Q] = X. 

P and Q depend on an infinite set of times t = (ti,t 2 ,t 3 , . . .), which are closed 
string couplings in minimal string theory and evolve in these times as 

A 4 P=[(jPJ/P) + ' n 
X^-Q = [(P j/p )+,Q], 

The fractional powers of P define a basis of commuting Hamiltonians. This inte- 
grable system defines the p-th KdV hierarchy and the above evolution equations 
are the KdV flows. 

The differential operator Q is completely determined as a function of fractional 
powers of the Lax operator P and the times t 



q = - £ [i + J v )t j+p p^, 

j>l v p 

j^O mod p 



This implies that when we turn off all the KdV times except for t\= x and fix 
t p+ i to be constant we find Q = \d x . This defines the (p, l)-models 

P={\d x y- Xl Q — Xd x . (6.3) 

One can reach any other (p, q) model by flowing in the times t. 

The partition function of the p-th KdV hierarchy is a tau-function as in equa- 
tion (5.31 ). The associated subspace W € Gr may be found by studying the 
eigenfunctions tp(t, z) of the Lax operator P 

Pipit, z) = z p ip{t,z). 

The Baker function ip\(t,z) represents the fermionic field that sweeps out the 
subspace W in the times t. 
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If we restrict to the (p, l)-models the Baker function ip(x, z) can be expanded in 
a Taylor series 

Since ijj(x, z) is an element of W for all times, this defines a basis {vk{z)}k>o of 
the subspace W. In fact, it is not hard to see that the (p, 1) Baker function is 
given by the generalized Airy function 

pzP+! . f (-1)1/P+1( X + Z P) TO ro P+l 

ip(x,z) = e<p+ 1 ' A VzP- 1 / dw e TJT¥+i + P +i ; (54) 

which is normalized such that its Taylor components Vk(z) can be expanded as 

v k (z) = z k (l + 0(X/zP +1 )). 

The (p, 1) model thus determines the fermionic state 

\W) = v Aui A v 2 A . . . , (6.5) 

where the Vk{z) can be written explicitly in terms of Airy-like integrals (see H165H 
for a nice review) . The invariance under 

z p ■ W CW 

characterizes this state as coming from a p-th KdV hierarchy. In the other direc- 
tion, the state |W) determines the Baker function (and thus the Lax operator) as 
the one-point function 

i>(t,z) = (t\ij(z)\W). 

In the dispersionless limit A — ► the derivative \d x is replaced by a variable d, 
and the Dirac commutators by Poisson brackets in x and d. The leading order 
contribution to the string equation is given by the Poisson bracket 

{p 0j Qo} = 1, 

where P and Q equal P and Q at A = 0. The solution to this equation is 

Pa(d-t) = x 
Qo(d; t) = y(x;t) 

and recovers the genus zero spectral curve S p i j of the double scaled matrix 
model, parametrized by d. The KdV flows deform this surface such a way that 
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its singularities are preserved. (See the appendix of [ 1711 for a detailed discus- 
sion.) 

Note that T, p<q is not a spectral curve for the Krichever map. The Krichever curve 
is instead found as the space of simultaneous eigenvalues of the differential 
operators 

[P,Q]=0, 

that is preserved by the KdV flow as a straight-line flow along its Jacobian. In 
fact, there is no such Krichever spectral curve corresponding to the doubled 
scaled matrix model solutions. 

Wrapping an I-brane around S p _ q quantizes the semi-classical fermions on the 
spectral curve The only point at infinity on is given by x — > oo. 

The KdV tau-function should thus be the fermionic determinant of the quantum 
state |W) that corresponds to this P-module. In the next subsection we write 
down the 2?-module describing the (p, 1) model and show precisely how this 
reproduces the tau-function using the formalism developed in Chapter [5] 



6.1.2 D-module for topological gravity 

We are ready to reconstruct the P-module that yields the fermionic state |W) in 
equation ( 6.5 ). For simplicity we study the (2, 1) -model, associated to an I-brane 
wrapping the curve 

£(2,1) : y 2 = x with x, y e C. 

Notice that this is an 2 : 1 cover over the x-plane. It contains just one asymp- 
totic region, where x — > oo. Fermions on this cover will therefore sweep out a 
subspace W in the Hilbert space 

W C HiS^^Cdy- 1 )), 

the space of formal Laurent series in y^ 1 . The fermionic vacuum |0) c TiiS 1 ) 
corresponds to the subspace 

|0) = y 1 / 2Ay 3/ 2A2/ 5/2 A 

which encodes the algebra of functions on the disk parametrized by y and with 
boundary at y = oo. Exponentials in y^ 1 represent non-trivial behaviour near 
the origin and therefore act non-trivially on the vacuum state. In contrast, expo- 
nentials in y are holomorphic on the disk and thus act trivially on the vacuum. 

The B-field B = \dx A dy quantizes the algebra of functions on C 2 into the 
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differential algebra 

V x = (x, Xd x ). 

Furthermore, it introduces a holomorphic connection 1-form A = \ydx on 
E^i), which pushes forward to the rank two A-connection 

V, = A9 x -(0 \) (6.6) 

on the base C, parametrized by x. We claim that the corresponding 2?A-module 
M, generated by 

P = (Xd x ) 2 - x, 
describes the (2, 1) model. Let us verify this. 



Trivializing the A-connection in (6.6) implies finding a rank two matrix g{x) 
such that 

V A = Xd x - g'(x) o g~^{x). 

The columns of g define a basis of solutions to the differential equation 
Va^(x) — 0. They are meromorphic flat sections for Va that determine a triv- 
ialization of the bundle near x — oo. As the connection is pushed forward 
from the cover, ^>(x) is of the form 



ip(x) 



Independent solutions have different asymptotics in the semi-classical regime 
where x — > oo. In the (2, l)-model the two independent solutions tp±(x) solve 
the differential equation 

P^±{x) = ((A^) 2 - x)tf> ± (x) = 0. 

Hence these are the functions tp+(x) = Ai(x) and ip-(x) — Bi(x), that correspond 
semi-classically to the two saddles 

w ± = ±v^/A 1/3 

of the Airy integral 



1 



„3 



ib(x) = / dw e a 2 / 3 3 . 
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The 2?-module M can be quantized into a fermionic state for any choice of 
boundary conditions. Depending on this choice we find an O (x) -module W± 
spanned by linear combinations of ip±(x) and of tp±(x). The fermionic state is 
generated by asymptotic expansions in the parameter A of these elements. 

The saddle-point approximation around the saddle w± — ± y /x~/\ 1 / 3 yields 

i>±(x) ~ y~ 1/2 I 1 + £ CnA"(±y)- 3 ' 

~ y- 1/2 e T ^r v (±y). 

To see the last step just recall the definition of v (z) as being equal to the Baker 
function ip{x, z) evaluated at x = A similar expansion can be made for tp'(x) 
with the result 

^' ± (x)^y^ 2 Vl (±y). 



Note that both expansions in A are functions in the coordinate y on the cover. 
They contain a classical term (the exponential in 1/A), a 1-loop piece and a 
quantum expansion in Ay -3 . When we restrict to the saddle w = ^/x/X 1 ^ 3 , 
these series blend the into the fermionic state 

\W+) = ip+(y) A i>' + {y) A y 2 ^+{y) A y 2 ip' + (y) A . . . . 



Does this agree with the well-known result (6.5 )? 

First of all, notice that the basis vectors x k ip{x) and x k ^p'(x), with k > 0, contain 
in their expansions the function Vk(y) plus a sum of lower order terms in vi(y) 
(with I < k). The wedge product obviously eliminates all these lower order 
terms. Secondly, the extra factor y^ 1 ^ 2 factors just reminds us that we have 
written down a fermionic state. 

Furthermore, the WKB exponentials are exponentials in y and thus elements of 
T + , whereas the expansions Vk{y)/y k are part of T_. Up to normal ordening 
ambiguities this shows that the WKB part gives a trivial contribution. In fact, the 
tau-function even cancels these ambiguities. 

This shows that 



|W+) =v (y) Aui(y) Av 2 (y) A..., 

which is indeed the same as in equation ( |6.5| ), when we change variables from 
z to y in that equation. Of course, this doesn't change the tau-function. 

1 Remark that x and z 2 appear equivalently in ip(x, z) in equation \6A\ , while ip{x) and ip(x, z) 
only differ in the normalization term in z. 
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So our conclusion is that the P-module underlying topological gravity is the 
canonical P-module 



This P-module gives the definition of the quantum curve corresponding to the 
(2, 1) model and defines its quantum partition function in an expansion around 
A. Exactly the same reasoning holds for the (p, l)-model, where we find a canon- 
ical rank p connection on the base. It would be good to be able to write down a 
2?-module for general (p, q) -models as well. 

6.1.3 D-module for Hermitean matrix models 

P-modules continue to play an important role in any Hermitean matrix model. 
In this subsection we are guided by H191I1 and H192M193H of Bertola, Eynard and 
Harnad. 

We first summarize how the partition function for a 1 -matrix model defines a 
tau-function for the KP hierarchy. As we saw before, such a tau-function corre- 
sponds to a fermionic state \W), whose basis elements we will write down. Fol- 
lowing H191H we discover a rank two differential structure in this basis, whose 
determinant reduces to the spectral curve in the semi-classical limit. This V- 
module structure is somewhat more complicated then the P-module we just 
found describing double scaled matrix models. 

We continue with 2-matrix models, based on H193II . Instead of one differential 
equation, these models determine a group of four differential equations, that 
characterize the P-module in the local coordinates z and w at infinity. The 
matrix model partition function may of course be computed in either frame. 

1-matrix model 

Let us start with the 1-matrix model partition function 



By diagonalizing the matrix M the matrix integral may be reduced to an integral 
over the eigenvalues \ 



M 



v x ((\d x f-xy 




(6.7) 



1 

m 




with the Vandermonde determinant A(A) = rL<j(^ ~ Aj) = det(A^ 1 )- The 
method of orthogonal polynomials solves this integral by introducing an infinite 
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set of polynomials p k (x), defined by the properties 

p k (x)=x k (l + 0(x- 1 )), 

The normalization of their leading term determines the coefficients h n S C. 
Since the Vandermonde determinant A (a;) is not sensitive to exchanging its en- 
tries x\~ for pj_i(xi), substituting A(x) = det(pj-i(xi)) turns the partition 
function into a product of coefficients 

JV-l 

zn = n hk - 

With the help of orthogonal polynomials the large N behaviour of Z N may be 
studied, while keeping track of 1 /N corrections. 

The orthogonal polynomials are crucial since they build up a basis for the fermi- 
onic KP state. In an appendix of H191B it is shown that one should start at t = 
with a state |W ) generated by the polynomials p k {x) for k > N 

I W ) = p N (x) Ap N+1 (x) Ap N+2 (x) A . . . . 

Notice that the vector pn (x) thus corresponds to the Fermi level and defines the 
Baker function in the double scaling limit. Acting on them with the commuting 
flow generated by 

r + ={ 5 (i) = e£»>i 

defines a state \Wt) = \g(t)Wo) at time t, which allows to compute a tau-function 
at time t. If the coefficients Uj in the potential W{x) are taken to be Uj = u^+tj, 
this r-function equals the ratio of the matrix model partition function Zn at time 
t divided by that at t = 0. 

Multiplying the orthogonal polynomials by exp(— ikW(x)) doesn't change the 
fermionic state W — Wo in a relevant way since this factor is an element of 
T + . To find the right 2?-module structure, it is necessary to proceed with the 
quasi-polynomials 

Ms) = ifte-A^W, 
Vh k 

which form an orthonormal basis with respect to the bilinear form 



(6.8) 
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It is possible to express both multiplication by x and differentiation with respect 
to x in terms of the basis of ip m 's. The Weyl algebra (x, \d x ) acts on these 
(quasi) -polynomials by two matrices Q and P 



xip k (x) = ^Qkiipi 
1=0 

oo 

Xd x ^ k (x) = y^Pki^ijx), 

1=0 

and the space of quasi-polynomials ipk is thus a V\ -module. 

Notice that we anticipate that the P-module possesses a rank two structure, 
since we started with a flat connection A = \ydx on an I-brane wrapped on a 
hyperelliptic curve. 

Now, the matrices Q and P only contain non-zero entries in a finite band around 
the diagonal. The action of d x on the semi- infinite set of tp k (xys can therefore 
indeed be summarized in a rank two differential system ([191] and references 
therein) 



ip N (x) 



A N (x) 



1pN-l(x) 



(6.9) 



where An (x) is a rather complicated 2 x 2-matrix involving the derivative W of 
the potential and the infinite matrix Q: 



A N {x) = l -W'{x) 



" -1 " 




1 _ 


+ 1N 



-W'(Q,x) NyN - 1 W;{Q,x) N , N 
-W'{Q,x) N - hN -i W'(Q,x) N - hN 



with 



W'(Q,x) = 



W'(Q) - W'{x) 
Q - x 



and 7at 



/ljV-1 



Equation (6.9 1 is thus the rank two A-connection defining the XVmodule struc- 
ture on W that we were searching for! As a check, the determinant of this 
connection reduces to the spectral curve in the semiclassical, or dispersionless, 
limit HT9TH : 



: N : = det(yl 2x2 - A N (x)) 

N~l 

= y 2 ~W'(xf + A\Y, 

3=0 



W'(Q) - W'{x) 

Q - x 



(To make the coefficients in the above equation agree with (6.21, we rescaled 
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y I— > y/2.) In conclusion we found the P-module structure underlying Her- 
mitean 1-matrix models. 



Remark that in the N 



oo limit we expect that the hyperelliptic curve defining 

Indeed, 



the B-model Calabi-Yau (6.21 emerges from Eat. Indeed, in the 't Hooft limit 
Q corresponds classically to the coordinate x on the curve, whereas quantum- 
mechanically it is an operator whose spectrum is described by the eigenvalues 
Aj of the infinite matrix M. In the large TV limit we can therefore replace the 
matrix Qij in the definition for Sat by XiSij. 

We can rewrite the rank two connection for the vector (ipN, V'jv)* as 



\d x 







-det(A N (x)) + XY 



1 

XZ 



at least when tr(Ajy(x)) = 0, with Y and Z some derivatives of entries of Am(x). 
This brings the A-connection in the familiar form of Chapter [5] In the next 
subsection we clarify the differential structure in a simple example. 



2-matrix model 

Let us first say a few words on the 2?-module structure underlying multi-matrix 
models, which capture spectral curves of any degree in x and y H1921 1193|| . The 
partition function for a two-matrix model, with two rank N matrices Mi and 

M 2 , is 

Z N = - [ DM, DM? e ~i^(Wi(M 1 )+W 2 (M 2 )-M 1 M 2 ) 

N Vol(t/(iV)) 2 J umi±Jm * 

where W\ and W2 are two potentials of degree d\ + 1 and d 2 + 1. Choosing W% 
to be Gaussian reduces the 2-matrix model to a 1-matrix model. The 2-matrix 
model is solved by introducing two sets of orthogonal polynomials nk(x) and 
Ok{y)- Again it is convenient to turn them into quasi-polynomials 

M*) = n k (x)e-* w ^\ My) = cT k (y)e-i w *M. 

obeying the orthogonality relations 

dxdy il) k (x)4>i(y)e^ = h k 5 k i- (6.10) 



Multiplying with or taking a derivative with respect to either x or y yields (just) 



two operators Q and P (and their transposes because of (6.101), that form a 
representation of string equation [P, Q] = 0. Since Q is only non-zero in a band 
around the diagonal of size d 2 + 1 and P of size d\ + 1, the quasi-polynomials 



160 Chapter 6. Quantum Curves in Matrix Models and Gauge Theory 



may be folded into the vectors 

1p = bpN, ■ ■ ■ , IpN-daY, 4> = [<t>N, ■ ■ ■ , ^N-di]*- 

Any other quasi-polynomial can be expressed as a sum of entrees of these vec- 
tors, with coefficients in the polynomials in x and y. These vectors are called 
windows. The differential operators Xd x and Xd y respect them, so that their 
action is summarized in a rank d 2 + 1 resp. rank d\ + 1 A-connection 

XdJ{x) = Ax(x)${x), XdJ(y) = A 2 {y)${x). (6.11) 

This we interpret as two representations of the T>\ -module underlying 2-matrix 
models. Indeed, [192] proves that the determinant of both differential systems 
equals the same spectral curve E, in the limit A — > when we replace Xd x — ► y 
and \d y — > x. The defining equation of E is of degree di + 1 in a; and of degree 
d 2 + 1 in ?/. 

In fact, it is useful to introduce two more semi-infinite sets of quasi-polynomials 
i/iAy) and <j)Ax), as the Fourier transforms of ipk(%) an d <j>k{y) respectively. The 
action of the Weyl algebra on them may be encoded as the transpose of the 
above linear systems. The full system can therefore be summarized by (compare 
to ( |6T22l ) 

z-axis : {ip k {x), fi k {x)}, V A = Xd x - A^x), 
y-axis : {<f>k(v), ± k (y)}, V A = Xd y - A 2 {y). 

Moreover, the matrix model partition function can be rewritten as a fermionic 
correlator in either local coordinate 

Z N oc-^J HdXldX* A(A 1 )A(A 2 ) e -*rWAi)+Wi(A?)-AlAj 

i 

N-1 N-1 

= n (MxM k (*)) = II (Mv)\± k (y)) 



fe=0 fc=0 



with respect to the bilinear form in (6.8 1. 

Furthermore, Bertola, Eynard and Harnad study the dependence on the parame- 
ters and u~p appearing in the potentials Wi and W 2 . Deformations in these 
parameters leave the two sets of quasi-polynomials invariant as well. On tp and 



they act as matrices U- ' and W ' . This yields the 2-Toda system 



f 5 and U™ 



d u mQ = [Q,Uf>] d u mP=[P,uy 



6. 1 . Matrix model geometries 



161 



In JT92 1 it is proved that the linear differential systems (6.111 are compatible 
with these deformations, so that the parameters v/p and u'p in fact generate 
isomonodromic deformations. This shows precisely how the non-normalizable 
parameters in the potential respect the central role of the XVmodule (6.11 1 in 
the 2-matrix model. 



6.1.4 Gaussian example 

Let us consider the Gaussian 1 -matrix model with quadratic potential 

W{x) = y, (6.12) 

that is associated to the spectral curve 

y 2 = x 2 ~A^ (6.13) 

in the large N limit. In the Dijkgraaf-Vafa correspondence this matrix model is 
thus dual to the topological B-model on the deformed conifold geometry (see 
Fig. [43]) . 

The Hermite functions 

1 



1>k(x) = -j=e-ixH${x), with 



H^(x)=X k / 2 H k (^)=x k [l + 



form an orthogonal basis for this model. Their inner product is given by 

The partition function of the Gaussian matrix model can be computed as a prod- 
uct of the normalization constants h k . Using the asymptotic expansion of the 
Barnes function G2(z), that is defined by G2(z+ 1) = T(z)G2(z), the free energy 
can be expanded in powers of A 

N-l / a jv 2 /2 \ 

^ = log fj> = log {G 2 (N + 1)^-^1 (6.14) 

9 — 2 

where B 2g are the Bernoulli numbers and fi = NX. 
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The derivatives of the Hermite functions are related as 



dx 



-x/2 Vk\ 
-VkX x/2 



i>k-xi x ) 



So, according to the previous discussion, the P A -module connection is given by 



dx 



A N (x) = A— + 
dx 



x/2 -^/N\ 
VW\ -x/2 



(6.15) 



Here we choose ip = [ipNjtpN-iY as window. In the large N limit the determi- 
nant of this rank two differential system indeed yields the spectral curve (6.13 1 
with fx = NX. 



Instead of using ipfc and tp^-i as a basis, we can also write down the differential 
system for tf;^ and its derivative tp'k(x) — \d x ij) x (x). Since this derivative is a 
linear combination of ^jt-i an d xijj^(x) ( as we saw above), it is equivalent to 
use this basis to generate the fermionic state W. We compute that 



dx 



^P'n(x) 







1 



XN - X/2 



i>' x N {x) 



The spectral curve in the large N limit hasn't changed. Notice that in this form 
it is clear that the rank 2 connection is the push-forward of the connection A = 



\ydx on the spectral curve y 2 



-Aji to the C-plane, up to some A-corrections. 



In the double scaling limit the limits N — * oo and A — > are not independent as 
in the 't Hooft limit, but correlated, such that the higher genus contributions to 
the partition function are taken into account. In terms of the Gaussian spectral 
curve this limit implies that one zooms in onto one of the endpoints of the cuts. 
The orthogonal function ^{x) turns into the Baker function ip(x) of the double 
scaled state W. 



In the Gaussian matrix model this is implemented by letting x — * ^/JI+ex, where 
e is a small parameter. So the double scaled spectral curve reads 

y 2 = x, 

while the differential system reduces to 



ip{x) 




' 1 " 




ip(x) 


iP'(x) _ 




x 







This is indeed the 2?-module corresponding to the (2, l)-model. 
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6.2 Conifold and c = 1 string 



The free energy (6.141 of the Gaussian matrix model pops up in the theory of 
bosonic c = 1 strings. This c = 1 string theory is formulated in terms of a 
single bosonic coordinate X, that is compactified on a circle of radius r in the 
Euclidean theory. A critical bosonic string theory (with c = 26) is obtained by 
coupling the above CFT to a Liouville field The Liouville field corresponds to 
the non-decoupled conformal mode of the worldsheet metric. The local world- 
sheet action reads 



i f d 2 a (±(dXf + (d^) 2 + ^ + x/W) , 



where the coupling \i is seen as the worldsheet cosmological constant. In the 
Euclidean model there are only two sets of operators, that describe the winding 
and momenta modes of the field X. These vertex and vortex operators can be 
added to the action as marginal deformations with coefficients t n and t n . 

Just like in c < 1 minimal string theories (the (p, q) -models of last section), the 
partition function of the c = 1 string is first computed using a dual matrix model 
description H194I1 . At the self-dual radius r = 1 it agrees with the Gaussian 



matrix model partition function in equation (6.141, where A now plays the role 
of the c = 1 string coupling constant. 

The matrix model dual to the c = 1 string is called matrix quantum mechanics. 
This duality is reviewed in much detail in e.g. [|1951I196"1|197I1 . Matrix quantum 
mechanics is described by a gauge field A and a scalar field M that are both A" x 
N Hermitean matrices. The momentum modes of the c = 1 string correspond to 
excitations of M, whereas the winding modes are excitations of A. If we focus 
on the momentum modes, the (double scaled) matrix model is governed by the 
Hamiltonian 



2 V dM 2 



Let us focus on solutions that depend purely on the eigenvalues A; of M. The 
Hamiltonian may be rewritten in terms of the eigenvalues as 

^2 a " (a) £(- a2 zS- a a(a) < 

where A( A) is Vandermonde determinant. It is convenient to absorb the factor A 
in the wavefunction solutions, making them anti-symmetric. Hence, the singlet 
sector of matrix quantum mechanics describes a system of A^ free fermions in an 
upside-down Gaussian potential. 
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To describe the partition function of the c = 1 model it is convenient to move 
over to light-cone coordinates A± = A ± p, so that elementary excitations of the 
c = 1 model are represented as collective excitations of free fermions near the 
Fermi level 

A+A_ = fx. (6.16) 

When we restrict to A± > 0, scattering amplitudes can be computed by prepar- 
ing asymptotic free fermionic states (t\ and \t) at the regions where one of A± 
becomes very large. 

In this picture the generating function of scattering amplitudes has a particularly 
simple form. It can be formulated as a fermionic correlator [198] 

Z=(t\S\t), (6.17) 

where the fermionic scattering matrix S S GL(oo, C) was first computed in 
|fT99"H . Moreover, in [|200ll (see also Chapter V of |fT97ll ) and later in ITT281 it is 
noticed that S just equals the Fourier transformation 

(S*A)(A_) = J d\+ei x - x+ ip(\+). (6.18) 

In the next section we show that this follows naturally from the perspective of 
P-modules. 



The result < \6.17 1 shows that c = 1 string theory is an integrable system, just like 
the (p, q) -models in the last section. Since it depends on two sets of times this 
integrable system is not a KP system. Instead, the above expression defines a tau 
function of a 2-Toda hierarchy. 



Notice that the Fermi level (6.161 is a real cycle on the complex curve 

S: zw = fi, (6.19) 

which is a different parametrization of the spectral curve y 2 = x 2 — p, of the 
Gaussian 1-matrix model. In the revival of this subject a few years ago, a number 
of other matrix model interpretations have been found. This includes a duality 
with the Hermitean 2-matrix model, which makes the 2-Toda structure manifest 
H201L a Kontsevich-type model [2021 l203ll at the self-dual radius, and a so- 
called normal matrix model H2041 12051 . that parametrizes the dual real cycle on 
the complex curve E. Let us also mention that the well-known duality of the 
c = 1 string with the topological B -model on the deformed conifold H206L that 
follows, with a detour, from the more general Dijkgraaf-Vafa correspondence. 



6.2. Conifold and c = 1 string 



165 



2?-module description of the c = 1 string 



This paragraph reproduces the c = 1 partition function ( 6.17] ) from a P-module 



point of view. The discussion continues the line of thought in Section 5.5 of 



As we have just seen, the c = 1 string is geometrically characterized by the 
presence of a holomorphic curve in C x C defined by 

E c= i : zw = fi. 

Let us consider an I-brane wrapping the curve £ c =i- When we assume z as local 
coordinate the curve quantizes into the differential operator 

P = -\zd z - n. (6.20) 

It is amusing that the differential operator P appears as a canonical example in 
the theory of P-modules (see e.g. H159II ) in the same way as the c = 1 string is 
an elementary example of a string theory 

We recognize this example from Chapter[5] where a P-module was associated to 
the differential operator P. However, now it is important not to forget that there 
are two asymptotic points and u^. Let us call their local neighbourhoods U z 
and U w , as local coordinates are z and w respectively. At both asymptotic points 
the I-brane fermions will sweep out an asymptotic state. The quantum partition 
function should therefore be constructed from two quantum states. 

Before constructing these states for general A, let us first consider the semi- 
classical limit A — > 0. In this limit the I-brane degrees of freedom are just con- 
ventional chiral fermions on S c= i. The genus 1 part T\ of the free energy is 
obtained as the partition function of these semi-classical fermions. It can be 
computed by assigning the Dirac vacuum 

\K) z = z x l 2 Az^ 2 Az h ' 2 A ... 

to U z and likewise the conjugate state 

\0) w = w 1 ' 2 Aw*' 2 Aw b ' 2 A... 

to U w . To compare these states, we need an operator S that relates z to l/z. 
The semi-classical partition can then be computed as a fermionic correlator 
„,(0|5|0) z , with the result that 

= w {0\S\Q) z = JJ M fc+1/2 . (6.21) 

fc>0 



Using ^-function regularization we find that this expression yields the familiar 
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answer T\ = — ^ log /z. 

In order to go beyond 1-loop, we should think in terms of P-modules. Let us for 
a moment not represent their elements in terms of differential operators yet. In 
both asymptotic regions we then find the 2?-modules 

U z : M = V/VP, with P = zw - fj,, 
U w : M=V/VP, with P^wz-fi + X. 



Notice that the Weyl algebra V = (z,w), with the relation [z,w] = X, acts on 
monomials z k and w k in the module M as 



fi — X 

w w -i- 

(z k ) = (—Xd z + f^j z k w(w k ) = w 



z{z k ) = z k+1 z(w k ) = ( Xd u 

\ w 

„fc+l 



w k 



Here, we just used the relation VP = and wrote the elements in the basis 
{z k , w k | k e Z} of M. A basis of a representation of M. on which i and w just 
act by multiplication by z resp. differentiation with respect to z is given by 

vi(z) = z k ■ z-»'\ 

v%(z) = j ' dw e- zw ' x w^ 1 ■ w" /x . 

Indeed, differentiation with respect to z clearly gives the same result as applying 
w. Moreover, multiplying v% by z gives 

z ■ v%{z) = \Jdw e~ WA ^ (™ fe ~ 1+Ai/A ) = (m + X(k - 

Similarly, in the module M_ one can verify that 

w{w k ) = w k+1 w(z k ) = (-X8 W + ^) w k 
z(w m ) = (xd z + z k z(z k ) = z k+1 . 

Hence in the representation of M defined by 

v_l{w)= J dz e zw l x z k -z~^ X , 
w and d w act in the usual way 



6.2. Conifold and c = 1 string 



167 



Since we moved over to representations of the P-module where the differential 
operator acts as we are used to, the S transformation, that connects the U z and 
the U w patch and thereby exchanges z and w, must be a Fourier transformation. 
This is clear from the expressions for the basis elements w and w: S interchanges 
vf.{z) with v_l(w), and v™ (z) with v% (w). In total we thus find the P-module 
elements 



-k- ■ 



(6.22) 



Representing the 2?-module in terms of differential operators of course gives 
the same result. A fundamental solution of P*(z) = is ^(z) = z~^l x , so 
that acting with V = (z, d z ) on ^{z) gives the elements u| in M. Likewise, we 
reconstruct the elements from the fundamental solution of P^_(w) = 0. Since 
V = (z, d z ) and V = (w, d w ) are related by a Fourier transform, an element v k of 
the P-module in one asymptotic region is represented by its Fourier transform 
in the opposite region. This reproduces all elements in ( |6.22| ). 

A A-expansion of the 2?-module element v\, using for example the stationary 
phase approximation, yields as zeroth order contribution 

while the subdominant contribution is given by 

V W 

So in total we find that 

vt(w) = v^A ( M /e)-^ /A w^ x fx k+1 / 2 w~ k ~ l V V (£) . 

This summarizes the contributions that we found before: the genus zero ?W A 
and genus one fi k+1 ^ 2 w~ k ~ 1 results, plus the higher order contributions that are 
collected in ip qu . 

The all-genus partition function Z of this I-brane system can be easily computed 
exactly. Schematically it equals the correlation function 

Zc=i = (W W \S^\W Z ), 

where the ^-matrix implements the Fourier transform between the two asymp- 
totic patches. Similar to the arguments in (the appendices of) [ 200) and []T28 

2 The argument presented in the appendix of [1281 is not fully correct. The proper argument (as 
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we find that the result reproduces the perturbative expansion of the free energy 
as in equation ( 6.14) 1 . For completeness let us review the argument by compar- 
ing v_l(w) with (w). 

Notice that v z k {w) almost equals the gamma-function T(z) = / °° dt e~* t z ~ 1 . 
Indeed, let us take the integration contour from — zoo to ioo and choose the cut 
of the logarithm to run from to oo. Then 



v z k (w) = [ -] r° dz> e z ' ' ' : 



w 



fe+l-f 



fe+l-f 



fc-f 



dz' e lz ' e ( k -V losz ' + 



-oo 




dz' e iz ' e ( fc -A) lo g*' + 



o 

ioo 



dz' e lz ' e^-^s*' 
dz' e iz e ( fe -x)i°g^' 



where we moved the contour along the positive imaginary axis. A change of 
variables and using that log(iz'-e) = log z'— 2,iir/2 and log(iz'+e) = \ogz'+iir/2, 
for e small and real, then yields 



vi(w) = ( - 



k+l-i 



e m(k+l-±)/2 _ e - 3 7ri(fc+l-f )/2 



which is the same as the theory of type II result in the appendix of [120011 . Igno- 
ring the exponential factor (which will only play a role non-perturbatively), we 
find that the free energy T equals the sum 



T (A, n) = ( k + 1 - f ) lo § A + logT (k + 1 



k>0 



It obeys the recursion relation 



A 



T A, fi- 



T A, n 



which is known to be fulfilled by the c = 1 string (see for example Appendix A 
in H147I0 , up to a term — | log(27rA) that can be taken care of by normalizing the 
functions v k . The same result is found when analyzing the function Vk- 

This concludes our discussion of the c = 1 string. It is the first P-module ex- 
ample where we see how to handle curves with two punctures. The physical 
interpretation of the I-brane set-up furthermore provides a check of our formal- 
ism. Moreover, this example agrees with the claim that the 2?-module partition 
function should be invariant under different parametrizations. Both the repre- 

shown below) recovers a slightly different prefactor in front of the Gamma-function, related to the 
doubling in the appendix of 1 200 ] . 
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sentation as c = 1 curve, S c=1 : zw — \i, and that as a Gaussian matrix model 
spectral curve, S mm : y 2 = x 2 + fj,, yield the same partition function. 



6.3 Seiberg-Witten geometries 

More than once M — 2 supersymmetric gauge theories have proved to provide 
an important theoretical framework to test new ideas in physics. The most im- 
portant advances in this context are the solution of Seiberg and Witten in terms 
of a family of hyperelliptic curves, as well as the explicit solution of Nekrasov 
and Okounkov in terms of two-dimensional partitions. In what follows we will 
provide a novel perspective on these results, by wrapping an I-brane around a 
Seiberg-Witten curve. The £?-field on the I-brane quantizes the curve, and a fer- 
mionic state is obtained from the corresponding P-module. As we will see, this 
state sums over all possible fermion fluxes through the Seiberg-Witten geometry, 
and may be interpreted as a sum over geometries. First we briefly review the 
Seiberg-Witten and Nekrasov-Okounkov approaches. 

The solution of the U(N) Seiberg-Witten theory is encoded in its partition func- 
tion Z(ai, A, A), which is a function of the scale A, the coupling A and boundary 
conditions for the Higgs field denoted by <Zj for i = 1, . . . , N (with en — for 
the SU(N) theory). The partition function is related to the free energy T as 

ZK,A,A) - = e&^-^.A). 

In the above expansion Tq is the prepotential which contains in particular an 
instanton expansion in powers of A 2N , while higher JF g 's encode gravitational 
corrections. The U(N) Seiberg-Witten solution identifies the a,'s and the deriva- 
tives of the prepotential ^— |^ as the Ai and Bi periods of the meromorphic 
differential 

1 dt 

VSW = T^-V — 
Z7TI t 



on the hyperelliptic curve (4.10 1 



N 

,mv: A N (t + t~ 1 ) =P N (v) = Y[(v-a t ). (6.23) 



Despite great conceptual advantages, extracting the instanton expansion of the 
prepotential from this description is a non-trivial task. However, an explicit 
formula for the partition function, encoding not only the full prepotential but 
also entire expansion in higher T g terms, was postulated by Nekrasov in H207H • 
Subsequently this formula was derived rigorously jointly by him and Okounkov 
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in HT47H and independently by Nakajima and Yoshioka in [208J |209i For 
U(N) theory this partition function is given by a sum over N partitions R = 

(-R(i), . . . , R(n)) 

Z(oi,A,A) = Zf ert K,A)^A 2Ar l«l / i|(a l ,A), (6.24) 



where 

2/ u _ TT Q * - Qj + HR(t),m - %u + n- m) 
R ,. ff,. , a* - Qj- + A(n - m) 

and 

ZP ert ( ai ,A) =exp(^ 7A (a i -a i ,A)). (6.26) 

The function 7^ (a;, A) is related to the free energy of the topological string theory 
on the conifold, and its various representations and properties are discussed 
extensively in H147II in Appendix A. The vevs at are quantized in terms of A, so 
that for pi e Z, 

2i-N+l 

Oi = KPi + Pi), Pi = ' 

The approach of [210 ] is based on the localization technique in presence of the 
so-called ^-background. In general this background provides a two-parameter 
generalization of the prepotential: the coupling A is replaced by two geomet- 
ric parameters t\ and e 2 - The prepotential, as given above, is recovered for 



A = €\ = — e 2 . By the duality web Fig. 1.6 supersymmetric gauge theories are 



related to intersecting brane configurations. The Nekrasov-Okounkov solution 
must therefore have an interpretation in terms of a quantum Seiberg-Witten 
curve, where A plays the role of the non-commutativity parameter. 



6.3.1 Dual partition functions and fermionic correlators 



For a relation to the I-brane partition function (4.53 ), it is necessary to consider 
the dual of the partition function (6.241. This is introduced in H147H as the 
Legendre dual 



Hi Pi=P 



(6.27) 



An important observation of Nekrasov and Okounkov is that this dual partition 
function can be elegantly written as a free fermion correlator. This is a con- 
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sequence of the correspondence between fermionic states and two-dimensional 
partitions described in Section 5.3.1 For U(l) there is no difference between 
the partition function and its dual and both can be written as 

Z° (1) (p,\,A) = (ple-W^e^-lp), (6.28) 

where \p) is the fermionic vacuum whose Fermi level is raised by p = a/X units 
and L measures the energy of the state. A version of the boson-fermi corre- 
spondence implies the following decomposition 

^-MpHE^b;^) (6-29) 

in terms of partitions R, where f/,R is the Plancherel measure 

R m — R n + n — m -i-r 1 



nn<m — n-n i n — in _ -rr 
n — m J- 



n~ m -L-^- h(d) 

l<m<rt<oo Dei?, 



which can be written equivalently as a product over hook lengths h(D). 



For general N the dual partition function (6.27 1 looks very similar 



J U{N) 



(6.30) 



however, now this expression is obtained by blending free fermions into 
a single fermion ip, as explained in Section 5.3.1 In particular 



/2) 



Dd N 



while the bosonic mode a_i arises from the bosonization of the single blended 
fermion tp. In formula (6.291 the Plancherel measure of a blended partition R 
can be decomposed into A^ constituent partitions as 



Mr 



(6.31) 



with us and Z pert given in (6.251 and (6.26). When read in terms of the Af 
twisted fermions tpw, the correlator (6.301 involves a sum over the individual 
fermion charges p t . 



Our aim in this section is to derive the above fermionic expressions for the dual 
partition function from the 2?-module perspective. In the next subsections we 
will see how first quantizing the Seiberg-Witten curve in terms of a 2?-module 
elegantly reproduces to the fermionic correlators (6.281 and (6.30). 
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6.3.2 Fermionic correlators as P-modules 

In this section we compute the I-brane partition function for U(N) Seiberg- 
Witten geometries. We start with the simpler [7(1) and £7(2) examples and 
then generalize this to U(N). As a first principal step we notice that the U(N) 
Seiberg-Witten geometry 

N 

X sw : A N (t + r 1 )=P N (v) = Y[(v- ai ), (6.32) 
can be rewritten as 

(P N (v) - A N t)(P N (v) - A N t- 1 ) = A 2N . 

This shows that the Seiberg-Witten surface may be seen as a transverse intersec- 
tion of a left and a right half-geometry defined by 

Sj, : A N t = Pn(v) resp. S fl : A N t~ x = Pjv(u), 

which are connected by a tube of size A 2N . The left geometry parametrizes the 
asymptotic region where both t — > oo and v — > oo, whereas the right geometry 



describes the region where w — * oo while t — ► 0. This is illustrated in Fig. 6.1 




w — > oo 



Figure 6.1: The right-half Seiberg-Witten geometry is distorted around the asymptotic point 
(t — *• 0, n — > oo). Afermion field on the quantized curve can be described as an element of a 
V-module, and sweeps out a state | W) at the S 1 -boundary where t — ► oo. 
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Next we wish to associate a subspace in the Grassmannian to both half Seiberg- 
Witten geometries. This will be swept out by a fermion field on the curve that 
couples to the holomorphic part of the S-field 

B = ^-ds A dv 
X 

Since this B-field quantizes the coordinate v into the differential operator Xd s , 
any subspace in this section is a P-module for the differential algebra 

D c . = (t,A0.>. 



The free fermions on the Seiberg-Witten curves couple to the gauge field A = 
\r)sw This determines their flux through the Ai cycles of the Seiberg-Witten 
geometry as 

Pi = x/ vsw ' 

The flux leaking through infinity is p = ^2 i=1 Pi, which is zero for SU(N). A 
fermion field with fermion flux p at infinity, will sweep out a fermionic state in 
the pth Fock space. The parameters & = f B tjsw are dual to the fermion fluxes. 
Notice that in the perturbative regime pi can be written as a A-expansion 



Xpi = ai + 0(A). 



Since both half Seiberg-Witten geometries are distorted near v = oo (see Fig. 6.1 ), 
while a fermionic subspace can be read off in the neighbourhood where v is fi- 
nite, both half-geometries parametrize a subspace of C ((«)): 

W L , W R c C((«)). 

The trivial geometry corresponds to a disk with origin at v = oo, whereas its 
boundary encloses the point v = 0. The vacuum state is therefore given by 

|0> =v°Av~ 1 Av~ 2 A.... (6.33) 

Exponentials in v^ 1 act trivially (as pure gauge transformations in T + ) on this 
state, whereas exponentials in v transform the vacuum into a non-trivial fermi- 
onic state. 

Finally, the partition function is recovered by contracting the left and the right 
fermionic state. Note that s = — log t is a local spatial coordinate on both half 
Seiberg-Witten geometries, which tends to — oo on the left and to +oo on the 
right. This makes a huge difference with the c = 1 geometry discussed in Sec- 



174 Chapter 6. Quantum Curves in Matrix Models and Gauge Theory 



tion |6.2[ where the local coordinate is the exponentiated coordinate, which on 
the left is the inverse of that on the right. While in that example a non-trivial 
5-matrix is required to identify the left and right half-geometries, here we can 
just glue the fermionic states using the classic Hamiltonian L . Let us now find 
these quantum states. 

U(l) theory 

The U(l) Seiberg-Witten curve is embedded in C* x C as 

k(t + r 1 )=v-a, (( = e s eC,!)eC) 

where a e C is a normalizable mode. This geometry may be factorized into a 
left and a right geometry 

T, L : v = At + a and Y, R : v — At -1 + a, 

that intersect transversely with degeneration parameter A 2 . 

The symplectic form B = jds A dv quantizes both half geometries into T>\- 
modules on a punctured disc C*, parametrized by t. We claim that these are 
characterized by the U{\) A-connections 

V L = -\td t + At + Xp and V R = Xtd t + Ar 1 + Xp. 

These are just the canonical quantizations of the classical Seiberg-Witten geome- 
tries, where additionally u is quantized into Xp, with peZ. They yield the linear 
differential equations 

PiVi(*; P) = (-Atft + At + Xp) ^(t; p) = 0, (6.34) 
P R il>R{t\p) = {Xtd t + Ar 1 + Xp) i> x R {r l ;p) = 0. 

The I? a -modules are of the canonical form 

M L /R = — p — , 

and are generated by the solutions 

tifop) = t p e^ and ^(t;p) = f-*e**~\ 

From the discussion in Section 15.3.11 it follows that the factor t~ p acts on the 
right Dirac vacuum by raising the Fermi level into \p), while the exponent of i _1 
translates to the exponentiated a_i operator. With an analogous statement for 
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Figure 6.2: Contracting two Seiberg-Witten half-geometries yields the Nekrasov-Okounkov 
partition corresponding to a fermion flux p through the surface. 



the left state, the modules Ml/r translate into the Bogoliubov states 

{W L \ = (p\e^ and \W R ) = \p). (6.35) 

The U(l) Nekrasov-Okounkov partition function with fermion flux p (see Fig- 
ure 



6.2 1 is found by contracting the above fermion states 

The factors A can be pulled out of the exponentials by using the commutator 
[L Q , a±i] — ot±\. Up to an extra factor A _p I" 1 we find that 

Zh (p;V~(p\e^A 2L °e^\p). 

This has a nice geometrical explanation, since the left and right half geometries 
are connected by a tube of size A 2 as in the factorized form of the complete U(l) 
geometry. The factor A 2L ° is the Hamiltonian that describes the propagation of 
the fermion field along the tube. There is no need to generalize this standard- 
CFT factor, since both patches are described by the same space-coordinate s. 

We also note that, as consistent with [128], the solution ip R (t;u) to P R ip = 
equals the one-point-function 

n 

where R n represents a Young tableau consisting of just one row of n boxes. 



17(2) theory 

We apply now the above strategy for the U(2) geometry. We split the corre- 
sponding curve into a left and a right half geometry, and for brevity focus just 
on the right part defined by 



X R : AV 1 = (v~a 2 )(v-a 1 ). 



(6.36) 
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The S-field quantizes this equation into the second order differential equation 

P R m = {\ 2 (td t - P2 )(td t - Pl ) - Ah- 1 }^) = 0. (6.37) 

A change of variables z = 2£~ 1 < /2 followed by the ansatz ij){z) = z~^ pi+p2 '4>(z) 
and the rescaling z i— » (\/A)z transforms this differential equation into the fa- 
miliar Bessel equation 

(z 2 d 2 + zd z - v 1 - z 2 ) 4>(z) = 0, with v 2 = ( Pl - p 2 ) 2 , 

whose linearly independent solutions are given by modified Bessel functions 
I y {z) and K y {z) of the first kind. The total solution in the original i-coordinate 
is therefore a linear combination of 



\xViJ ' 



r R (t; Pl , P 2)= { (6-38) 

where p = p\ + p 2 . These modified Bessel functions have different asymptotics 
at infinity and relate to each other by going around the punctured disc CJ . 

The second order differential operator Pr defines the XVmodule 



M R = 



V x -Pr 



which we claim represents fermions on the quantum SU{2) Seiberg-Witten ge- 
ometry. To check this statement, we have to find the fermionic state corre- 
sponding to Mr. So we asymptotically expand of the modified Bessel functions 
around t = in A: 

V \\ViJ P \XVtjy 8 2A + 2!- S 2 4A 2 + ' ' ' J 

,/2A\ ,1/4 / 2A \ r fc-l) Xy/t Qu-l)( M -9) \ 2 t i 

with p = Av 2 . 

Recall that equation ( |6.33p implies that any exponential function in the local co- 
ordinate v^ 1 = y/t near the puncture acts trivially on the vacuum state. Equiv- 
alently this is true for any asymptotic series in \fi that assumes the value 1 at 
\ft = 0. In other words, we can forget about the complete expansion in 
Only the WKB pieces 
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are relevant in writing down the fermionic state. This is exactly opposite to 
the matrix model examples, where the WKB -piece can be neglected and the 
perturbative series in A defines the fermionic state. 

The derivatives of the above solutions have one term proportional to i(j(s) (which 
we may forget about), and a term proportional to the derivative of the Bessel 
functions. The latter may be expanded as 

0slvW P \\Vi)\ 8 2A + 2!-8 2 4A2+---J 

BK(t\ H/^f 2 Mjl i (^ + 3) A v / t ( M -1)( M + 15) A 2 t 

around \/i = 0. Again with the same reasoning only the WKB piece is necessary 
to write down the quantum state. Taking into account the extra factor is in 



(6.38 1 the subspace is thus generated by the 0(i)-module 



and blends (via the lexicographical ordening) into the fermionic state 

|W+> = v~ p eX" (v° A v- 1 A v~ 2 A v~ 3 A . . .) 

on the cover. Here we used a cover coordinate obeying v~ 2 = t, and rescaled 
the topological string coupling as A = A/2. is thus simply generated by a 
single function 

Hence the fermions blend into the Bogoliubov state 

\W+)=eJ a - 1 \p), (6.39) 

when p is an integer. 

Note that the only modulus that appears in this expression is p. This represents 
the diagonal U(l), denoting the total fermion flux through the geometry. The 
moduli pi and p 2 measures the fermion flux through an internal cycle and are 
not visible in the result, because the final state sums over all internal momenta. 
In general any ST/ (2) Seiberg-Witten geometry with the same quantized p yields 
the same fermionic state. 



The fermionic (or dual) partition function is found by contracting the left and 
the right states, similarly as in the U(l) example above. The left state is just the 
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complex conjugate of the right one, so we find 

Z° (p;\,A) = (p\e^eJ a ^\p) ~ (p\e l ^A 2L °e 1 ^ \p). 

The result is very similar to the C/(l) example, up to the shift A ^ A/2. But 
notice that this fermionic state is written in terms of a single blended fermion. 
Decomposing this fermion into two twisted fermions makes it natural to insert 
an extra operator in the middle of the correlator, that measures the momenta 
of the two fermions through the A-cycles of the SW geometry. Weighting these 
momenta with a potential ^, for i = 1,2, yields 

Z° (^p;\,A) ~ (plei^iA^eWlp), 

where H s% = { £ r £(r+i/2) mod 2VvV>-r = x(Pi£i + P2&). This is the answer 
conjectured by Nekrasov and Okounkov in H147H . 



U(N) theory 



It is not difficult to extend this discussion to the U(N) theory (6.321, whose 
corresponding right half geometry we write as 



N 



Z N : A N r 1 = l[(v-a l ). 



(6.40) 



i=l 



Canonically quantizing this geometry and changing the coordinates z = ( j ) N t 1 , 
brings us to the degree N differential equation 



tp(z) = 0. 



(6.41) 



It turns out that a solution to the above equation is given by a particular Meijer 
G-function, denoted G™^"(z). The Meijer G-function is a complicated special 
function which was introduced in order to unify a number of standard special 
function [21ll 12121 1213H . and is defined in terms of a complex integral 

a u ...,a p | \ _ 1 f UT=i T (b,-t)UU T ( 1 - a ^+ t ) zt 

h,...,b q lz ) 2«i i nu +1 r(i-t J +i)nUi r (%- f ) ' 

where L is a contour which goes from — ioo to +ioo and separates the poles of 
T(bj — t), for j = 1, ... , to, from those of T(l — a, + t), for i = 1, . . . ,n. 
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It can be shown that the Meijer G-function solves the differential equation 



l[(zd z - h) + ]J( z d z - aj + 1) ] G(z) = 0. (6.42) 

i j=i 



So, indeed the Seiberg-Witten differential equation (6.411 is a special case of 



Meijer differential equation (6.421 with p = n = and q = N. Therefore the 



differential equation (6.41 1 is solved by 



ip(z) = G° '° N [ v \z 

1 pi,P2,...,p N 



Similarly as before we claim that the 2?-module corresponding to U (N) Seiberg- 
Witten curve is generated by Pm- A subspace W corresponding to this P-module 
is this generated by a solution ip{t) and its derivatives in td t . 



For p < q the Meyer differential equation (6.42) has a regular singularity at 
z = and an irregular one for z = oo. To extract the I-brane fermionic state, we 
are interested in the behaviour around the irregular singularity, where t — * 0. It 
turns out that one of the independent solutions of the Seiberg-Witten differential 



equation (6.41 1 has the asymptotic expansion H211II2121I213II 



V ' P k i v ~ 

3=0 



around this singularity, which is conveniently written in the cover coordinate 
(—v) N = t^ 1 = (jr) z. The other solutions are found by multiplying the coor- 
dinate v by A^-th roots of unity, and thus behave distinctly at infinity. As before, 

To find the fermionic state corresponding to the U(N) Seiberg-Witten curve, we 
act with ip(v) on the Dirac vacuum. The positive power of v in the exponent 
of ip(v) corresponds in the operator language to a.-\, whereas v p lifts the Fermi 
level. The remaining series just contains negative powers of v which translate to 
a trivial action on the vacuum in the operator formalism. Therefore, the above 
asymptotic solution and its derivatives (in td t ) blend into the state 



\m 



\p), 



(6.43) 



with rescaled topological string coupling A = A/A. Like for the U(2) Seiberg- 
Witten geometry the dependence on the individual moduli pi has dropped out. 



Similarly as in U(l) and U(2), in the present case we also find the U(N) Nekrasov- 
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Okounkov dual partition function 



Z#o(&;A > A) = <p|e 



2L„ 



-\P)- 



(6.44) 



This fermionic correlator is indeed the one postulated in H147H . For N = 1 or 
N = 2 the Meijer G-function specializes respectively to the exponent and Bessel 
functions, which reproduces the results derived in previous subsections. 

Although the normalizable moduli pi disappear in the final I-brane partition 
function, they reappear when the state is unblended in terms of N single fermions 



J2pi=pR(i) 



z=i 



(6.45) 

as may be seen from ( 6.29} and (6.31 1. The charges pi have an interpretation 
as the fermion fluxes through the N tubes of the Seiberg-Witten geometry we 
started with. 

Actually, we find the same fermionic state when starting with any other Seiberg- 
Witten geometry whose fermion flux at infinity is p. Hence one microstate in the 



total sum (6.45 1 can be interpreted as a fermion flux through an infinite set of 



geometries. This gives the state (6.45) as well as the partition function (6.271 
the interpretation of a sum over geometries. 



6.3.3 Topological string theory and quantum groups 

Nekrasov and Okounkov also derive a partition function for the 5-dimensional 
U(N) Seiberg-Witten theory compactified on the circle of circumference f3 H2101 
11471 120911 • It is given by a A"-theoretic generalization of the 4-dimensional 
formula in equation ( [6.24 I. 



This 5-dimensional theory is closely related to the topological string theory by 
geometric engineering on a toric Calabi-Yau background H2141 12151 . Namely, the 
partition function of the topological string theory on an An- singularity fibered 



over P 1 (whose toric diagram consists of N — 1 meshes as in Fig. 6.3 1 is equal to 



the partition function of the 5-dimensional gauge theory given above, when the 



Kahler sizes of the internal legs are (see Section |4.2.2[ ) 

Q Fi = e 0ia i+1 -a i ) j Q B= l^Z\ . (6.46) 



2 



where Fi labels the vertical legs and B the horizontal ones. In the so-called 
gauge theory limit, when /? — > 0, the topological string partition function reduces 
to the 4-dimensional Seiberg-Witten partition function. The corresponding B- 
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Pi 



P2 



Figure 6.3: On the left we see the five-dimensional U(2) Seiberg-Witten surface with fermion 
fluxes through its A-cycles, and on the right a corresponding toric diagram. The fermion flux 
deforms the Kahler lengths of the toric diagram as in equation ( 6.46jj . 



model mirror geometry is of the form 

X S w ■ xy- H(t,v) = 0, 

where H(t, v) = represents a Riemann surface of genus N — 1. In the gauge 
theory limit this surface becomes the Seiberg-Witten curve Y^sw, parametrized 



as in the equation (6.23 ). 



In topological string theory it is natural as well to write down a dual partition 
function [ 128 ] . In a local B -model this allows the possibility of arbitrary fermion 
fluxes through the handles of the Riemann surface. In this setting it has been 
argued before that turning on a fermion flux is equivalent to deforming the 
geometry. More precisely, fermion flux parametrized by V = PiBi changes the 
integral of the holomorphic 3-form over any linking 3-cycle Af, and thereby 
shifts the complex structure moduli Si = f A flas 

Si h-> Si + Xpi 

In the A-model fermion flux translates into wrapping D4 branes around 4-cycles, 
and thereby deforms the Kahler moduli. The I-brane partition function thus 
equals the dual topological string partition function. 

Because the Seiberg-Witten surface is embedded in C x C*, A 3 and S 3 -cycles 
in the toric threefold will have topologies S 1 x S 2 and S 3 , respectively (see 



Fig. 4.81. In particular, a basis of Af-cycles can be chosen to reduce to the 
surface as the combination of 1-cycles A] — A\ +1 . Now notice that the 3-cycle 
A 3 with topology S 1 x S 2 is mirror to the vertical 2-cycle Fi that connects the 
i-th and the i+ 1-th horizontal leg. So turning on a fermion flux pi through the i- 
th leg of the Seiberg-Witten geometry changes the complex structure parameter 
Si by an amount proportional to — a,+i. This explains the Kahler size Qp i 
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in ( 6.46ft in terms of fermionic fluxes through the Seiberg-Witten curve, and in 



reverse why ( |6.45| ) may be interpreted as a sum over Seiberg-Witten geometries, 
or equivalently toric diagrams. So we conclude that the fermionic interpretation 
in 4d of Nekrasov and Okounkov is dual in 6d to the fermionic interpretation of 
the topological string, and has a deeper interpretation in terms of P-modules. 

Topological vertex 

An important step to understand Seiberg-Witten curves (as well as other local 



Calabi-Yau geometries) is the topological vertex, introduced in Section 4.2.1 
Recall that its mirror is a genus zero curve with three punctures given by the 
equation 

x + y - 1 = (6.47) 

in C* x C*. In this case the symplectic form is given by du A dv where u, v are 
logarithmic coordinates: x — e u and y = e v . The corresponding 2?-module is 
now given by the operator [112811 

P = e" + e- A0 " - 1. (6.48) 

P is actually a difference operator, instead of a differential operator, so we have 
to generalize the notion of a 2?-module somewhat. This is a well-known proce- 
dure in the field of quantum groups. These quantum groups appear because in 
the C* case the operators x and y now satisfy the Weyl algebra or ^-commutation 
relation 

xy = qyx, q = e x . 
The fundamental solution to P^ = is the quantum dilogarithm 

oo 

tf(«) = n(l-eV). 
n=l 

The corresponding module M for the Weyl algebra can again be written in terms 
of the coordinate u or in terms of the dual variable v. There is another unitary 
map U that implements this transformation on the free fermion fields. Because 
of the hidden cyclic symmetry of the vertex, this can be made transparent by 
writing it as 

e «i + e " 2 + e" 3 = 0. 



Up to an overall rescaling of the three variables m, the map U satisfies U 3 = 1. 
This line of reasoning leads one directly to the formalism of 11128 1 . but we will 
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not pursue this here in more detail. We reach the important conclusion that 
the notion of a quantum curve, as expressed in the concept of a (generalized) 
2?-module, is the right framework to derive the complicated transformations of 
[128). We will later use this correspondence in two concrete examples of com- 
pact curves, but first make a few remarks about five-dimensional U(l) Seiberg- 
Witten theory. 



Five-dimensional U(l) theory 

Quantizing any five-dimensional Seiberg-Witten geometry yields a difference 
(instead of differential) equation. Working out 2?-modules for these geome- 
tries we leave for future work. Let us treat one example in detail though. The 
five-dimensional right-half U(l) Seiberg-Witten half-geometry 

Eff : (3Ae- px r 1 + e- f)v -1 = (6.49) 



is isomorphic to the topological vertex (6.471 and may be drawn as a pair of 
pants. In the field theory limit — ■> it reduces to the familiar equation Ai^ 1 = v 
for the right-half Seiberg-Witten geometry (with u = 0). 

In the B -model the most general state assigned to a local pair of pants geometry 
is given by a Bogoliubov state [ 12811 



oo 



1/2 

i,j m,n— 



(6.50) 



where the index i = 1, 2, 3 describes the fermion field on the three asymptotic 
regions of the pair of pants, and the coefficients are determined by a comparison 
with the A-model topological vertex. This exponent can be expanded as a sum 
over states (see Fig. |6.4| ) 

|pi,i2i}<8ba,-Ra}<8>|P3,i?3}, 

where the fermion flux is conserved: pi + P2 + Pd, — 0. To describe the 5d 
Seiberg-Witten U(l) geometry we won't need this state in full generality. 

The B -field quantizes this geometry into the difference equation 

P(t)¥(i) = (/JAe^V 1 + e 0xt9t - l) = 0. (6.51) 

Like for the topological vertex its fundamental solution is the quantum diloga- 
rithm 

(/3A) n t- n 

= ex P > y: ; . . 



n(l 

n>0 v 
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Ri 




R 3 

Figure 6.4: The B-model vertex (on the left) may be expanded as a sum over fermionic states 
\pi, Ri) <8> \p2, R2) £S> |P3, R3), with pi + P2 + P3 — 0, corresponding to a conserved fermion 
flux through the pair of pants. The five-dimensional right-half Seiberg-Witten geometry (on 
the right) with charge p only has one partition R / 0. 



As an intermezzo, notice that quantizing the equation 

0v = -log(l -Pke-^r 1 ) , 



which is just a rewriting of equation (6.49 1 for Sf^, we find a differential equa- 



tion which may be interpreted as the WKB approximation of difference equa- 
tion ( 6.5ip . A fundamental solution of the differential equation is given by the 



genus disc amplitude 

Tl>0 

Acting with the five-dimensional dilogarithm on the Dirac vacuum state yields 
the fermionic state 

(pA) n a. 



n>0 v ' 

This describes a subset of \W) where only the quantum number R\ is non- trivial. 
Summing over all external states of the form 

\-p,R)®\p,»)®\0,»), 

incorporates a fermion flux p through the pair of pants. In the field theory limit 
(3 — > the resulting state reduces to the familiar four-dimensional state 

exp(a_i/A)|p)<g>|p,»>® |0,«). 



The partition function is found as the contraction of the left and right 5d half- 
geometries. (Or equivalently in the topological B-model by inserting a propaga- 



6.4. Discussion 



185 



tor [[128].) This yields the fermionic correlator 

(o|f + f_|o> = (o|r+(/3A) 2i »r_|o>, 

with 

- \ - (/3A)l"la„ ^ a n 

i ± = exp > -r—ry- w^— and 1 ± — exp > — ^— . 

^ \n\(l-e' 3Xn ) ^ n(l-e^ ATl ) 

±n>0 1 lv ' ±n>0 1 lv ; 

Indeed, the result equals the five-dimensional U(l) partition function 

(/3A) 2 " 



^ (1) (A,A,/5) = exp^ 



\ 4nsinh 2 (/3An/2) : 



that was found by Nekrasov and Okounkov in H147H • 



6.4 Discussion 



In this chapter we argued that the fundamental objects underlying various mat- 
ters in theoretical physics are chiral fermions living on quantum curves. In our 
formulation the quantum curve is defined, similarly to an affine classical curve, 
in terms of an equation P(z,w) — 0. Its crucial feature, however, is the non- 
commutative character of the coordinates z, w. It thereby generalizes the classi- 
cal curve that comes up in the standard formulation of a given topic. Examples 
of such classical curves are spectral curves in matrix models, c—1 string theory, 
Seiberg-Witten theory, and more generally in topological string theory. Semi- 
classically their (genus one) free energy is computed as a fermionic determinant 
on the classical curve. In our approach chiral fermions on the quantum curve 
generate the all-genus expansion of the free energy with respect to the non- 
commutativity parameter A. 

As we explained in Chapter [5] fermions on a non-commutative curve can be re- 
alized physically within string theory as massless states of open strings on an 
I-brane in the presence of the B-field. In this chapter we have exploited this 
system in a few important examples. At the same time we stressed the funda- 
mental importance of 2?-modules, which are the appropriate mathematical struc- 
tures describing non-commutative holomorphic curves. First of all we showed, 
while reinterpreting the results in [119111 , that I-branes and P-modules provide 
an insightful formulation of matrix models. This quite general statement is also 
appealing when certain matrix model limits are considered, such as a double 
scaling limits. In this case one recovers an I-brane formulation of minimal string 
theory, topological gravity and c = 1 string theory 
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The I-brane configuration can be related to topological string theory and to 



Seiberg-Witten theory via a sequence of string dualities Fig. 1.6 In the last 
part of this chapter we focused on supersymmetric gauge theories. Using the 
P-module formalism we derived the fermionic expression for the U(N) parti- 
tion function of the pure TV = 2 gauge theory, reproducing the dual all-genus 
partition function introduced in H147H . We considered mainly 4-dimensional 
Seiberg-Witten theories with unitary gauge groups, though, and explained only 
the simplest U(l) example of 5-dimensional theory. It would be insightful to ex- 
tend these results to other gauge groups and include matter content. It is clear 
that this should be possible, as these aspects of the 5-dimensional Seiberg-Witten 
theory are captured by topological strings on toric manifolds. The latter system 
can be solved in a fermionic B -model formulation of the topological vertex [128] 
which is equivalent to the I-brane fermions. Nonetheless, finding the quantum 
I-brane curve representing such configurations appears to be a nontrivial task. 

In the process of unraveling the 2?-module structure in both sets of examples, we 
noticed some crucial differences. While the WKB piece of the P-module genera- 
tor can be ignored in finding the matrix model partition function, we discovered 
that it plays an eminent role for the Seiberg-Witten geometries. Another dis- 
tinction is the difference in (non-)normalizable modes. While the potential W 
parametrizes non-normalizable modes that appear in the P-module as parame- 
ters, in contrast, the normalizable modes in the Seiberg-Witten geometries are 
eaten by the 2?-module, and only visible as a sum over internal fermion fluxes in 
the geometry. On the other hand, varying the P-module with respect to the non- 
normalizable modes yields differential equations which relate to isomonodromy 
and the Stokes phenomenon. 

While in this chapter our focus has been to associate a A-perturbative quan- 
tum state to a spectral curve, we noticed that 2?-modules in fact contain non- 
perturbative information. These bits get lost when we turn the 2?-module in a 
fermionic state by making an asymptotic expansion of the P-module generators 
in A. This is in line with the discussion on non-perturbative aspects of minimal 
string theory in JTTTfl, where it is argued that non-perturbative effects drastically 
modify the non-trivial target space curve into a plain complex plane. 

It also agrees with more recent studies of non-perturbative effects in matrix 
models H148[ 12161 12171 12 1 811 . These articles revealed that a series of instantons 
in the matrix model can be summarized in a non-perturbative partition function 
that sums over all possible filling fractions p t = j § <n as 

Znon-pert(^) = ]T Z peIt (X(p + /i))e 2 ^. 



In this formula (p., v) is a choice of characteristics on the matrix model spectral 
curve, that encodes the choice of integration contour in the matrix model. The 
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integer g is the genus of the spectral curve. Interestingly, this partition function 
turns out to have very nice properties. ■Z n on-pert(A < j u ) is not onr y holomorphic, 
but also transforms in a modular fashion under the symplectic group Sp(g,Z). 
Moreover, it satisfies the Hirota equations and can thus be interpreted in terms 
of a twisted fermion field on £ with twists (fi, u). 

The partition function Z non . wrt {^i, v ) is obviously closely related to the I-brane 



partition function, that is defined in equation 4.53 and studied from several 
angles in this chapter. A choice of saddle in the A-expansion of our 2?-module 
partition function corresponds to a choice of characteristics in Z non _ pert {(J>, v). 

How do these latter matrix model results and our P-module insights fit in with 
other developments that have taken place the last years in the area of topo- 
logical string theory? Let us start with the observation that the (perturbative) 
topological string partition function is known to suffer from background depen- 
dence H129B • As a result the free energy does not transform as a proper modular 
form. The modularity can be restored, however, but then the resulting function 
is not holomorphic anymore H219L Instead it obeys the holomorphic anomaly 
equations H1171 ■ It is natural to suggest that a partition function which is both 
holomorphic and modular, is a candidate for a non-perturbative completion of 
topological string theory. This is argued in H148II . 

The claim is strengthened by the following discoveries. In a sequence of papers 
[ 220[ 12211 113111 the Dijkgraaf-Vafa correspondence between matrix models and 
topological string theory has been extended to arbitrary local Calabi-Yau geome- 
tries modeled on a Riemann surface E. As a result topological string amplitudes 
can be computed in terms of a simple recursion relation that originates from 
the theory of matrix models H2221 . The Eynard-Orantin formalism is closely re- 
lated to the Kodaira-Spencer formulation of the B -model, and may be viewed 
as the bosonized version of our fermionic formulation H223II . It would be valu- 
able to understand this non-commutative version of the familiar boson/fermion 
correspondence and its interpretation in terms of P-modules in more detail. 

Moreover, our formalism seems to be closely related to a non-commutative ex- 
tension of the Eynard-Orantin formalism, that is studied in [224]. The result- 
ing non-commutative invariants depend on two deformation parameters: The 
first deformation parameter is the usual topological string coupling constant A, 
whereas the second one is an independent non-commutative deformation. The 
connection to our 2?-module formalism should arise when we only turn on this 
second deformation. Turning on either of the deformation parameters is possibly 
equivalent. 



Let us also note that while we mainly studied the web of dualities Fig. 1.6 in the 
large radius regime, where the topological string partition function has an ex- 
pansion in terms of the usual Gromov-Witten and Donaldson-Thomas invariants, 
the P-module formalism suggests a relation to invariants in other regimes. Since 
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we need to make a choice of boundary conditions, when we turn a P-module 
into a quantum state, the final state is troubled by the Stokes effect: Solutions 
that decay faster can be added at no cost and the state changes when one crosses 
certain lines in the moduli space. This suggests that the P-modules we studied 
may be helpful in understanding the phenomenon of wall-crossing in Af = 2 
theories [ 225] 12261 . We discuss wall-crossing in Af = 4 theories extensively in 
Chapter [7} 

More mathematically, P-modules play an important role in the geometric Lang- 
lands program Il227l 11561 [2281 [229H . In the physical description of this pro- 
gram P-modules enter in the description of eigenbranes of the magnetic 't Hooft 
operator in a reduction of 4-dimensional Af = 4 gauge theory down to a 2- 
dimensional sigma model. However, in this sigma model (which is not yet cou- 
pled to gravity) the P-modules describe coisotropic A-branes. This is in contrast 
to their physical appearance in our intersecting brane configuration. 

There seems to be a deeper connection of our formalism to quantum integrable 
systems as they are studied in for example 1162] 11631 1230L Quantum curves 
feature in these quantum systems as so-called opers, that parametrize the base of 
the integrable system, in the same way that spectral curves parametrize the base 
of the Hitchin integrable system. It would be enlightening to find out whether 
the fermions on the quantum curve can be described in a similar way in terms 
of the quantum integrable system as holds in the semi-classical limit. Does this 
lead to a better description of the quantum fermion CFT on the quantum curve? 
Is our set-up related to WZW models based on opers in the geometric Langlands 
program [227]? Most importantly, we would like to be able to write down a 2- 



dimensional action for the quantum fermion theory. In Section 7.1 we succeed 
in writing down the action for a propagator in the I-brane geometry, but not yet 
for a 3 -vertex. 



Chapter 7 

Dyons and Wall-Crossing 



In this chapter we study examples of local Calabi-Yau threefolds that are modeled 



on a compact Riemann surface. We start in Section 7.1 with a family of Calabi- 
Yau's that are built on a 2-torus, and then consider threefolds based on a genus 
2 curve. In both examples we will discover nice automorphic structures and 
confirm the relation of the exponent of T\ to the fermionic determinant det 8. 

Notice that these compact curves have genera g > 0, and no asymptotic end- 
points at infinity. To compute their I-brane partition function we thus have to 
cut the curves in affine pieces. In the genus 1 example we employ the P-module 
techniques to glue the end-points of a cylinder. In the genus 2 example we use 
the topological vertex formalism to compute the contribution of a pair of pants. 

In Section \7.2\ and Section |7.3| we focus on the semi-classical contribution to 
the partition function on the genus 2 Calabi-Yau. This is summarized in an 
automorphic invariant that surprisingly turns out to count the number of non- 
perturbative BPS dyons in TV = 4 theories. We make this relation explicit in 
Section [7^2] Since the generating function of these BPS invariants merely corre- 
sponds to exp T\ in topological string theory, it is relatively easy to study addi- 
tional structures, that go beyond properties of the partition function in the large 
radius regime. 

Wall-crossing is one such topic. The charge of a BPS state varies over the mod- 
uli space of the theory. When it aligns with the charge of another BPS state, 
these BPS states can form a bound state. This gives a complication in the count- 
ing of BPS states. There are so-called walls of marginal stability in the moduli 
space, where the number of BPS states may jump. This is an important issue 
in M = 2 theories, but it also plays a major role in the counting of the above 
non-perturbative BPS states in 4-dimensional M — 4 string theory. 

One may wonder what happens to the generating function of such invariants 
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under a crossing of a wall of marginal stability, and whether this phenomenon 



has an interpretation in terms of the underlying Riemann surface. In Section 7.3 
we will answer these questions for quarter BPS dyons in Af = 4 theories. 



7. 1 Compact curves of genus 1 and 2 

Let us begin with finding Calabi-Yau threefolds that are modeled on compact 
curves of genus 1 and 2. The goal of this section is to analyze their all-genus 
partition functions in the framework of I-branes and P-modules. 



7.1.1 Elliptic curve 

A well-studied example is the geometry mirror to the total space of a rank two 
bundle over a 2-torus 

X : 0{~r) © 0(r) — > T 2 . (7.1) 

The latter has a description in toric geometry as gluing the toric propagator to 
itself with a framing factor r. This factor changes the intersection of [T 2 ] with 
the 4-cycles that project onto T 2 into ±r 111 2 1 11 - Here we show how one can use 
the free fermionic system living on the boundary of the non-commutative plane 
to completely solve this model and recover the existing results for the all genus 
topological string amplitudes for this background. 



The local T 2 model (7.1 1 has a simple interpretation in the B -model obtained 
after mirror symmetry. Note that we can write this geometry as a global quotient 
of C* x C x C. If we pick toric coordinates (e u , e v ,e w ), the identification is 

(u, v, w) ~ (it + £, v + ru, w — ru). 

This transformation is an affine transformation consisting of a shift (£,0,0) and 
a linear map 

(X o 0\ 
A= r 1 J G 5L(3,Z). 
\-r 1/ 

The linear transformation A is the monodromy of the fiber, when we view this 
non-compact CY as a T 3 fibration. Mirror symmetry will now replace the torus 
fibers with their duals, and the monodromy A with the dual monodromy A~ T . 
So the B -model can be described as a quotient of the dual coordinates given by 

(u, v,w) ~ (it + £ — rv + rw, v, w). 



In order to map this B-model to the NS5-brane and finally the I-brane, we have 
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to perform one more T-duality on the combination v + w. That coordinate is not 
touched by the action of the framing and it will be subsequently ignored. If we 
relabel the coordinates as 

x = u, y = v — w, 

we see that this gives indeed a T 2 curve, embedded as the zero section y = in 
the geometry B defined as the quotient of C* x C by 

(x,y) ~ (x + t-ry,y). (7.2) 

The A-model topological string partition function is computed as H1211 123 1 B 

Z top (t,X) = e-'^V^EQ'V^ 72 , 

R 

where Q = e~* with t the Kahler parameter of the torus and q = er x , whereas 
\R\ is the number of boxes of the Young tableau R and k r = 2 X)ne_R *(P) — J ('-')• 
After the mirror transformation t becomes the modulus of the elliptic curve T 2 . 
The instanton part of Z top can be rewritten in the form 

Z qu (t,\)= (7.3) 

= j A f[ (l + yQ n+l/2 g r(„+l/2) 2 /2^ ^ + y -l Qn +l/2 q -r( n +l/2)>/^ 

which is familiar from H2321 123311 in the case r = 1. In this model the genus 
zero answer does not have instanton contributions and so is given entirely by 
the classical cubic form !Fo{t) = —-^jt 3 , while at genus one the classical and 
quantum contributions combine into 

J 7 i(t) = -log» 7 (Q). 

The g-loop contributions T Q , for g > 1 and r > 0, incorporate only quantum 
effects. They are quasi-modular forms of weight 6g — 6 that can be expressed as 
polynomials in the Eisenstein series E 2 (q), E±(q) and E 6 (q), where 



2k ^ n k 1 q 



and B n are the Bernoulli numbers. 

In fact, it is well-known that this answer is reproduced by a chiral fermion field 
with action H234II 

S=- I d 2 xipU8- r\d 2 ) V>. (7.4) 

7T J T 2 
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We will re-derive this same answer from the fermionic perspective we have de- 
veloped in this thesis below. For now note that this action can be bosonized into 

112331 1235H 

S =~ j T / x (\ d ^- V ^ d ®*)> (7 - 5) 

which is closely related to the Kodaira-Spencer field theory on the Calabi-Yau 
manifold. This Kodaira-Spencer theory reduces to a free boson on a cylinder, 
while the framing quantizes into an action of the zero mode of the W 3 operator 
HT28H 

W^tdx^ 



o , 3 



This implies that Wfi defines how to glue the torus quantum mechanically, 

Z top -Trexp f-y W 3 



explaining (7.51. The action of Wq is quadratic in the fermions and therefore 



acts on the single fermion states. 

The topological string partition function ( |7.3| ) is obtained as the fermion number 
zero sector. Including a sum over the U(l) flux gives the full fermion partition 
function that corresponds to the I-brane. This can be thought of as a generalized 
Jacobi triple formula [236] . Adding the classical contributions we obtain 

Z(v,t,X) = 

6r 2 A 2 Q-l/24 JJ (1 + y Q»+l/2 ? r(n+l/2) 2 /2 )(1 + y -l gn+1/2 q -r(n+l/2f /2) 



-t 3 /6r 2 ^ 2 



e 

n=0 

oo 

+3 \ 2 



= y Pe ~ l ^ e ~ Pt /2, ' X Q P /2 - 1/24 q rp /6 - rp/24 Z qu (t + rp\,X) 

p— — oo 
oo 

= E y p z top (t + r P x,\). 

P— — CG 

In the second line we have extracted a factor e ~ t ~/ 2rX out of y. This is the result 
of turning on flux in the I-brane set-up, and corresponds to the D4-brane tension 
on the BPS side. Notice that the combination rp £ rZ. This is because rp is the 
Poincare dual of the four-cycle having intersection number ±r with [T 2 ] . Hence 
this indeed reproduces formula { 7.23} with an appropriate choice of cubic form. 



For r — this result reduces to the standard Jacobi triple formula 

7 6 3 {y,Q) ^ Q" 2 /V 

Zr =° = -^TfT = 1^ -^7vT ■ (7 - 6) 
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We now come to deriving < \7A} from the perspective of this thesis. From the 
considerations in the last chapters it is clear that we have a free fermion system 
living on T 2 with the standard action. The only subtlety has to do with the fact 
that T 2 is at the boundary of a non-commutative plane and as we will see this is 



crucial in recovering ( 7.4 1 . From (7.21 we see that x ~ x + t — r y. If we treated 
y as commuting with x we could set it to y = and we have a copy of the torus. 
But here we know that y does not commute with x. So we have a free fermion 
on a torus where the modulus is changed from 

t — > t — ry. 

The variation of t can be absorbed into the fermionic action by the usual Beltrami 
differential = St: 

S= [ d 2 xibUd + fid) ib. 

77 J T 2 

Here we need to substitute fj, = St = —ry. In the classical case where y is 
commuting, this would give fi = and we get the same system as the usual 
fermions. However, since x and y do not commute, we should view y = Xd x 
leading to (i = — ry = —rXd x . Substituting this operator for fi in the above action 



reproduces (7.4). We have thus re-derived the known result for the topological 



string in this background from our framework. 



7.1.2 Genus two curve 

An interesting generalization of the elliptic curve example is given by a local 
Calabi-Yau geometry containing a genus two curve. Its mirror model can be 



constructed using the topological vertex technology of Section 4.3.3 Although 
the vertex technology is able to deal with arbitrary toric curves, it is instructive 
to see this explicit case in more detail. 

Let us start in the A-model with the toric diagram of the resolved conifold 



0(-l) © 0(-l) — > P 1 (see Section 4.2.1 ) and identify the two pairs of par 



allel external legs, as shown in Fig. |7.1| In this section we refer to this geometry 
as X. The B-model geometry corresponding to X is a locally elliptic Calabi-Yau 
X, described by an equation of the form uv = H(x, y), where H vanishes on a 
compact genus two Riemann surface E. 

This B-model geometry is well-studied in H 14011 as an example of an elliptic 
threefold geometrically engineering a 6-dimensional gauge theory on E 4 x T 2 . 
The prepotential of this gauge theory is computed as the A-model partition func- 
tion of X. Since this is a topological vertex calculation, the all-genus partition 
function is known. Moreover, instanton calculus in the 6-dimensional gauge the- 
ory shows that it can be elegantly rewritten in terms of the equivariant elliptic 
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genus of an instanton moduli space. The equivariant parameter q equals e A on 
the A-model side. 

Explicitly, the A-model on X can be expressed in topological vertices as 

Ri,R 2 ,R 3 

where Qj = exp(— ti) represent the exponentiated Kahler classes of the legs with 
attached U(N) representations R t , and where Cr^r^ is the topological vertex 



(see Section 4.3.31. Notice that Cr 1 r 2 r 3 is symmetric under permutations of 



the Ri, while in terms of the toric graph it is more natural to use the variables 

Qa-=QiQ 3 , Q P :=QiQ 2 , Qu = Qi, (7.7) 
that exhibit the Z 2 symmetry between Q a and Q p . Using these definitions 

7(nnrrv\ V ft* TT O^V^Xl^V^) 
Z qu {q,p,a,v) - ^Q P R 11 (l-a h W 

R DG-R V ' 

fr (1 - Q k aQ,q h(D) )(l - Q k M»q- hia) ){l - Q h a Q^ D) ){l - g|g^V^) 

11 (1 _ Qfcgfc(D))2(l _ Qk q -h(n ))2{1 _ Qfc) 

And this may be rewritten as [123711 

Z qu (q, P ,<j,v) = 53Q*x((C 2 ) w ;Q«r,Q v )(g,g- 1 ) = (7.8) 

' / (l - Q^QrV 6+fc+1 )(l - Q^°Q- +1 g 2fc+fc+1 ) y fc+1)C( ' aJ ' c) 
11 HI (l-Q l p Q a a Q c u q 2b + k + 2 )(l~Q l p Q a a Qiq 2b + k ) J 

with 6 = —j, + l,j and q = e~ A , whereas the coefficients C(a, j, c) 

;d to the equiv 

,y,p,q) = II 



k,a>0, b=-j, 
l>0, cGZ 
2j>0 



are related to the equivariant elliptic genus of C 2 in the following way 

(i - yp n q)(i - i/-V« _1 )(i - yp'V'Hi - ry?) 



i2 



(l-^^-p^- 1 )^-^- 1 )^-^) 

= E E c ( a ^'' c )p a (^+'? 2(J " 1) + --- + ^ 2j )2/ c - 

Starting with the IIA background TN\ x X and going backwards through the 
duality chain, we find ourselves in the I-brane set-up on R 3 x T 4 x I 2 x S 1 . 
The genus two curve S is holomorphically embedded in the abelian surface T 4 
by the Abel-Jacobi map. The I-brane is the intersection of a D4-brane wrapping 
R 3 xE and a D6-brane wrapping T 4 x R 2 x S 1 . The aim of this section is to give 
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Figure 7.1: The resolved conifold with identified legs (left) and its mirror (right). The 
parameters t\, t 2 and t 3 parametrize the Kahler lengths of the toric diagram on the left. 



an interpretation of the above A-model result on X in the I-brane picture. 



The case A = 



As a result of the duality chain, we expect that the 1-loop free energy .T^top of the 
topological A-model equals the free energy T\, boson = — h logdet As of a chiral 
boson on E. Another sum over the lattice of momenta should then result in the 
chiral fermion determinant. Since not only the A-model partition function, but 
also the partition function of chiral bosons on a genus two surface is known, we 
can perform an explicit check of these conjectures. 



Singling out the A°-part of the A-model partition function ( 7.8 1, yields the sum 

•Fi.quGo, er, v) = c(kl, m) log 



k,L 



where the coefficients c(kl, m) are related to the Fourier coefficients C(a, j, c) as 

- r 1 

c(kl,m)=- J2[( 2b2 -Y2^ C( - kl ' J ' m+1)+ (7 - 9) 

C(kl,j, m - 1)) - (V + ^ C(kl,j, m) . 



i€(Z/2)> 6=-i 



Remarkably, the same relation can be found by rewriting the elliptic genus of a 
K3 surface, which is the unique weak Jacobi form of index 1 and weight 0. This 
elliptic genus has an expansion 

x(K3,t,z)= 24c{4h~m 2 )e 2m ( hT+mz \ 

/i>0,m£Z 
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and can be represented as an integral over the equivariant elliptic genus of C 2 : 

= _ v -i [ x 2 tt (jz vp^V 1 )^ - yp n -^g)^ - y-^q- 1 )^ - jTVg) 

V JK3 X 4 X {1-P n - I q- I ){l-P n - I q){l-P n q- I ){l-P n q) 

^( y + lVj\ q " )x^,y, P , q) , (7.10) 



A' 3 



A(x)A(-x) 



with q = e x and A(x) := J2k>o (fe+i)! ' Writing out this equation in terms of 
the K3 and C 2 coefficients, reveals exactly equation (7.91 where c(kl,m) is ex- 
changed with c(kl, m) = c(4kl — m 2 ). 

This identification implies that Zi m = exp(J r i iqu ) corresponds to the 24th root 
of the generating function of the elliptic genera of symmetric products of i^3's: 

N 



n, , sX -24c(4fei-m 2 ) 

( I _ e 2TTi{kp+la+rnv) \ (7.11) 

fc>(U>0, 

When the K3 surface is realized as an elliptic fibration, with 24 points on the 
elliptic base where the fibration degenerates in the simplest possible way, we 
can think about the K3 surface as consisting of 24 local TiVi-spaces. The above 
result then motivates us to relate Z lm to one such TN\ -factor. 

Furthermore, Z lm is closely related to the generating function 

/ \\ —c(4kl — m 2 ) 

e — TTi(p+<J+v)/l2 II ( 1 — e 2-ni(kp+l(7+mv) \ -^2) 

(kd,m)>0 

where (k,l,m) > means k, I > 0, m e Z, but m < when k = I = 0. The 
first terms on the second line of equation ( |7.11| ) have a clear interpretation as 
classical contributions to the genus 1 topological string amplitude (proportional 
to the Kahler class t = p + a + v). We loosely refer to the above generating 
function as the total genus 1 partition function Zi, top for the genus 2 Calabi-Yau. 

The 24th power of this topological partition function 

^W^^dT^ov with n= ( P V 

is well-known to both mathematicians and physicists. Mathematically, it is 
characterized by its nice transformation properties under the symplectic group 
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Sp(2,Z). The form $ 10 (fi) transforms as 

$io - (det(an + d)) w * 10 (o) 

under Sp(2, Z) -transformations. It is thus 5p(2, Z) -automorphic of weight 10. In 
fact, it is the unique form with this property H238 112391 . In relation to the topo- 
logical string amplitude, we should of course interpret fl as the period matrix of 
the genus 2 surface. 

The automorphic form l/^io is familiar in string theory as the partition function 
of 24 chiral bosons H2401 124111 . More precisely, it appears as the holomorphic 
part of the (worldsheet) genus 2 bosonic string partition function, or equiva- 
lently as the left-moving partition function of the heterotic string wrapping a 
genus 2 surface. Both partition functions describe 26 chiral bosons in the light- 
cone gauge. Effectively, their partition function thus captures 24 chiral bosonsj^] 

So after adding the classical contributions to T\ ,qu(X), we conclude that the 
total 1-loop partition function Zi ttop = exp(^ r i t0 p) of the B-model topological 
string on X equals the partition function Z boson of a single boson: 



In order to find the contribution to the all-genus partition function for small A, 
we have to consider JF top as well. In the B-model on X its second derivative has 
a simple interpretation: it is just the period matrix fiy of the genus two curve S. 
In terms of the mirror map, these periods will have classical contributions linear 
in p, a and r, and quantum corrections determined by Z qu (X). We will write 
these down in the next paragraph. Right now, let us conclude with 

Pl,P2SZ 



Automorphic properties 



Knowing the full instanton partition function (7.8 1 makes it possible to examine 
the A-corrections to .Fi.top explicitly. In fact, let us start more generally with the 



Gopakumar-Vafa partition function ( 4.47 1 



n n n na 

d£H 2 m£Z k — ~m n—1 



k-\-n 



Q d ) 



1 There is a subtlety here. Performed computations of this partition function show that, unlike for 
the partition function 1 /r; 24 of a heterotic string wrapping a 2-torus, the ghost determinants and the 
light-cone directions do not completely cancel out in the genus 2 configuration (see the remark in 
[ 242 ] ) . However, we expect that there exists a gauge choice in which there is a clean interpretation 
in terms of 24 bosons. We thank E. Verlinde for a discussion on this point. 
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In order to get the g-loop free energies we note that 

i og n(i-^ fe+ ') fe = 
k>i 

= + V 12 - l> log(i - Y) - A2 (4 - £ 4) Li -( y ) - • • • 

g>0 n>l 

where the degree 2g polynomials P2 g (l) are defined through the last equality. 
Hence 

m oo 

^ q u = -E A29 " 2 E E E (-ir +1 ^(fc)Gv»^^- 3 (Q rf )". 

g>0 d£H2 m£Z fc=— m n—1 

Making this expansion for the genus two Calabi-Yau X reveals that the coeffi- 
cients 

m 

c * = E E (-i) ro+1 ^ s (fe)Gvy 

are the Fourier coefficients of Jacobi forms J g ((7, y) = J2k i c s(^ 09*V °f weight 
2(7 — 2 and index 1. More precisely, we can write the T g \ as 

T g {X Q p , Q a ,Qv) = - E c ^> TO ) E « 2 ^ 3 (QpQ^D" 

k,l,m n>l 

= -E< E ™ 29 ~ 3 E 

AT>0 fcra=JV Z>0,m 

= -E< E a^- 3 |V 2 'j s 

AT>0 fcn=W fc=0 

= ^ E Qp T 9,N(Jg), 
N>0 

where T g ^ are Hecke operators acting on Jacobi forms of weight 2g—2. This im- 
plies that all Stop's are lifts of Jacobi forms, and therefore almost automorphic 
forms of 0(3,2, Z) = Sp(4,Z) Il243ll . 

Interpretation in the duality chain 

First of all, notice that the partition function of X can be build out of topological 
vertices, and as such is known to have an interpretation in terms of chiral bosons 
and fermions H171 11281 11311 . The duality chain elucidates these observations: 
the chiral fermions can be identified with the intersecting brane fermions. More- 
over, the B-field on the D6-brane makes it necessary to treat these fermions as 
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non-commutative objects, which gives an explanation for the nontrivial trans- 
formation properties in [128]. 

In terms of the gauge theory picture we can just refer to H1401 . Here it is shown 
that the six dimensional gauge theory on TNi x T 2 can be engineered with 
matrix model techniques, revealing E as the Seiberg-Witten curve, whose period 
matrix equals the second derivative of .Fo.top- 

Finally, the automorphic properties of T tov seems to fit in best in the M5-brane 
frame of the duality chain. Recall that S-duality relates IIB on TN\ x X to a 
NS5-brane wrapping around TN\ x E in the background TN\ x T 4 x R 2 . This 
lifts to a M5-brane in M-theory on TN% x T 4 x M 2 x S 1 . Since the M5-brane 
partition function is expected to be an automorphic form of 0(3,2,Z) H244II , 
this perspective offers a physical reason for the automorpic properties. 

Actually, we know exactly which Jacobi forms enter: J = 0-2. i is the unique 
Jacobi form of weight —2 and index 1, J\ = — jk<t>a,i = — ^jx(^3, q, y) as we en- 
countered before, J 2 = 250^-2,1, ^3 = -q^E & (I)_2s and J 4 = yfhoo^-^ 
etc. Interestingly, these can all be defined as twisted elliptic genera of TN± in 



the sense that (compare with (7.10)) 

Jg{l,v) = 

_ -1 f x 4-2g TT (1 - ^"-^-^(l - OT"- 1 g)(l - y-Vg-'Kl - y'Vg) 

V Jt Ni X 4, (1-p"- 1 9- 1 )(i-p"- 1 9)(1-p"'z- 1 )(1-p"9) 

coinciding with the M5-brane point of view. This results longs for a two dimen- 
sional conformal field theory interpretation. 



7.2 Quarter BPS dyons 

The next few sections center on the weight 10 Igusa cusp form 

$ w { P ,o,v)= pqy n (i-/ 9 y") 24c(4fe ^ m2 \ 

(k,l,m)>0 

with p = cxp(2nip), q = exp(2nia) and y = exp(27iw), that we encountered in 
equation ( 7.1 ip when analyzing the semi-classical contribution to the topologi- 



cal partition function on the genus 2 Calabi-Yau. Let us explain why it plays an 
important role in the counting of quarter BPS states in an Af = 4 compactifica- 
tion of string theory down to 4 dimensions. 

One perspective to study 4-dimensional = 4 string theory is in the framework 
of type II theory as a K3 x T 2 compactification. Another duality frame is het- 
erotic string theory compactified on a 6-torus. The heterotic compactification is 
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described by an J\f = 4 supergravity multiplet coupled to 22 additional vector 
multiplets. In this compactification a vector multiplet consists of a single vector 
field and six real scalars, while the supergravity multiplet contains the metric, 
the heterotic axion-dilaton field and six graviphotons. Altogether there are 28 
£7(1) gauge fields, and hence 28 electric and 28 magnetic conserved charges. 
Both the magnetic charge vector P and the electric charge vector Q are elements 
in the lattice T 22,6 . They may be combined into a charge matrix 



on which heterotic S-duality acts as a SL(2, Z) transformation. From the type 
IIB point of view the heterotic S-duality group is visible as a geometric T-duality 
group that acts as the mapping class group on the T 2 -factor. 

Half BPS states in N — 4 string theory are relatively easy to describe. They either 
carry a purely electric or magnetic charge, so that they can be counted in the 
perturbative regime of heterotic string theory in terms of 24 bosonic oscillators 
in the left-moving sector. This yields 

/ e -TriQ 2 a 
da , (7.14) 

states with electric charge Q, and an analogous formula for the number d(P) 
of magnetic states with charge P (now using p as integration variable). These 
formulas suggest that counting half BPS states in TV = 4 string theory is in some 
way related to 24 free bosons on a genus 1 surface (compare for example with 
formula (7.6) and with the K3 and the M 4 example in Chapter^. 



Quarter BPS states are more complicated to analyze. As observed in 11245] , it is 
natural to introduce the genus 2 period matrix 



CI = 



a v 



as this decouples into two genus 1 period matrices when v — > 0. The com- 
plex structure parameters of the resulting tori describe the half-BPS electric and 
magnetic states. The degeneracy formula 

d(Q, p) = (-1)*™ j dn ^ (7.15) 

indeed reduces to a product of the electric with the magnetic half-BPS formula 



(7.141 when the limit v — > is taken. Notice that the degeneracies d{Q,P) 
should be invariant under the symmetries of the charge-lattice. Indeed, they 
are functions d(l/2Q 2 ,Q ■ P,l/2P 2 ) in terms of the integer invariants 1/2 Q 2 , 
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1/2 P 2 and QP on the even lattice r 22 ' 6 ©r 22,6 . The physical relation of quarter 
BPS states to the genus 2 surface with period matrix fl is not immediately clear 
at all, though. As we explain in a little bit, this relation can be understood 
through a number of string dualities. 

Recent years have seen a lot of progress in the understanding of the BPS spec- 
trum of 4-dimensional j\f = 4 string theory. For example, the above proposal 
for the generating function of BPS states has been extended to so-called CHL 
orbifolds H246H . In the heterotic string perspective such a CHL compactification 
is obtained by orbifolding T 4 x S 1 x S 1 by a Zjy symmetry, that is generated by a 
product of an internal symmetry together with an order TV translation along the 
circle S 1 . The original Dijkgraaf-Verlinde-Verlinde partition function as well as 
its CHL extension are now fairly well-understood. They have passed all consis- 
tency checks performed so far, such as SL(2,Z) invariance (on which we come 
back in Section [T^]) and agreement with black hole physics H2471 12481 12491 ^\ 



Schematically, the genus two surface occurs in the dyon counting problem in 



the following way, illustrated in Fig. 7.2 [250, 242]. Consider type IIB string 
theory compactified on K3 x T 2 . Half BPS states (that are pointlike in the non- 
compactified directions in ]R 4 ) in this frame are represented as bound states 
of D5/NS5-branes that wrap the if 3-fold, with D3-branes that wrap some 2- 
cycles in the K3 and with Dl/Fl-branes. The total bound states furthermore 
wraps one cycle of the T 2 , depending on whether the half BPS state is electric or 
magnetic. A quarter BPS state carries both electric and magnetic charges. It can 
be represented by a network of D5 and NS5-brane bound states that is embedded 



in the 2-torus. An example of such a network is shown in Fig. 7.2 It consists 
of two three-vertices that are known as three-string junctions. Compactifying 
the time direction, in order to calculate a partition function, and lifting into M- 
theory we obtain Euclidean M-theory compactified on K3 x T 4 . The BPS dyon 
is now represented as an M5 brane wrapping K3 times a genus two Riemann 
surface £ that is holomorphically embedded in T 4 . Electric BPS states wrap one 
A-cycle on £ while magnetic BPS states wrap the other one. Since an M5-brane 
that wraps a A'3-surface is dual to a heterotic string, we furthermore recover the 
partition function l/$io of 24 chiral bosons on a genus two surface (although 
there are some unsolved subtleties H242||260l0 . 

This is very similar to the M5 -brane description of topological string theory on 



a non-compact Calabi-Yau threefold as alluded to in Section 7.1 In fact, when 
we view the AT3-surface as 24 copies of a TN\ -space and the M5-brane wrap- 
ping this AT3-surface as 24 M5-branes each wrapping a copy of TN\, the set-up 
reduces in type IIA to the intersecting brane background 

IIA: M 3 x (E c T 4 ) x M 2 (7.16) 



2 See also |70 250, 251 , 252 253 242 254 255 256, 257, 258 259 260 261 262 263]. 
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(1) 



K3 

x 



T 2 




(2) 




Figure 7.2: (1): BPS dyons in an H = 4 compactification of string theory on K3 x T 2 
correspond to D4/NS5 brane wrappings over the internal K3-manifold times a circle in T 2 . 
Depending on which 1 -cycle in the T 2 is wrapped the resulting 4-dimensional BPS particle 
will carry electric or magnetic charge. (2): When both 1-cycles in the T 2 are wrapped it is 
more efficient for the branes to recombine into a network wrapping the T 2 . 



with 24 D4-branes wrapping l 3 xS and a D6-brane wrapping T 4 xE 2 , that in- 
tersect on the genus 2 surface £. This relates the appearance of the automorphic 
form <I>io as the semi-classical amplitude T\ in topological string theory and as 
a dyon index in 4-dimensional M = 4 string theory physically. 

In this first section about quarter BPS dyons we explain the duality between the 
TV = 4 dyons, string webs and the genus two surface in detail. We pay extra 
attention to the dependence on background moduli, as this will be important in 
the description of wall-crossing in the next section. In Section 7.2.1 we review 
and extend the results of A. Sen in H264H in detail and discuss how the 1/4- 
BPS dyons are realized as a periodic network of effective strings in type IIB 



frame at arbitrary moduli. In Section 7.2.2 we review and extend the results 



of S. Banerjee et al. in [J260 ] by going to Euclidean M-theory and analyze the 
Riemann surface wrapped by the M5 brane that makes up the 1 /4-BPS dyon. 
In particular we analyze the complex structure of the surface and its relation 
to the stability of the dyon states. On general grounds and from earlier results 
we expect the Riemann surface to degenerate in a certain way when the moduli 
cross a wall of marginal stability H2541 12561 . We analyze wall-crossing in great 
detail in Section [731 



7.2.1 The five-brane network 

Following S. Banerjee, A. Sen and Y. Srivastava H260L in this subsection we 
consider 1/4-BPS dyons made up from a type IIB T 2 -compactified network of 
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effective strings which are bound states of (p, q) strings and K 3-wrapped five- 
branes. Working in the limit of large if 3 and thus heavy five-branes and using 
the supersymmetry condition of the network H264L we will write down explicit 
expressions for the shape and size of the network with a given range of values 
of the IIB axion-dilaton field A and the complex structure r of the 2-torus. After 
that we briefly discuss how the network is realized at generic values of moduli, 
while leaving the details to Section [73T 

First consider type IIB string theory compactified on the product of a if 3 mani- 
fold and a 2-torus which we shall call T? 11B y and two effective strings wrapping 
the two homological cycles of the torus. Each effective string is a bound state of 
Fl and Dl string together with NS5 and D5 branes wrapped on if 3. 

To be more specific, let's consider the following charges. Suppose we have the 
Q effective string, which is a bound string of a (711,712) string together with a 
if 3-wrapped (qi,q 2 ) five-brane, wrapping the A-cycle of the T? lIB y Wrapping 
the B-cycle is what we call the P effective string, which is a bound string of 
a (mi,m 2 ) string together with a if3-wrapped (jpx,P2) five-brane. The three 
T-duality invariants corresponding to this charge configuration are given by 

22 2 
Q 2 = 2^n i q l , P 2 = 2^miPi, Q ■ P = '^ J (m i q i + riiPi) . (7.17) 

2=1 i—1 i—1 

In the limit of large if 3, the tension of the Q- and P- string are given by 

Tq = qi - A<?2, T P =px- Xp 2 (7.18) 

(pi 

rescaled by a factor of the volume of if 3 in 10-dimensional Planck unit V^ 3 = 
Vr- 3 A 2 . Here Vxa denotes the the volume of if 3 in string unit, and —A = — Ai + 
1X2 is the axion-dilaton of the type IIB theory. In particular, the string coupling 
is given by g s = A^ 1 . Similarly, we will denote by — f = — t\ + ir 2 and R 2 b t 2 the 
complex structure and the area of the type IIB torus 7^ 2 IIB ) respectively. 

Using the above convention, the SL(2, Z) x SL(2, Z) symmetry of the theory acts 
as 

and independently 

for all (ri,r 2 ) strings or five-branes. The second symmetry is the type IIB S- 
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duality, while the first symmetry is the modular transformation of the type IIB 
torus T? us y which is mapped to the S-duality of the heterotic string under string 
duality. 

It will turn out to be useful to organize the above complex structure of the 
torus T( 2 IIB ) and the type IIB axion-dilaton field in terms of the following 2x2 
symmetric real matrices 

t 2 \ n l ) A 2 V m 1 

which transforms as M T — > jM T "/ T and M\ — > ^' M\^' T under the above 
SX(2,Z) x SX(2,Z) transformation. Furthermore, we will use the following 
standard metric on the space of 2 x 2 symmetric real matrices X 

\\X\\ 2 = detX , (7.20) 

such that both M Tl M\ have unit space-like length. 

To make the analysis more explicit, let us assume a certain orientation of the 
string network, given by q\p 2 — P\q 2 > 0. To ensure the irreducibility of the 
string network made of the (qi,q 2 ) an d the (pi,p 2 ) five-branes, we will further 
require q\p 2 — q 2 pi = 1, namely that the corresponding 2x2 matrix 



r = 



pi pi 



is an SL(2, Z) matrix [242 ] . The generalization to the charges with T e GL(2, Z), 
including the opposite orientation of the string network with q\p 2 — p\q 2 = —1, 
is a straightforward modification of the following discussion and will not be 
separately discussed herd^]. 

Simple kinematic consideration, or relatedly supersymmetry requires that the 
three lines meeting at a vertex satisfy the following constraints [264 ] . The angles 
formed by the three legs meeting at a vertex in the periodic string network must 
be the same as the angles formed by the three tension vectors ( 7.18| ) of the 



corresponding charges in a complex plane. Two examples are shown in Fig. 7.3 



As we shall see shortly, how the supersymmetric network will be realized de- 
pends on the background moduli of the theory. For the time being, let us focus 



on the one specific case depicted in the first figure in Fig. 7.3 In this case 
the statement about the angles simply means the following. If we view the com- 
pactification torus as C/i?s(Z — fZ) and draw the network on the same complex 



3 It simply involves exchanging r and r in equations l |7.22} - l |7.23| l, l |7.24| , l |7.3l| l, l |7.34| , 
(739} , {7l42} . 
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plane, the three vectors ^1,2,3 £ C in this periodic network are given by 

h = h(T Q + Tp), £ 2 = t 2 T P , £ 3 = t 3 T Ql (7.21) 



where the tension vectors Tq,p are given in ( 7.18 1 and £1,2,3 G are the length 
parameters given by the background moduli in a way we will now describe. 

The fact that this network fits in the geometric torus T? IIB <. means the length 
parameters satisfy 



h + i 3 h 
h h + t 2 



Tq 



h + h 



— T j 

(7.22) 



for some angle 6 as shown in Fig. 7.3 The obvious fact that 

{T Q + Tp)l x + T P £ 2 + Tq£ 3 g K+ 

then gives 

= Ar g (T Q -TT P ). 



(7.23) 



The mass of the string network, which is given by the sum of the product of the 
length of the legs in the type IIB torus and their respective tension, is then given 
by 



M„b = (T Q + T P % + T Q £ 2 + T P I 3 = RbV K3 \2 | T q - tT p 



(7.24) 



Furthermore, by first solving (7.221 for the simplest case with T = t 2x2 and 



considering other solutions related to it by a type IIB S-duality (7.19 1, we obtain 



the expression for the lengths of the three different legs in the string network 



h + t 3 

h 



h 

h + h 



l R\r 2 M-i + jT-YMxT- 1 
A 2 WM^ + iT-^MxT-^ 



Like in equation (7.71 this shows that the lengths of the string network are 
naturally expressed in terms of variables t\, t x + t 2 and ti + t 3 . As will become 



clear in equation (7.401, the above matrix corresponds as well to the period 



matrix of the genus 2 surface. The string network is thus equivalent to the toric 



graph in Section 7.1.2 



While the quantity on the right-hand side depends on our specific choice among 
charges lying on the same T-duality orbit and furthermore its derivation is only 
valid in the part of the moduli space with Vk 3 » 1, in what follows we shall see 
how this quantity can naturally be written as an T-duality invariant expression 
which is well-defined for general values of moduli. 

From the 4-dimensional macroscopic analysis we know the BPS mass of a dyon 
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Figure 7.3: An example of the effective string network, with {qi,q^} = (1,0) and 
(pi,P2) = (0, 1). Which one of the network is realized depends on the sign of the off- 
diagonal component of the moduli vector Z. 
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should be expressed in terms of the charges and the moduli in a specific way 
H2651 12661 125911 - Especially, in the heterotic frame it depends on the right- 
moving charges only, which can be combined into the following T-duality in- 
variant matrix 



i,Pr 



Qr ■ Qr Qr ■ Pr 
Qr ■ Pr Pr • Pr 



and further combined with the heterotic axion-dilaton into the matrix 

1 ( 1 -ri\ , 1 ( Pr-Pr -Qr ■ Pr 



Z n\-ri \r\ 2 ) + \\A Qr ,p r \\{-Qr-Pr Qr-Qr)' (7 ' 25) 

which is again invariant under T-duality transformation. 

In terms of these 2x2 matrices, the mass in string frame is given by 

M? IB = V K3 R% \ 2 2 (\Q R - fP R \ 2 + 2r 2 ||A Qr , Fb | 

= V K3 R%T 2 \ 2 2 \\A QRt p R \\ \\Z\\ 2 . (7.26) 



Comparing with the mass formula for the string network (7.241, we can read 
out the expression for Qr, Pr 



i A Qr,Pr\\ 



and thus 

Z = M- 1 + (T- 1 ) T M X T- 1 . 

From this we see that the moduli vector Z has the following two physical roles 
in the type IIB supersymmetric string network. First its length gives the mass of 
the network as in d7.26] > . Furthermore its direction dictates the relation between 
the lengths of various legs of the network by 



'l+'.i 'J- \ / Z (7 27) 



h h + t 2 j y a 2 \\z\y 

But there is clearly a problem with this formula. As the reader might have 
noticed, the above formula is devoid of a geometric meaning when one or more 
of the length parameters ^ is negative. To take the simplest example, while the 
diagonal terms of the matrix Z are manifestly positive ( 7.25ft , the off-diagonal 



term can be of either sign. It means that when the entries of Z fail to be all 
positive, for example, the network we have just described cannot exist. 
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The solution to this problem is the following. As we have mentioned earlier, 
there are more than just one possible way to realize a supersymmetric string 
network with given AD charges. For illustration let's now consider the following 
example. Writing Z = ( z % z 2 2 ) and assume z\, zi > — z > such that the network 
we discussed above does not exist, we will now see that the network is realized 
as a periodic honeycomb network with three legs given by 



ii = t 1 {T Q -T P ), e 2 = -t 2 T P , i 3 =t 3 T Q . (7.28) 
Repeating the same analysis as before we obtain the same expression for the 



angle 9 which measures the "tilt" of the network (7.231 and the mass of the 



network ( 7.24 1, but now the length parameters are given instead by 



h + h -h 
-h h + 1 2 



R 2 b t 2 z 
A 2 ||.Z|| 



(7.29) 



It is then easy to see that the above network ( 7.28 1, shown in the second figure 
in Fig.|7.3[ does exist for the range of moduli space zi,z 2 > —z > 0. 



In general, as will be discussed in detail in Section 7.3.1[ for any arbitrary point 



in the moduli space, exactly one network which is given by effective strings with 
charges aQ + bP and cQ + dP wrapping the cycles dA — cB and — bA + aB, will 
be realized. Here we again use A and B to denote the A- and S-cycle of the 
compactification torus T( 2 IIB ) • And the integers 



7 



S GL(2,Z) 



are determined by the value of moduli, which is given by the values of A, r in 
the five-brane system we consider. Recall that the requirement that the inverse 
of an element in GL(2, Z) is again an element of the same group means that the 
matrix 7 must have determinant ±1. 

In more details, the periodic network will consist of three legs given by 

e 1 =t 1 ((a+c)T Q + (b+d)T P ), £ 2 = t 2 (cT Q + dT P ), £ 3 = t 3 (aT Q + bT P ) 
with length parameters given by 



h + 1 3 h 
taui t\ + 1 2 



A 2 \\Z\\ 



(7.30) 



As will be explained in more details in Section 7.3.1 for a given point in the 
moduli space, the integral matrix 7 has to satisfy the requirement that the above 
equation has a solution with £1,2,3 G R+- 
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7.2.2 The Riemann surface 

Following the idea of [250] and adopting the approach of [260], in this sub- 
section we study the holomorphic embedding of a Riemann surface wrapped by 
the M5 brane in Euclidean M-theory which makes up the 1/4-BPS dyons of the 
theory. In particular, following [260] we write down the period matrix of such 
a surface for generic values of the moduli of the theory, and discuss the rela- 
tionship between the degeneration of the surface and the crossing of walls of 
marginal stability where some dyon states might become unstable. 

In order to compute the dyon partition function of the compactified type IIB 
theory discussed in the previous Subsection, it is necessary to go to the Euclidean 
spacetime with a Euclidean time circle. Now recall that type IIB compactified on 
a circle is equivalent to M-theory compactified on a torus, which we will refer to 
as the "M-theory torus" T? M y by a T-duality transformation followed by a lift to 
eleven dimensions. In particular, letting the eleventh-dimension circle to have 
asymptotic radius Rm, the complex moduli and the area of the M-theory torus 
T? M s are given by the type IIB axion-dilaton as —A and R 2 M X 2 . 

In other words, in order to discuss the dyon partition function we consider M- 
theory compactified down to E 3 on the internal manifold K3 x x T? UB y 
Since the configuration we will be considering is the M5 brane wrapping the 
whole A3, we will now focus on the x T( 2 IIB ) factor whose moduli play the 
most important role in the rest of the Chapter. Clearly, it can be thought of as 
a space of the form C 2 /A, where the two complex planes can be taken to be 
the complex planes associated with the tori and T? IlB -. respectively. Writing 
the coordinate of the two complex planes as zi = xi + iyi and z 2 = x 2 + iy 2 , 
the lattice A is generated by the following four vectors in M 4 parametrized by 

(Xi, 2/1,352, 2/2): 

ei =R M (1,0,0,0) 

e 2 = R M (— ReA, -ImA, 0, 0) 

e 3 = R B (0,0,Ree ie ,Ime ie ) 

e 4 = i? B (0,0, -Re e 4< r, -linear) . (7.31) 
For convenience we have chosen the coordinates of R 4 such that the Q-string 



lies along the x 2 -axis. See Fig. 7.3 



A priori there is no reason to require the two tori and T? IIB ^ be orthogonal 
to each other. A non-zero inner product in R 4 between the vectors {e\, e 2 } and 



{e 3 , e4}(7.31 1 corresponds to turning on time-like Wilson lines for the B- and 
C- two-form fields along the A- and B-cycles of of compactification torus T? JIS , 
in the original type IIB theory. But since they are absent in the Lorentzian type 
IIB theory we started with, in most of the following discussion we will assume 
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that such a cross-term is absent. 

After describing the M-theory set-up we now turn to the dyons in the theory. 



The type IIB effective string network discussed in Equation ( 7.17 1 now becomes 
a genus two Riemann surface £ inside T 4 upon compactifying the temporal 
direction and going to the M-theory frame, which has the effect of fattening the 



network in Fig. 7.3 As usual, we would like to choose a canonical basis for the 
homology cycles of the Riemann surface £ such that the A- and B-cycles have 
the following canonical intersections: 

A a nB b = 5 ab , A a n At = B a n B b = 0, a,6=l,2. (7.32) 



We now choose the basis cycles A ly2 and S 12 as shown in Fig. 7.4 Beware that 
they are not directly related to the A- and S-cycles of the tori T? us , and T? M y 

From the charges of the network, which translate in the geometry into the ho- 
mology classes of the two-cycle in T 4 wrapped by the M5 brane, we see that the 
Riemann surface £ defines a lattice inside R 4 , with generators related to those 
of A in the following way 



W=rW, fa™ =h. (7.33) 



\§A 2 dX ) V e 2/ ' \§B 2 dX ) V e 4 

In the above formula, dX = (dx\, dyi, dx2, dy^) is the pullback on the Riemann 
surface £ of the one-forms on M 4 in which £ is embedded/*] It is easy to see 



that the this lattice is identical to the lattice A (7.31 1 generated by ei..., 4 which 
defines the spacetime four-torus in R 4 , as long as we restrict to the M5 brane 
charges with |detT| = g.c.d.(Q A P) = 1. We shall say more about the role of 
this lattice for the Riemann surface £ shortly, but for that we will first need to 
discuss the complex structure of this surface. 

The spacetime supersymmetry requires that the genus two Riemann surface to 
be holomorphically embedded in the spacetime T 4 . To find the period matrix of 
the Riemann surface, we are interested in finding the complex structure of M 4 
which is compatible with the holomorphicity of £. By definition this complex 
structure will then determine the complex structure of the Riemann surface. 
Using the natural flat metric on R 4 , its volume form is given by 

vol = dxi A dx 2 A dyx A dy 2 , 

and the space of self-dual two-forms in R 4 will then be spanned by the following 



4 For convenience and given that there's little room for confusion, here and elsewhere in this 
section we will not distinguish in our notation for a form in K 4 and its pullback along the embedding 
map (7.371 onto the Riemann surface. 
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three two-forms 

fi = dxi A dyi - dx 2 A dy 2 
f 2 = dx\ A dy 2 + dx 2 A dyi 
f 3 = dx x A dx 2 + dyi A dy 2 . 

Recall that this 3-dimensional space corresponds to the S 2 worth of complex 
structures of the hyper-Kahler space R 4 in the following way. For a given com- 
plex structure two-form T, the space of self-dual two-forms is spanned by the 
(2,0), (1,1) and (0,2) form T = Ti + iT 2 , J and T = Ti - iT 2 , where J is the 
Kahler form. From 

TAT = JAJ = vol 

TAT = TAJ = 0, 

we conclude that J, Ti,T 2 are mutually perpendicular in the pairing ^j- for 
two-forms and Ti A Ti = T 2 A T 2 = \ J A J. 

If the Riemann surface U is holomorphically embedded in R 4 with respect to the 
complex structure T, the following condition is satisfied 

T = 0. 

s 

To find the complex structure T compatible with the holomorphicity of S we 
therefore have to find a vector J in the 3-dimensional space of self-dual two- 
forms, such that the plane normal to it is the plane of all two-forms / satisfying 
f s f = 0. This plane will then be the plane spanned by Ti and T 2 . From 
( |7.33 1 we can compute the value of /i, 2 ,3 integrated over the surface S using 



E 



the Riemann bilinear relation. From the results 

/i = 

J h = -RbRm Im (e~ w (( qi - \q 2 ) - t(pi - Apa))) = 

J / 3 = RbRm Re {e- l9 {{qi - ~\q 2 ) - r( Pl - Xp 2 ))) (7.34) 

= RbRm - Aq 2 ) - r{pi - \p 2 )\, 

we see that the correct complex structure of R 4 that gives the holomorphic em- 
bedding of the surface £ is as follows 



T = fx + if 2 = wi A w 2 , wi = dxi + idx 2 , w 2 = dyi + idy 2 
J=h- (7-35) 
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In particular, the above one-forms wi, w 2 form a basis of the holomorphic one- 
forms on the Riemann surface when pulled back along the embedding map. 
Notice that, although the above expression for the complex structure T seems to 
be independent of the charges and moduli, this is not quite true since we have 



hidden the dependence in our choice of coordinates x\ 2,2/1 2 of M 4 (7.31 1. More 



explicitly, one can view the complex structure as charge- and moduli-dependent 



through our definition of the angle 9 ( 7.23 1. 



Now we are ready to discuss the embedding of E into the spacetime tori T ( 

T 2 

J (IIB)- 

given by the complex torus J(E^) 
generated by the 2g vectors 



(M) 



Recall that the Jacobian variety of a genus g Riemann surface ZJw is 

CVA(£ (g) ), where A(E&) is the lattice 





Wi,- 


"■>§Ax 


Wg) 




Wi,- 




Wg) 




W\,- 




w g) 




Wi,- 


•''fa, 


Wg) 



(7.36) 



and {wi,- 



j} is a basis of one-forms on the Riemann surface which are holo- 



morphic with respect to its given complex structure. The following map, the 
so-called Abel-Jacobi map, then gives a holomorphic embedding of the Riemann 
surface E^ into its Jacobian A(E^): 



(7.37) 



where Pq is a given arbitrary point on E^. Notice that the Jacobian is defined 
in such a way that the above map is well-defined, namely that the images are 
independent of the path of integration. In the case of our genus two surface E, 
using the holomorphic one-forms w\ , u>2 given in ( 7.35[ ), from ( 7.33} we see that 
A = A(E), and therefore the Jacobian of the surface J{E) is naturally identified 



with the spacetime T 4 . The Abel-Jacobi map (7.371 therefore provides us with 
an explicit holomorphic embedding of the M5 brane Riemann surface E into the 
spacetime torus, as was suggested in [250]. 



After discussing the complex structure and the embedding of the surface, now 
we are ready to compute its normalized period matrix fl. Consider two holo- 
morphic one-forms (wi 1112) — (wi W2)V, where V is a real 2x2 matrix, such 
that 




(7.38) 



7.2. Quarter BPS dyons 



213 



The (normalized) period matrix ft = Reft + i Imft is then the symmetric 2x2 
matrix given by 



ft 



)- 


(: 


:) 









p,a,ve 



Comparing (7.38) and the first part of (7.33 1 one can easily obtain the explicit 
solution for the real matrix V. Integrating the resulting W12 over the B-cycles 
then gives Reft satisfies 



imor 



jo 



Ri 
R 



1 



(7.39) 



Up to a multiplicative factor involving the M-theory radius, this is exactly the 
same equation (7.22 1 that the matrix of the length parameters £1,2,3 of the type 



IIB string network satisfies. We therefore conclude that the period matrix of 
the genus two curve wrapped by the supersymmetric M5 brane configuration is 
given by 

Z 

Ww 



Imft 



R\l^2 



Reft = 0. 



(7.40) 



Note that the direction of the above vector in R 2 ' 1 is given by the moduli vector 



Z ( 7.25 1, while the length is given by the ratio of the area of the two spacetime 
tori. And the requirement ||Imft|| S> 1 for rapid convergence of the partition 
function is the physical requirement that we work in the low temperature limit 
in the type IIB frame in which R%t 2 » R 2 M A 2 . 



The fact that the period matrix is purely imaginary is really a consequence of the 
fact that our two spacetime tori T 2 M ^ and T? lm -, are orthogonal to each other, 
which in turn reflects the absence of temporal Wilson lines in the original type 
IIB setup. If these Wilson lines are turned on, the real part of the period matrix 
will instead be 



Reft = (J 1 B /\T ' 



(7.41) 



where B t i,B t 2,Cti,C t 2 denote the background two-form B- and C-fields along 
the A- and B-cycles of the torus T? im -. and the temporal circle in type IIB. The 
extra condition on these Wilson lines Reft = (Reft) T could be thought of as a 
part of the supersymmetry condition, since if the Wilson lines do not satisfy this 
condition, the holomorphic embedding of the M5 brane world volume into the 
spacetime four-torus is not possible with respect to the given complex structure 
T (7.351. Put in another way, turning on the temporal Wilson lines for the 



two-form fields will generically change the complex structure of the surface E, 
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with exception when ( [7.41 ) is satisfied. But as mentioned before, we will not 



consider this possibility further. 

Finally we would like to comment on the fact that the surface area of the holo- 
morphically embedded genus two surface £ is simply given by 

A s = J J = | J (w 1 Aw 1 +w 2 /\w 2 ) = RmRb \T q - tT p \ (7.42) 



as already computed in ( 7.34} . As expected, the surface area is related to the 



mass of the BPS object in the following simple way 

where the quantities with the superscript {u) denote the quantities in the M- 
theory unit. 

This relation between the mass and the area of the corresponding Riemann sur- 
face suggests a geometric way of understanding the walls of marginal stability, 
defined as the subspace in the moduli space where the BPS masses of the com- 
ponents of a potential bound state sum up to the BPS mass of the total charges. 
When the Riemann surface degenerates in such a way that it falls apart into dif- 
ferent component surfaces which are simultaneously holomorphic, the area of 
the combined surface clearly equals to the sum of the area of each component 
surface. Upon using the above relation between the area and the BPS mass, this 
then directly translates into an expected correspondence between the wall of 
marginal stability and wall of degeneration of the surface S. 




One simplest example of the above-mentioned phenomenon is when the genus 
two curve S degenerates in such a way that it splits from the middle and falls 
apart into two tori as shown in Fig. |7.4| In this simple case, one can indeed 
check explicitly that the criterion on the period matrix for such a degeneration 
to happen is exactly the criterion that the mass, or the surface area, becomes the 
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sum of the contribution of the two components 

n=fj i4 £l + A E2 = A s (7.43) 

where A El — \qi — A^2 1, ^2; 2 = | — — Ap2)|- In other words, the above wall 
of marginal stability is the co-dimension one subspace of the moduli space such 
that the two tori defined by § A dX, § B ^ dX and § A dX, § B ^ dX respectively 



(7.331, are simultaneously holomorphic with respect to the complex structure 



T. 

To obtain a geometric understanding of the physics of crossing the walls of 
marginal stability, in the following subsection we will study the degeneration 
of the genus two Riemann surfaces of this kind in detail. As we shall see, this 
geometric consideration will lead to a construction of a group of crossing the 
walls of marginal stability and therefore provides a geometric derivation of the 
group of dyon wall-crossing observed in [125911 . 



7.3 Wall-crossing in J\f = 4 theory 

The Sp(2, Z) automorphic form $ w is part of an even richer algebraic structure 
than we have described so far (see e.g. 12671 12681 for a mathematical treat- 
ment and H2451 I259B for its importance in 4-dimensional J\f = 4 string theory) . 
Rewriting it in the form 

*io(ft) = e- 2lTl{p ' n ) Yl 1-e (a ' ' , (7-44) 



a£R 



+ 



where f2' has coefficient — v instead of v, makes an underlying generalized Lie 
algebra structure apparent, that we reveal while explaining the symbols used in 
this formula. The lattice 

i?+ = {Z + ai + Z + «2 + Z + a3} 
is spanned by three elements, that may be represented as the 2x2 matrices 



1 ) ' v 1 °/ V 1 2 , 

These matrices can be interpreted as the three simple roots of a Lie algebra, with 
Weyl vector 



P 2 

■i=i 



1 
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The bilinear form (., .) on this Lie algebra determines the equivalence of $ 10 
with the right-hand side of ( 7.44| ). For any two symmetric real 2x2 matrices X 



and Y it is given by 

(X,Y) = -detFTrprY -1 ). 



Notice the factor —2 difference with equation ( 7.20 1; this is needed to bring the 



Cartan matrix in a standard form. Indeed, we now find the Cartan matrix 

/ 2 -2 -2\ 
(a,, a,) =1-2 2 -2 I . (7.46) 




This matrix is not positive-definite, as it has one negative eigenvalue. Therefore, 
the simple roots are part of a Kac-Moody algebra. 

The Weyl group W of this algebra is generated by the reflections 

Sl : X h-> X - 2 \ Xl ai \ ai =: Wl {X) 
[on, a%) 

with respect to the simple roots ai, where Wi(X) = WiXwf and Wi is a symmet- 
ric real 2x2 matrix. Acting with the Weyl group on the simple roots on generates 
all the roots of the Kac-Moody algebra. Half of these roots are positive; by defi- 
nition these are positive combinations of the simple roots and thus part of R + . 
Remark that these positive roots have length 2, they are real or space-like, and 



thus contribute to the product formula (7.44) with a power c(— 1) = 2. 



Note that no other space-like elements in R + show up in the infinite product 



( 7.44 1 . However, there are many more contributions from vectors in R + that 
have a non-positive length, for instance 2p whose length is —6. To describe 
the full algebraic structure underlying <f>i we should therefore extend our no- 
tion of a Kac-Moody algebra. An extended Kac-Moody algebra that incorporates 
imaginary roots, which are either light-like or time-like, is called a Borcherds 
Kac-Moody algebra. 

Finally, the coefficients c(— | |a| | 2 /2) can be either positive or negative. This prop- 
erty hints at the presence of both bosonic and fermionic roots, that contribute 
respectively to the numerator and denominator of an index formula. The full 



algebraic structure behind (7.441 is thus a Borcherds Kac-Moody superalgebra. 
Indeed, the subset A + c R+ that contributes to <5>i may be interpreted as the 
total set of roots of such an "automorphic form corrected" superalgebra. The in- 



finite product ( 7.44 1 is then called a denominator formula for this algebra, where 
the powers c(— ||a|| 2 /2) determine the multiplicities of the real and imaginary 
roots. 
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As a side-remark we notice that the half-BPS partition function f? 24 (er) can like- 
wise be written in the algebraic form 

rf*{a) = e-W) JJ (l - e-^))" 1 " 1 " 311 ^ 
where the degenerated lattice fi + is one-dimensional and generated by 




In [|259I1 it was found that the Weyl group W has an elegant interpretation in 
terms of the wall-crossing of quarter BPS dyons. Using the TV = 4 central charge 
matrix 

Z= ^={P R -TQ R ) m T m , 

\T2 



one finds that the central charges of two BPS dyons can align on all PGL(2, Z)- 
images of the wall 

n (P R -Q r ) =q 

T 2 \P R A Qr\ 

in the moduli space parametrized by t and the left-moving charges Pl, Ql- In 



terms of the moduli vector Z in equation (7.25 1 and the roots on these walls are 
parametrized by 



Z 



0. 



where a can be any PGL(2, Z)-image of ot\, i.e. any positive real root. These 
walls are straight lines in the upper-half plane, and become arcs of circles on the 
Poincare disc. The simple roots aij form a triangle in the Poincare disc, whose 
vertices lie on the boundary of the Poincare disc. All the other PGL(2, Z) images 
can be obtained from this fundamental domain by a Weyl reflection. This yields 
a tessellation of the Poincare disc in triangles, whose vertices all end at infinity, 
and realizes each fundamental domain as a hyperbolic Weyl chamber (see e.g. 
the cover of H269H ). 

Due to the presence of walls of marginal stability, where BPS-states could (disap- 
pear, the graded degeneracies of the BPS states are generically only piecewise 
constant functions of the values of moduli at spatial infinity. In particular they 
typically jump when a wall of marginal stability is crossed. 



In the Af = 4 set-up wall-crossing has a geometrical interpretation of the under- 
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lying genus two surface with period matrix Q ~ Z/\\Z\\. At any wall of marginal 
stability this surface degenerates into a transverse intersection of two tori, so 
that $io(fi) develops a poleJ^This raises the question whether <&i really gives a 
good description of the quarter BPS dyons in any chamber of the moduli space. 
This has been analyzed in two (equivalent) ways H2541 12551 12561 . 

First of all, the BPS degeneracies are dependent on a choice of contour 

e -TTi(pP 2 +oQ 2 +2vP-Q) 



d(P,Q) = (-1) PQ+1 j dn 



$i (n) 



An SL(2,Z) transformation of the moduli and charges in d(P,Q) encodes this 
degeneracy in another Weyl chamber. Since all factors in the integrand are 
invariant under such an SL(2,Z) transformation, exactly same answer would 
be obtained when the transformed contour C is equivalent to C. However, the 
poles of <I>io prevent this. They give an extra contribution to the degeneracy 
corresponding to half-BPS states on the intersecting tori. Still, it is possible to 
avoid this factor by changing the charges along. 

Secondly, the expansion of the partition function in the degeneracies 



(-l) p '« +1 d(P, Q) e ^(pP 2 +-Q 2 +^P-Q) f 



Wy ' P 2 ,Q 2 ,PQ 

is dependent on the choice of expansion parameters. Instead of the above rep- 
resentation one could for example have exchanged v on the right-hand side for 
—v, corresponding to a crossing of the wall at v — 0. This changes the degen- 
eracies d(P : Q). Only when one transforms the charges P and Q accordingly 
the resulting degeneracies remain the same. So if one expands the automor- 
phic form using moduli-dependent expansion parameters that are appropriate 
for a specific Weyl chamber, the partition function l/$io does encode the BPS 
degeneracies at all points in the moduli space. 

These unexpected properties of the BPS degeneracies certainly hint at deeper 
structures of the theories yet to be fully uncovered. Specifically, while the prop- 
erties pertaining to the intricate moduli dependence of the BPS index mentioned 
above have been observed within the framework of M = 4, d = 4 supergravity 
a microscopic understanding of these properties is clearly desirable. In partic- 
ular, we would like to understand why the different indices at different points 
in the moduli space can be extracted from the same generating function. More 
explicitly, from the fact that the group of wall-crossing is a subgroup of the 
(Z 2 -parity-extended) S-duality group, when the moduli cross a wall of marginal 



5 Note that there are more walls of marginal stability than the ones we just described, since a 
degeneration of the genus 2 surface is labeled by an element of Sp(2,Z) Z> SL(2,Z). Recently 
these Sp(2, Z)-poles have been given a supergravity interpretation as well 112631 . 
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stability, the change of the BPS index can be summarized by a change of the 
"effective charges" by a Weyl reflection R259M . We would like to understand why 
the index should change in such a simple way. 

Carrying the analysis of the previous section one step further, we study the 
change of the surface when it goes through such a degeneration, and find that 
it is equivalent to a particular change of the homological cycles of the surface. 
Using the relation between the homology class in the spacetime T 4 of the Rie- 
mann surface wrapped by the M5 brane and the conserved charges, we see how 
the change of the BPS index when crossing the wall of marginal stability under 
consideration amounts to a change of the "effective charges" by acting by a cer- 
tain element of the hyperbolic reflection group W. Following such a strategy 
and using essentially only the supersymmetry condition, we derive the specific 
group structure underlying the wall-crossing of the theory, and the fact that the 
BPS degeneracies at different moduli are given by the same partition function. 
In particular, we see how the moduli space and its partitioning by the walls of 
marginal stability can be identified with the dual graph of the type IIB (p, q) 5- 
brane network compactified on the spacetime torus, with the symmetry group of 
the network identified with the symmetry group of the fundamental domain of 
the group of wall-crossing. We hope that this microscopic derivation of the Weyl 
group will be a first step towards an understanding of the microscopic origin of 
the Borcherds-Kac-Moody algebra in the dyon spectrum. 



In Section [7.3.1 we focus on one specific degeneration of the surface and analyze 



the change of the homology cycles under such degeneration by using a hyperel- 
liptic model of the genus two surface. In this way we derive one of the elements 



of the reflection group W. In Section 7.3.1 we study the symmetry of the hyper 



elliptic surface, or equivalently the symmetry of the periodic network of effective 
strings in the type IIB frame. In this way we obtain the other generators of the 



group W. Using these results, in Section 7.3.1 we discuss how the moduli space 



and its partitioning by the walls of marginal stability, or equivalently the walls 
of degenerations of the Riemann surface, can be understood simply as being the 
dual graph of the periodic effective string network. We also discuss the implica- 
tion of these results for the counting of BPS dyonic states, and in particular why 
the index simply changes by an appropriate change of the "effective charges" 
when the moduli cross a wall of marginal stability. In Section 7.3.2| we conclude 



by a discussion, in particular we discuss what we cannot derive by such a simple 
analysis and sketch an analogous treatment for the case of the CHL models. 



7.3.1 Deriving the group of discrete attractor flow 

In this subsection we first study a specific degeneration of the Riemann surface 
and show how the effect of going through such a degeneration boils down to a 
change of the homology cycles. This then in turn gets translated into a change 
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of the "effective charges" of the system under the identification between the 
homology classes of the cycles of the surface in the internal space and the con- 
served charges of the system. Secondly we study the symmetry of the system and 
thereby recover the full hyperbolic reflection group underlying the structure of 
wall-crossing of the present theory. Thirdly, we discuss the implication of these 
results to the problem of enumerating supersymmetric dyonic states, and show 
how it leads to the prescription proposed in H259II of retrieving BPS indices at 
different points in the moduli space from the same partition function (see also 
H2541 12561 for earlier discussions). 



The First Degeneration 

First we will study what happens to the Riemann surface when the moduli 
change such that the surface goes through a degeneration mentioned at the end 
of the previous Subsection. To remain in the open moduli space of the genus 
two Riemann surface, we study the change of the Riemann surface ZJ when its 
period matrix fl changes as 



P 

—v 



(7.47) 



following the path depicted in Fig. 7.5 Clearly, the two end points of the path 
are on the different sides of the wall of marginal stability ( |7.43 1 considered 
earlier. 



Im v 




\ 






Re v 


-vo 





Figure 7.5: In Section 



7.3.1 



we study the change of the Riemann surface £ when its period 
matrix changes as ^7.47) following the above path, where e — > 0+ and p and a are held 



fixed at values satisfying Implmcr ^> (Im^o) 



To focus on what happens to the surface when the wall is crossed, we will further 
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zoom into the part of the path in Fig. |7.5| that is a half-circle with vanishing size: 

n = I ' ' I • < -+o+, <£e 



p ee 



7T 7T 

2' 2 



(7.48) 



First recall that, every Riemann surface of genus two can be represented as a 
hyperelliptic surface with six branch points &i,..,6 



V 2 = x(x - l)(x - h)(x - b 2 )(x - b 3 ), 



(7.49) 



where we have used the conformal invariance to fix 6 4 ,6 5 ,6 6 to be oo,0, 1 re- 
spectively. In other words, we represent the genus two Riemann surface £ as 
a two-sheet cover of CP 1 with six branch points bi,.._Q and three branch cuts 
between b 2 i-i and b 2i for all z = 1,2, 3, as shown in Fig. 7.6 



To analyze the change of the surface, in particular the homology cycles of the 
surface, after the imaginary part of v changes sign, we would like to determine 



the normalized basis w\ t2 , satisfying ( 7.38 1, in terms of the local coordinate x of 

rPTPl 



It is a familiar fact about hyperelliptic curves that the two one-forms 

dx x dx 
V ' V 

form a basis of the holomorphic one-forms on the genus two surface E given 
by ( 7.49| ), see for example H270H . To achieve our goal we need to compute the 
integral of the above one-forms along the A\, A 2 cycles. First we observe that, 
with the choice of cycles as in Fig. |7.6[ the integrals of a holomorphic one-form 
w along the A-cycles are given by the so-called "half-period" 



w 



w 



w 



(7.50) 



IA t JO * JA 2 Jb t 

on the upper sheet of the hyperelliptic surface. 



To obtain an expression for these quantities in terms of the period matrix fl and 
in particular in terms of the angle cp (7.481, we recall that the locations of the 
branch points 61,2,3 are uniquely determined by the genus two Riemann theta 
functions up to theta function identities [270 ] . Explicitly, we have H271H 



b 2 = 



r w 2 \ 



tin 

01 
ij 



.hi 



(o,fi) 



(0,fi) 
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derail 

where 9[p ](C, ^) is the genus-two Riemann theta functions, defined as 

0[ e J s J]((,fl) = e 27ri (3(™+^) r - fi -(«+^)+(»+^) r -(C+^')) ; 

ni,ri26Z 

where the "•" denotes matrix multiplication. 




Figure 7.6: Hyperelliptic representation of the genus two surface E together with a choice of 
its Ai and Bi-cycles. A degeneration corresponding to the one shown in Fig. \7.4\ corresponds 
to coalescing the branch points bi, b^ and b- A . Note that when we set the background two- 
form fields B and C along the time-like direction to zero, so that ReQ. — ( f7.4if , all branch 
points are collinear. 



While the details of these formulas are not so important for us, there are a few 
important immediate consequences of these expressions that we can draw. First 
of all, due to the fact that the genus two theta functions are a product of two 
genus one theta functions at leading order in v when v — > 0: 

the three branch points coalesce when v — > 

Furthermore, from the definition of the genus two theta functions we see that 

!^l=o = °. « = 1,2,3. 



Therefore, for the period matrix on the half-circle given by ( 7.48 1 and in Fig. 7.5 
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we have 

6 l = 6 + e 2 e 2 ^fc l + O(e 4 ), h = ~J^L =0 & C, i= 1,2,3. 

In particular, the branch points go through a 2n rotation under a change <j> — > 
+ 7T. In other words, the branch points return to themselves while the period 
matrix undergoes a change v — > — za 

Now we can use the above expression for the branch points near the degener- 



ation point and ( 7.50 1 to compute the periods along the ^-cycles of the holo- 
morphic one-forms and and obtain the following expression for the 
normalized holomorphic one-forms satisfying ( |7.38| ) 

-1 (x-b Q )dx , 2 . 

w i = c 1 + Oe (7.52) 

2(ab — J y 

., 1 (ax — )dx , , „ N . 

w 2 = ee^—- L l + Oe 2 , (7.53) 

27(a6 - ) y 

where a, 0, 7 are ^-independent, order one constants 



7 = 



y/x(x - l)(x - & ) 3 



1 Z" 1 dx 



V b o(bo - l)(k 2 - h) Jo ^Jx(x-l)(x- 



While the precise values of these constants are not important for us, the above 
expression ( 7.52} immediately shows that, when hxiu changes sign by a ^ to 



7T rotation, the normalized holomorphic one-forms change like 

wA _^ ( Wi 

as linear combinations of the holomorphic one-forms ^ an d despite of the 
fact that the three coalescing branch points ^1,2,3 simply return to the original 
locations after a 2n rotation. 

This suggests that, in a representation of the hyperelliptic surface in which the 
holomorphic one-forms are held fixed, the homology cycles go through the fol- 
lowing transformation 



AA (BA _ / Bi 

A 2 J ~* \-A 2 ' \B 2 ^ \-B 2 



(7.54) 
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Indeed, it is not difficult to check that the periods of any holomorphic one-form 
w along A 2 and B 2 cycles 



i r rb2 i r rb 3 

w = I w, — <J> w = I ir 



2 JA 2 Jbi 2jB 2 



change sign under . 



Another way to understand this change of homology basis is the following. From 
the expression of the normalized holomorphic one-forms ( 7.52] ) we see that, to 
the leading order in e we have the two separated genus one surfaces described 
by 

y' 2 = x{x-l){x-b ), y" 2 = {x-b 1 ){x-b 2 ){x-b 3 ). (7.55) 
Indeed, from the following relationship between the cross-ratio of the four branch 



points 61,2,3,4 of a genus one surface and the torus complex moduli f [270 ] 

(b 3 -b 1 )(b i -b 2 ) _ fO[ ](0,dy 



(b2-bi)(bi-b 3 ) V0[J](O,0)< 

one can check that the following two genus-one curves have complex moduli 
equal to p and a respectively. From the above expression ( 7.55 1 it is manifest 
that, when fe/s go through a 2n rotation around their common converging point 
bo, nothing happens to the first genus one surface while the second one goes 
through a sheet exchange (or "hyperelliptic involution") y" — > — y" correspond- 
ing to the monodromy 

The latter can be explicitly seen by substituting 

x = b„ + e^i, y" = e^y 



in the second equation of (7.55 1. 

In general, when we change the basis such that the ^-cycles are changed to 

Ai\ fa b\ ( Ai\ fa b\ „ r/n „ N 

11 ' 1 7= , e GL(2,Z), (7.56) 



A 2 J \c dj \A 2 J 11 \c d 

the corresponding change of the Bi- cycles is then fixed by the canonical inter- 
section fl7.32| ) to be 



B 2 \-b a J \B 2 J v ' ' \B 2 
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where the ± signs are taken when ad — bc = ±1. Under this transformation, the 
period matrix transforms as 

n^ 1 (fl) = ( 1 - 1 ) T ^ 1 - (7.57) 

Without changing the Riemann surface, such a change of basis has an interpreta- 
tion as performing a physical S-duality in the heterotic frame, extended with the 



Z 2 spacetime parity exchange. To see this, first inspect the expression (7.33 1 for 
the vectors defining the Jacobian of the surface. The effect of the above change 
of basis on these vectors is equivalent to the following heterotic S-duality trans- 
formation, or equivalently the modular transformation of the torus in the type 
IIB frame 

a b\ (Q\ ar + b af + b 

11 1 t — > or — for ad-bc= ±1 (7.58) 



P) \c d) \P 

with the corresponding change of Rb such that the area of the type IIB torus 
remains invariant. In particular, the fact that the moduli vector Z transforms as 
Z — > (7 _1 ) T Z7 _1 under the above S-duality transformation is then consistent 
with the transformation of the period matrix under a change of homology basis. 



Now let's go back to the evolution ( 7.48 1 of the Riemann surface through the 



degeneration wall v = 0, due to the corresponding change of the moduli vector 
Z ( TZ4Q] ). 

What we have seen can be summarized as follows: when the moduli change 
across the wall of marginal stability following the path corresponding to an 
angle-7r rotation of the phase of v ( 7.48ft , the holomorphic one-forms of the 



surface E change in such a way that all their A 2 , B 2 periods change signs while 
their periods along the A\, B x cycles remain the same. This is equivalent to 
keeping the surface unchanged but change the basis for the homology cycles in 



the way ( 7.56 ) given by the following element in GL(2, Z) 



' \\ \\ (7-59) 



In other words, the process of keeping the charge fixed while varying the moduli 
across the wall of marginal stability following ( 7.48] ) is equivalent to keeping the 



moduli vector Z unchanged but changing the charges 



Q ^ ■ R f?V (7.60) 



P \P 



This observation has the following implication for the counting of the BPS states. 
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Consider the partition function of the theory 

Z(Q) = (-l) F ' Q+1 rf(i 5 ,Q)e i ' r(pp2+CTQ2+2wP - Q) , 

P 2 ,Q 2 ,P-Q 

which is a path integral computed on the Riemann surface S. It clearly depends 
on its period matrix fl and therefore on the moduli vector Z through its relation 
to the period matrix ( 7.40| ). When the moduli change in such a way that the 



Riemann surface goes through a degeneration described in ( 7.43ft , from the 



above reasoning we see that the partition function remains unchanged while 



a transformation of "effective charges" given in (7.60) has to be performed. 
This corresponds to the change of the highest weight of the Verma module as 
described in J259). 

It is also easy to understand the nature of this degeneration in the type IIB five- 
brane network picture. From the relation between the period matrix of the genus 
two curve in M-theory and the length parameters for the periodic string network 
d7.3QI7.40P , we see that the degeneration of the Riemann surface characterized 



by v = corresponds to the degeneration of the string network characterized by 
ti = 0. For example, starting from a region in the moduli space with Z = ( z z x * 2 ) 
with z\, Z2 > z > 0, what happens when t-y — is a transition from the network 
described by ( [7.21 1, or the first figure in Fig. 7.3 to the network described by 



(7.281, or the second figure in Fig. |7.3| The above claim that the final surface 
has the same period matrix under a change of homology basis corresponding 
to (7.60), is then reflected by the fact that the two defining equations ( 7.21[ ), 



( 7.28 1 transform into each other under the transformation of the charges ( 7.60 1 



The symmetry of the Weyl chamber 

In the previous paragraph we have studied in detail a particular degeneration of 
the Riemann surface and what it implies for the index counting the BPS states 
under the crossing of the corresponding wall of marginal stability. In this para- 
graph we will turn to studying the symmetry of the system and see how it will 
help us to uncover the full structure of the group of wall-crossing of the theory. 

First we note that, under our convention that the two A-cycles of the surface are 
chosen to circle two of the three pairs of branch points {&2i-i)&2iK tne choice 



shown in Fig. 7.6 is not quite unique. In other words, from all the possible 



change of basis of the form ( |7.56 ), the exchange and permutation of the cycles 



A\,A-2, —A\ — A 2 correspond to a symmetry of our hyperelliptic model ( |7.49| ) 
in that we do not need to change the set of branch points {b\,- ■ ■ , be} in order 
for the new A r cycles to again circle the cuts joining the pairs {& 2 i-i> b' 2i } of the 
new branch points. We therefore conclude that there is a symmetry group with 
six elements acting on the hyperelliptic surface (Fig. |7.6| ), corresponding to six 
ways of associating the three cuts joining {&2j-ij b 2 i}, i — 1,2,3, to the three 
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homology cycles (Ai, A 2 ,—Ai — A 2 ). From the above discussion we see that this 
group D 3 c GL(2,Z) is the same as the symmetry group of a regular triangle, 
generated by the order two element which acts on the period matrix as 



and which corresponds to (Ax, A 2 , — A\ - A 2 ) 
with the order-three element which acts as 



(7.61) 

(A 2 , Ax, -Ax - A 2 ), together 



o sr(n) 

and corresponds to (Ax,A 2 , —Ax — A 2 ) — > (A 2 , —Ax 
denotes the usual T- and S- transformation matrix ( 



(7.62) 

A 2 ,Ax), where T and S 
, while R 



i i 1 
o 1, 



and 



o 1 



was already given in (7.591. Also here we have used the shorthand notation 
introduced in ( |7.57l ) . 

The existence of this symmetry is even more apparent in the type IIB picture 
of five-brane network. For concreteness of the discussion we will now assume 
that Z = ( 2 1 2 2 ) satisfies z\,z 2 > z > 0, so that the network shown in the 



first figure in Fig. 7.3 is realized. But, suppose that we are given this periodic 
network given by ( |7.21| ), there is actually more than one way to fit it into a 
parallelogram tessellation of the plane. In other words, there is in fact more 
than one torus compactification of the network possible. From the fact that 
the vertices of the parallelogram lie at the center of the honeycomb lattice, we 
conclude that there are three such parallelogram tessellations possible, as shown 



in Fig. 7.7 as resembling the three sides of a 3-dimensional cube. These three 



parallelograms then give six possible tori (for each parallelogram we have two 
ways of choosing the A- and S-cycle), corresponding to 3! = 6 ways of placing 
the charge labels (Q, P, —Q — P) to the three legs of the network. This singles out 
a six-element subgroup of the extended type IIB modular group (or the heterotic 



S-duality group) GL(2,Z) (7.58). Not surprisingly, this is exactly the same D 3 
we discovered earlier as the symmetry group of the hyperelliptic representation 
of the Riemann surface E. This correspondence is to be expected from the 
identification between the change of basis of the homology cycles on S and the 
heterotic S-duality discussed in the previous sub-subsection ( 7.56|7.58 ). 



More explicitly, from ( 7.61|7.62 ) and the relation between the period matrix 
and the length parameters of the network ( 7.27|7.4Q I we see that the length 
parameters indeed transform as 



RS : (tx,t 2 ,t 3 ) -» (tx,t 3 ,t 2 ), ST : (tx,t 2 ,t 3 ) -» (t 2 ,t 3 ,t x ) 



under the action of the order two and three generators of the symmetry group 
D 3 . 
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Figure 7.7: (i) Different possible ways of compactifying the periodic network on a torus. 
(ii) The moduli space as the dual graph of the five-brane network. 



As mentioned earlier, this symmetry group is the symmetry group of a equilateral 
triangle. Geometrically, the relevant equilateral triangle here cannot be literally 
the triangle in the dual graph of the five-brane network as shown in Fig. |7.7[ 
since in general there is no reason to expect them to be equilateral using the 
flat metric on the plane. This inspires us to take a closer look into the matrix of 
length parameters, which can be written in a way which makes the D 3 symmetry 
manifest 



Rm Im£! 



h + t 3 h \ t 2 + t 3 tx + h ti + h 

= ai H a-2 H a 3 

h h+t 2 J 2 1 2 2 2 



where 



Oil 



-1 
-1 



OL 2 



2 1 
1 



a 3 



1 

1 2 



(7.63) 



Remember that this natural basis {0(1,2,3} has the following matrix of inner prod- 



ucts using the standard GL(2, Z)-invariant Lorentzian metric (7.20 1 



2 -2 -2\ 
2{a u a 3 ) = I -2 2 -2 
-2 -2 2 



(7.64) 



and therefore forms a equilateral triangle in the hyperbolic space R 21 . The 
group D 3 which permutes 0:1,2,3 can therefore be thought of the symmetry group 
of this equilateral triangle. We note that the basis {01.2,3} we used above is ex- 
actly the basis ( |7.45] l for the roots of the Borcherds-Kac-Moody algebra adopted 
in H259I1 , and in particular the matrix of inner products in ( [7.64P is simply the 



real part of the Cartan matrix ( 7.46 1 of the algebra. 



To summarize, we have found a six-element symmetry group D 3 of the dyon 
system at a given point in the moduli space which is evident in both the M- 
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theory Riemann surface picture as well as the type IIB network picture. In the 
following paragraph we will use this symmetry to find all the generators of the 
hyperbolic reflection group W playing the role of the group of wall-crossing in 
the TV = 4 theory we discussed, and subsequently derive the full group structure 
of the dyon BPS index. 



Moduli space as the dual graph 



In Section 7.3.1 we have studied in detail the change of the Riemann surface 



across a degeneration point ( 7.48 1 where the surface falls into two separate tori 



as depicted in Fig. 7.4 From the above discussion about the symmetry of the 
system, we see that there are two more natural degenerations of the genus two 
Riemann surface £ we should consider. The corresponding transformation of 



the period matrix is simply the transformation (7.471 of the first degeneration 



we have studied in Section 7.3. 1 now conjugated with elements of the symmetry 
group D 3 . From ( 7.61|7.62 ), we see that apart from the group generator w\ = R 
( 7.60 1, we should also consider the generators 



U>2 



(ST)- 2 R(ST) 2 and w 3 = (ST)- l R(ST) 



Together they generate a non-compact reflection group, which we will denote 
by W. Furthermore, it is not difficult to show [12721 125911 that the extended 
S-duality group is a semi-direct product 

PGL(2,Z) — W»D 3 

of the reflection group W and the symmetry group D 3 . 

It is clear what these three degenerations correspond to in the type IIB and as 
well as in the M-theory picture. In the former case they are the three ways in 
which the five-brane network can disintegrate, namely letting one of the three 
legs having vanishing length. In the latter case, on the other hand, they cor- 
respond to coalescing the branch points 63,4,5, 65,6,1 or 61,2,3- Remember that 
coalescing three out of the total of six branch points is equivalent to coalescing 
the complementary set of three branch points. 

More explicitly, these three generators u>i,2,3 of the group W correspond to the 
following change of the network 



Wi : U — > —U, ti + tj invariant for j ^ i. 

6 Recall that PGL(2,1) is obtained from GL(2,Z) by identifying the elements 7 and -1 • 7 e 
GL(2, Z). In the heterotic frame this corresponds to identifying two systems with the same value of 
axion-dilaton r and charges which are related to each other by a charge conjugation (^) — > ( Zjp ) • 
In the type IIB frame this corresponds to a trivial change of basis for the homology cycles ( b ^ a ) — » 
( ~g ) of the compactification torus T? lm) . 
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Equivalently, they can also be represented as the following reflections in the 
(2 + 1) -dimensional Minkowski space in which the period matrix ImQ takes its 
value 

(ati, ati) 

where the basis vectors a/s are defined in fl7.63] ). Recall that we have chosen 
the M-theory background such that the period matrix is purely imaginary and 
therefore directly related to the length parameters of the five-brane network. 



Applying the same analysis as in Section 7.3.1 to the other two degenerations 
corresponding to w 2 and w 3 , one can conclude that going through such a de- 
generation wall has the following effect on the counting of BPS states. Upon 



applying a suitable change of basis analogous to (7.541, after the degenera- 
tion we regain the original partition function but now with a different effective 
charges related to the original charges by 



(7.65) 



From the above consideration, we arrive at a picture of the moduli space with 
its partitioning by the walls of marginal stability given by the the dual graph 
of the honeycomb lattice representing the five-brane network. This is shown in 



Fig. 7.7 To understand this better, let's start in one of the dual triangles, let's say 
the gray triangle which denotes the part of the moduli space with Z = i z l * 2 ) , 



z\,z-i > z > 0, such that the network (7.211 as shown in the first figure in 



Fig. 7.3 is realized. We shall choose it to be our "fundamental domain" W, a 



name that will be justified shortly. 

A degeneration happens when one of the length parameters ti's goes to zero. As 
we discussed at the end of Section 7.2.2[ this corresponds to crossing a physi- 



cal wall of marginal stability. When this happens we move to the neighboring 
triangle, divided from the fundamental triangle W by the side of the triangle in- 
tersecting the leg of the network whose length parameter has just goes through a 
zero. In this new triangle, the effective charges are related to the original one by 



the corresponding group element ( 7.65 1. For instance, associated to the triangle 



that shares one side with W which intersects the leg whose length parameter 
is denoted by t\ are the effective charges (Q, —P) and the region in the moduli 
space with Z = / 2 ), where z\, z 2 > —z > 0. 

Given the original charges, this procedure can then be iterated. We thus con- 
clude that each triangle of the dual graph has the effective charges (Q V ,P V ) as- 
sociated to it, where v labels the vertices in the hexagonal lattice, or equivalently 
the triangles (the faces) of the dual graph, which represent the corresponding 
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regions in the moduli space. Furthermore, in this way each of the triangles can 
be identified with the fundamental domain of the group W, generated by the 



three elements wi.2,3 (7.651, which by construction plays the role of crossing 



the walls of marginal stability of the theory. 

Now that each triangle has a set of charges (Q V ,P V ) associated to it, while the 
period matrix of the genus two Riemann surface £ and therefore the partition 
function remains the same for each triangle, generically we conclude that there 
is also a different BPS index D(Q,P)\ V — D(Q V ,P V ) associated with each tri- 
angle. The difference between D(Q V ,P V ) with different v has been calculated 
in H2541 [259] for the present theory and was shown to be consistent with the 
macroscopic wall-crossing formula. 

To sum up, we have derived the following one-to-one correspondence 

vertex v of string network «-> a triangle in dual graph (7.66) 
<-> effective charges (Q V: P v ) <-> BPS index D v = D(Q V ,P V ) 

an element w v € W <->• a region in the moduli space Z e w v (W). 

The property of the BPS dyon index of the present TV = 4 theory that the in- 
dices in different parts of the moduli space are given by the same partition func- 
tion and have the form D(Q,P)\ V = D(Q V ,P V ) was observed in H2541 [2561 
based on the macroscopic prediction for the change of index upon crossing a 
wall of marginal stability. And the fact that these different regions of the mod- 
uli space with different BPS indices are in one-to-one correspondence with ele- 
ments of a hyperbolic reflection group W is later observed in [259 ] based on a 
4-dimensional macroscopic analysis. What we have seen is how these properties 
can be understood as the consequence of the simple consideration of the super- 
symmetry of the effective string network, or equivalently the holomorphicity of 
the M5 brane world-volume, when the limit of decoupled 4D gravity is taken. 



7.3.2 Discussion 

In this section we worked in the decompactification limit (Vk3 ^ 1) and showed 
how the group structure underlying the moduli dependence of the dyon BPS 
index of the M = 4 K3 x T 2 compactification of type II theory can be understood 
as simply a consequence of the supersymmetry of the dyonic states. From the 
other point of view, this group structure is simply the consequence of the fact 
that the BPS spectrum of the theory is given by the appropriate representation 
of a Borcherds-Kac-Moody algebra. The Weyl group of the algebra, which is a 
symmetry group of the root system of the algebra, then plays the role of the 
group of wall-crossing for the physical degeneracy of the dyonic states [259]. 
Therefore, we hope that the microscopic derivation of the Weyl group presented 
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in this section will be the first step towards an understanding of the microscopic 
origin of the Borcherds-Kac-Moody algebra in the dyon spectrum. 

For this purpose, it is important to be clear about what we do not derive from 
the simple analysis of this section. First of all, while we assume that the parti- 
tion function is a functional integral on the genus two Riemann surface S and 
therefore depends only on the period matrix of the surface, justified by the fact 
that an M5 brane wrapping the surface and the Ki manifold in the Euclidean 
spacetime is equivalent to a fundamental heterotic string whose world volume 
is the genus two surface H273L we have not derived the partition function itself 
from our simple consideration. A discussion about the subtleties of computing 
the partition function in a very similar context can be found in [260 1 and will 
therefore not be repeated here. Relatedly the presence of the Borcherds-Kac- 
Moody algebra H2451 I259I is far from evident from our simple analysis. It seems 
likely that the physical interpretation of this complete algebra can be found in 
terms of the chiral fermions on the genus 2 surface in type IIA, or equivalently in 
terms of fluctuations on the M5-brane wrapping the genus 2 surface in M-theory. 

Furthermore, we have not commented on the role of the group W as the group 
of a discretized version of attractor flows. As discussed in detail in [259 1, this 
interpretation naturally arises due to the existence of a natural ordering among 
the elements of the hyperbolic reflection group W, and the fact that for given 
total charges, there is a unique endpoint of this ordering, corresponding to the 
attractor point of these charges. From the point of view of the Borcherds-Kac- 
Moody algebra, the Verma module relevant for the BPS index is the smallest one 
when the moduli are at their attractor value. By working in the limit that the 
type IIB five-branes are all much heavier than all the (p, q) strings, we have no 



way of telling which of the triangles in the dual graph in Fig. 7.7 contains the 
attractor point. This is of course consistent with the fact that our analysis in the 
text is independent of the values of the T-duality invariants Q 2 , P 2 ,Q ■ P (7.17 'I, 



due to the decompactification limit we are taking. But this can easily be cured 
by going to the next leading order in 0(V^). See also [260]. By minimizing 
the surface area of the genus two surface ( |7.42] ) with the volume of the two tori 
R 2 B T2,R 2 M \2 held fixed, with now the next leading corrections included, one 
indeed obtains the attractor equation 

Mt= A q „, Pj? 1 (Q-Q Q-P 



|Aq h ,pJ ^JQ 2 P 2 - (Q ■ Pf \Q ■ P P P 

as expected. This extra piece of information will then single out a triangle in 
the dual graph as the attractor region and completes the interpretation of the 
hyperbolic reflection group derived in this section as the group underlying the 
macroscopic attractor flow of the theory. 

Moreover, we would like to comment on the cases of other M = 4 string theo- 
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ries. Here we have focused on the TV = 4 theory of K3 x T 2 compactified type 
II theory, while from the analysis in H261II we expect very similar group struc- 
tures to be present also in the Z„ -orbifolded theories, the so-called CHL models 
112741 [2751 127611 , for n < 4. For the Z 2 -orbifold theory, considering the double 
cover of the genus two Riemann surface relevant for the computation of the 
partition function H2421 127711 and the corresponding string network, a similar 
analysis can be employed to understand the group structure in that case. The 
situation of other orbifolded theories is much less clear. In particular, in H26111 it 
was discovered that a similar group structure and an underlying Borcherds-Kac- 
Moody algebra cease to exist when n > 4. In particular, macroscopic analysis 
showed that the symmetry group of a fundamental region bounded by walls of 
marginal stability has infinitely many elements when n > 4. From the analysis 
of this section, this symmetry group is expected to be the symmetry group of 
the dyonic string network/Riemann surface. One might thus suspect that the 
corresponding dyon network does not exist in the Z Jl>4 theories. It would be 
interesting to understand the group structure of the dyon degeneracies of other 
orbifolded N = 4 theories. 

Finally, we would like to see our analysis of 1/4 BPS states in M = 4 theories as 
a starting point to study wall-crossing of 1/2 BPS states on local Calabi-Yau man- 
ifolds in M = 2 theories. That these topics are closely related follows from the 



duality of the dyon background with the intersecting brane background (7.161. 
Do notice that this duality only maps the dyon generating function to the semi- 
classical piece T\ of the topological string partition function, since the I-brane 
background doesn't include a graviphoton field strength. To describe M = 2 
wall-crossing fully we should thus go beyond deformations of the Riemann sur- 
face E. This naturally raises the question whether we can formulate M —2 wall- 
crossing in terms of the underlying quantum curve that we studied in Chapter|5] 
and Chapter [6] We leave this for future work. 

Another relation between M = 2 and Af = 4 string theories is that both the 
Gopakumar-Vafa partition function (4.47 1 and the dyon partition function ( |7.11| ) 



can be formulated as an infinite product expansion. The wall-crossing examples 
that are worked out in M = 2 context, can actually be formulated most elegantly 
in this representation: depending on the region in the moduli space additional 
factors have to be added to the partition function^ One might wonder whether 
also in this setting wall-crossing can be described in terms of a universal gener- 
ating function. 

Let us point out one interesting observation in this respect. The quantum McKay 
correspondence formulated by J. Bryan and A. Gholampour in H2831 284] re- 
lates the positive roots of an ADE Lie algebra g to 1/2 BPS states of a Calabi-Yau 
resolution of the quotient singularity C 3 /T, where T is the corresponding fi- 



7 Recent developments can be found in e.g. [225 21.278 279 280 281,226,282]. 
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nite subgroup of 50(3). (These Calabi-Yau singularities are closely related to 
the hyper-Kahler surface singularities C 2 /T discussed in Chapter [3] through the 
double cover of SU{2) over SO(3) H285L ) More precisely, they prove that 



Z GW (t.X) 



n na 

a£R + k=l 



e l - a q k ) k ' 2 . 



Here, a is a positive real root that is mapped to a curve in Y by the complex 3- 
dimensional McKay correspondence (roughly it is the push-forward of the map 
C 2 /r — * C 3 /r), where the sum doesn't include positive roots that are mapped 
to zero in homology. Up to the factor 1/2 in the overall power (which is due to 
non-compactness), this product equals the part of the Gopakumar-Vafa partition 



function (4.471 corresponding to the genus curves in the resolution of the 
singularity. In particular, each curve contributes a factor 



t-aU/2 



a£R 



+ 



semi-classically. From this point of view the dyon counting formula ( 7.44 1 seems 
to be a generalization of the (quantum) McKay correspondence, where the Car- 
tan matrix ( 7.46} corresponds geometrically to the transverse intersection of 
three genus curves in two points. This is illustrated in Fig. |7.8| Indeed, the 



corresponding toric diagram (or string web) exactly represents this configura- 
tion of curves. It is interesting to find out whether this locus can indeed appear 
as a resolved Calabi-Yau singularity. Of course, one might also wonder whether 
such an algebra can be extracted from other toric Calabi-Yau's that are modeled 
on a number of compact spheres, and about the relation to wall-crossing. 




Figure 7.8: The intersection matrix of a configuration of three 2-spheres, that have self- 
intersection number -2 and that intersect each other 2-sphere transversely in two points, 



equals the Cartan matrix (7.46 1 



Chapter 8 

Fluxes and Metastability 



Over the last years much progress has been made in studying Calabi-Yau com- 
pactifications where one turns on extra fluxes, so-called flux compactifications. 
Turning on fluxes is a method to lift part of the large degeneracy in the four- 
dimensional scalar moduli fields. By now there is strong evidence that there is 
a huge number of supersymmetric vacua with negative cosmological constant 
in which all scalar moduli are stabilized, the so-called landscape of string the- 
ory Typical constructions start with a warped Calabi-Yau compactification of 
type IIB string theory to four dimensions. (In such a compactification the four- 
dimensional scale is dependent on the coordinates of the internal space.) Some 
of the scalar moduli are stabilized by the addition of fluxes through the compact 
cycles of the internal manifold and others by various quantum effects. 

Since supersymmetry is broken in the real world, it is necessary to extend the 
previous constructions to non-supersymmetric (meta) stable vacua with small 
positive cosmological constant to make contact with phenomenology. For this we 
need to understand the mechanism of supersymmetry breaking in string theory. 
So far several methods of supersymmetry breaking for string vacua have been 
proposed, such as the introduction of anti-branes and the existence of metastable 
points of the flux-induced potential. The main drawback of these constructions 
is that, in most cases, they are not under complete quantitative control. 

While the question of supersymmetry breaking should be ultimately understood 
in an honest compactification, that is in a theory including gravity in four dimen- 
sions, it is technically easier to study simpler systems where the gravitational 
dynamics has been decoupled from the gauge theory degrees of freedom. This 
typically happens in the limit where a local singularity develops in the Calabi-Yau 
manifold. In such a situation all the interesting dynamics related to the degrees 
of freedom of the singularity takes place at energy scales much lower than the 
four dimensional Planck scale. Assuming that supersymmetry breaking is re- 



236 



Chapter 8. Fluxes and Metastability 



lated to these light degrees of freedom, it is then possible to zoom in towards 
the singularity and forget about the rest of the Calabi-Yau. 

Recently K. Intriligator, N. Seiberg and D. Shih discovered that even simple su- 
persymmetric gauge theories can exhibit dynamical supersymmetry breaking in 
metastable vacua [ 286 1 . From a phenomenological point of view this possibility 
is quite attractive. A certain class of gauge theories where supersymmetry break- 
ing in metastable vacua can be studied with good control is that of Af = 2 gauge 
theories perturbed by a small superpotential, initiated by H. Ooguri, Y. Ook- 
ouchi and C.-S. Park in H287L In such theories the exact Kahler metric on the 
moduli space is known. This makes it possible to compute the scalar potential 
that is produced by the perturbation of the theory by a small superpotential ex- 
actly to first order in the perturbation. It was shown that generically there are 
metastable supersymmetry breaking vacua generated by appropriate superpo- 
tentials. We will refer to this as the OOP mechanism for supersymmetry breaking 
in Af = 2 theories. 

String theory in a local Calabi-Yau singularity realizes geometric aspects of su- 
persymmetric gauge theories, see Chapter [4j So also supersymmetry breaking 
in these two systems should be related. The first goal in this chapter is to make 
this connection more precise by proposing a geometric realization of the OOP 
supersymmetry breaking mechanism in type II theory on a local Calabi-Yau sin- 
gularity. Starting from a geometrically engineered type II compactification, in 



Section 8.2 we introduce the appropriate superpotential as a non-conventional 
3-form flux in the non-compact Calabi-Yau threefold. This flux does not pierce 
the compact cycles of the local geometry, but instead has support at infinity^] 



In Section 8.2.2 we exemplify this with the study of local Calabi-Yau geometries 



modeled on a Riemann surface. 



In Section 8.3 we turn to the second goal of this chapter: Finding a "natu- 
ral" way to generate the supersymmetry breaking flux configurations described 
above while starting from a more standard setup. In this process, we also clar- 
ify the meaning of flux which has support at infinity and the various subtleties 
related to it. The natural interpretation of the flux described in the previous 
paragraph emerges once we embed the previous supersymmetry-breaking local 
singularity into a bigger IIB compactification with standard flux of compact sup- 



port. Section 8.3.2 supplements this general discussion by providing an explicit 



demonstration of the factorization limit in the class of local geometries studied 



in Section 8.2.2 Matrix model techniques can be used to compute the prepo- 



tential in the factorization limitj^] Finally, we finish in Section 8.4 with some 



concluding remarks concerning the generalization of our story to other Af = 2 



1 In (288 | a related set-up is studied from a different perspective. 

2 This chapter is a shortened version of |4|. In particular, it doesn't include the Appendices of (4) 
where the prepotential for the Cachazo-Intriligator-Vafa/Dijkgraaf-Vafa geometry is studied using 
the dual matrix model. 
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contexts, such as M and F-theory compactifications. 

Let us start by introducing superpotentials, scalar potentials, metastable vacua 
and the OOP mechanism. 



8.1 Ooguri-Ookouchi-Park formalism 

TV = 2 supersymmetry in four-dimensional gauge theories, as introduced in 
Section pTTj can be broken to TV = 1 supersymmetry by adding a superpotential 
W{4>) to the low energy effective action. The superpotential generates a scalar 
potential V((j)) on the complex structure moduli space M q of the TV = 2 gauge 
theory. When the gauge theory is perturbed by just a small superpotential, the 
scalar potential is computed by 

V((j>) = G^diWdjW, 

to lowest order in the perturbation. As an implication not all the vacua parametri- 
zed by M q are equivalent anymore. Furthermore, the value of <j) will be stabi- 
lized in a local minimum of the scalar potential. So adding a superpotential lifts 
the degeneracy in the moduli of 4>. 

Notice that since the quantum metric Gq is positive definite, the scalar poten- 
tial V{4>) > 0. Now, since the Hamiltonian of a supersymmetric theory is an 
anti- commutator of the supersymmetry generators, H = {Q\ Q}, the potential 
V should vanish for a four-dimensional vacuum that preserves supersymmetry. 
This implies that other local minima of V correspond to non- supersymmetric 
four-dimensional vacua. When the potential has more than one (local) mini- 
mum, there is a probability of quantum tunneling. Such non-supersymmetric 
vacua are therefore metastable. 

For phenomenological reasons it is very interesting to study the above perturbed 
TV = 2 gauge theories. In particular, it is important to find out whether there are 
choices for the superpotential W such that the scalar potential V admits non- 
supersymmetric vacua. This was addressed in H2891 12901 128711 and affirmed in 
the latter two articles. H. Ooguri, Y. Ookouchi and C.-S. Park observed in [287] 
that it is even possible to create a metastable vacuum at any generic point of the 
complex structure moduli space of an TV = 2 supersymmetric gauge theory by 
turning on a suitable small superpotential deformation. Their proof just depends 
on the sectional curvature of the quantum moduli space. To create a metastable 
vacuum at p £ M q the sectional curvature at p should be positive semi- definite. 
This means that for any holomorphic vector field w e TM q the curvature R 
satisfies 

( w, R(v, v)w) > 0, 
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for all v e (TM q ) p . The curvature of special Kahler manifolds, of which the 
complex structure moduli space is an example, is indeed semi-positive H287II . 

If we want to realize a nonsupersymmetric minimum at some point p in the 
moduli space, the OOP procedure tells us to first construct holomorphic nor- 
mal coordinates around p. Choose any local coordinates X % near p. Then the 
holomorphic Kahler normal coordinates are defined as 

Z i = X' 1 + G fj y -B is . ..d lri f Jlll2 X'^x'^ . ..X 1 -, (8.1) 

where X 1 = X i - X^ and X l Q = X l (p) ff29T1 |292l [293ll . Furthermore, T is a 
Christoffel symbol and the tilde " means evaluation at X = X . We then choose 
the superpotential 

W = hZ\ (8.2) 

with ki e C, consisting of a linear combination of the Z l . Stability can be 
demonstrated by expanding V near p 

V(Z l ) = (•"' + k i k- j if j kl z k z l +0(Z 3 ). 

Since R is positive definite at generic points p e M q , the quadratic term in the 
above expansion is generically positive. In that case the vacuum at Z l = is 
naturally metastable. 

As a result, any potential that agrees with ( |8.2D near X^ to cubic order will 
engineer a nontrivial vacuum at X'q. For non-generic X , the curvature may have 
a zero eigenvalue in which case higher order agreement with fl8.2| ) is required. 
More remarks about the OOP formalism can be found in H294B ■ 

8.2 Geometrically engineering the OOP formalism 

In string compactifications one can generate scalar potentials by for example 
turning on higher dimensional gauge fields across cycles of the internal mani- 
fold, inserting D-branes and/or non-perturbative effects. Recent reviews include 
[ 295} |296| . In this section we geometrically engineer the OOP formalism by 
turning on fluxes in a type IIB local Calabi-Yau compactification. These fluxes 
will however be non-conventionally supported at infinity. 

8.2.1 Flux at infinity 

Before introducing these fluxes that grow large at infinity, let us review some 
general aspects of type IIB flux compactifications. 
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In Section 4.3 we summarized how a type IIB Calabi-Yau compactification leads 
to an Af = 2 supergravity theory in 4d coupled to h 2 ' 1 vector multiplets and 
h 1 ' 1 + 1 hypermultiplets. We discussed how the vector multiplets play an im- 
portant role in the geometrical engineering of Af = 2 supersymmetric gauge 
theories. In this chapter we concentrate as well on the dynamics of the vector 
multiplets. 

Denote a symplectic basis of 3-cycles on the compact Calabi-Yau threefold X 
by {A 1 , Bj} with i,j = 0, 1, ... , h 2 ' 1 , and denote the periods of the nowhere 
vanishing holomorphic (3,0)-form f2 by X 1 and Fj. Remember that the metric 
on the complex structure moduli space is special Kahler and the Kahler potential 
is given by 

K=-log\i J ttAtt^ , (8.3) 

which is an exact result which does not receive any a' or g s corrections. 

The easiest way to lift the phenomenologically unrealistic moduli space of these 
Calabi-Yau compactifications is to turn on fluxes through the compact cycles of 
the Calabi-Yau. In type IIB theory we can turn on RR and NS-NS 3-form flux 
F 3 and H 3 through the 3-cycles of the threefold. This generates a Gukov-Vafa- 
Witten superpotential for the complex structure moduli [2971 12981 129911 given 
by 

W — [ G 3 A SI, (8.4) 



where G 3 = F 3 — tH 3 and t = Cq + i/g s . The scalar potential is computed by 
the standard Af =1 supergravity expressiorj^] 



V = e 



K 



(G al D a WD b W - 3|W| : 



where G a i is the metric on the moduli space derived from the Kahler poten- 
tial K, and where we have introduced the Kahler covariant derivative D a W = 

d a W + (d a K)W. 

The F 3 and H 3 fluxes generate charge for the F 5 -form via a Chern-Simons cou- 
pling in the lOd IIB supergravity action. The F 5 flux has nowhere to end, so we 
are lead to the tadpole cancellation condition for IIB compactifications 

~ J F 3 A H 3 + Q D3 - 0, 

where Qd3 receives positive contribution from probe D3 branes and negative 
contribution from induced charge on D7 and orientifold planes. 



3 In this expression the indices a, b run over complex structure moduli, Kahler moduli and the 
axion-dilaton. We denote by K the total Kahler potential for all moduli and by K, as in l |8.3) , the 
one for the complex structure moduli alone. 
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Local limit and flux at infinity 



In the limit in which we zoom in to some singularity locus of a compact Calabi- 
Yau (see Section 4.3. 1| ) the structure of special geometry described above re- 



duces to rigid special geometry, which is relevant for the low energy dynamics 
of Af = 2 gauge theories. In this case the Kahler potential reduces to 



K = i j flAfl, (8.5) 

and the Kahler covariant derivative D s reduces to the ordinary derivative <9,. 

As in the compact case, the addition of fluxes to the local Calabi-Yau introduces 
a superpotential for the moduli. The dynamics of the Kahler moduli and the 
dilaton decouple, and we can concentrate on the normalizable complex structure 
moduli. The superpotential is still given by Q8.41 ), but now the scalar potential is 
computed by the rigid TV = 2 expression 



V = G l3 d t WdiW = / G 3 A *G 3 . 



Since we are in a noncompact Calabi-Yau it is not necessary to impose the tad- 
pole cancellation condition. Instead, the quantity 

J F 3 A H a 

represents the F 5 flux going off to infinity and remains constant as we vary the 
moduli. We will use this to simplify the potential in the next section. 

In most treatments of fluxes in noncompact Calabi-Yau manifolds the assumption 
is made that the flux is threading the compact cycles of the singularity and is 
going to zero at infinity. As we explained in the introduction the goal of this 
chapter is to study the dynamics in the case where the flux is actually coming 
in from infinity and is not supported on the compact three-cycles. Of course, in 
a local singularity inside a bigger compact Calabi-Yau, what is meant by infinity 
is the rest of the Calabi-Yau and we should think of flux coming from infinity as 
flux leaking towards the singularity from the other compact cycles. 

More precisely, in a noncompact Calabi-Yau threefold we consider the vector 
space H 3 (X) of harmonic 3-forms which do not necessarily have compact sup- 
port, so they can grow at infinity. The harmonic 3-forms of compact support 
form a linear subspace H~ ct (X) C H 3 (X). There is a natural way to define the 
complement subspace H^,(X) c H 3 (X) as the harmonic forms with vanishing 
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integrals on the compact 3-cycle^] Then we have the decomposition 

H 3 (X) = fl* (X) H? pct (X). (8.6) 

We will also refer to the forms in H^ pa (X) as harmonic 3-forms with compact 
support and to those in H^X) as 3-forms with support at infinity. 

Now we want to consider the case where the 3-form field strength that we have 
turned on has support at infinity 

G 3 e H^x), 

which means that G 3 has zero flux through the compact cycles 

f G 3 = [ G 3 = 0. 

The intuitive picture that one should keep in mind, is that this flux at infinity 
represents usual flux piercing other 3-cycles which are very far away from the 
singularity in the big Calabi-Yau. As we will see in more detail in the next section, 
in this case and if one zooms into the local singularity it is a good approximation 
to treat the flux from the distant 3-cycles as flux which "diverges" at infinity. In 
other words both H^(X) and H^ pa (X) correspond to the usual H^ pct (X) of the 
bigger Calabi-Yau X in which the singularity X develops. 



Flux potential 

What is maybe more surprising is that the 3-form flux G 3 with support at infinity 
generates a potential for the complex structure moduli of the singularity X, even 
though it is not directly piercing the compact cycles of X, as can be seen from 
Q8.2.1| ). Our starting point for the computation of this potential is the energy 
stored in the 3-form field 

V = J G 3 A*G~ 3 . (8.7) 

Since G 3 has noncompact support, this is a divergent integral meaning that the 
energy of the flux is infinite. This was to be expected and is not really a problem, 
since we are interested in the changes of this energy as we vary the sizes of the 
3-cycles in the neighborhood of the singularity. We would like to throw away the 

4 We should clarify that we are not interested in the most general harmonic 3-form with noncom- 
pact support, but only in a restricted subset characterized by 3-forms which grow in a "controlled" 
way at infinity. This means that we want to consider forms which have at most a "pole" of finite order 
at infinity, and not essential singularities. This statement has a nice interpretation in the example 
where we have a local Calabi-Yau based on a Riemann surface that we will study later. Another 
way to state this restriction is that we will consider harmonic 3-forms on a local Calabi-Yau which 
do have a lift to the original Calabi-Yau that we started with before we took the local limit near its 
singularity. 
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divergent, moduli independent piece of this quantity and keep the finite, moduli 
dependent one. A nice way to achieve this is to use the fact that the net F 5 form 
flux leaking off at infinity, being a topological quantity, has to be kept constant 
as we vary the moduli. It is easy to show that we can write 



J G 3 AG 3 = (t-t) J F 3 AH 3 , 



and the left hand side must be constant for the reason we explained. Since it is 
a constant we can subtract it from the potential and define 



V = J G 3 A *G 3 - / G 3 A G 3 . 
It is easy to show that this is equal to 

V = J G^ A *G^, (8.8) 

where G^ is the imaginary anti-self dual part of the G 3 flux 

*G 3 = ^G 3 . 

The expression fl8.8| ) is the finite and moduli dependent piece of the potential 



Simplifying the potential 

In this subsection we simplify the expression Q8.8] ) for the potential. In general 
we have the following relation between the Hodge decomposition and the * 
operator on a threefold 

*H 3 -° = -iH 3 >°, tH 1 ' 2 = -iH l > 2 , 
*H 2 - x =iH 2 -\ *H Q < 3 = iH^ 3 . 

Before we proceed we would like to analyze the relation between the decom- 
position Q8.6] ) and the Hodge decomposition. In general we have the following 
decomposition^ 

h 3 (x) = h^> e e h 2 J e h 2 ^ ® { c . c .}. 

Harmonic forms in H^ t have compact support, while those in H^ q do not, 
and are chosen to have vanishing ^4-periods on the compact cycles. (Notice 
that a harmonic (p, q)-form cannot have vanishing periods on all compact cycles 

5 Again, we are only considering a certain subset of all harmonic 3-forms with noncompact sup- 
port, as explained in footnote Rl 
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unless it is identically zero.) Since we do not want to break supersymmetry 
explicitly by the boundary conditions of the system, we want our configuration 
to be supersymmetric at infinity, which means that the flux at infinity has to be 
imaginary self dual so 

G 3 e H 2 J © © Hg. (8.9) 

where the subscript oo means that we have to consider the elements of the 
cohomology with noncompact support. We pick a basis 



with the following periods 



(8.10) 



where ry is the period matrix of the Calabi-Yau, and K im are holomorphic func- 
tions of the normalizable-complex structure moduli. 

The flux has an expansion of the form 

G 3 = rH m + h% + VUi. (8.11) 

The parameters T m are fixed by the boundary conditions and have to be kept 
constant as we vary the normalizable moduli. We have also assumed that 

G 3 = / G 3 = 0. (8.12) 

A* JBi 

which means 



T m / E m + h? \ ttj + V / tlj = 

J A' J A i J A i 

T m [ E m + h j [ Qj+U [ HJ = 0. 

JBi JBi JBi 



(8.13) 



The first equation of Q8.13] ) implies that 

V = -h j . 

and the second 



2i \lmr / 



' (K ]m T m ) . 



As we explained before, only the imaginary anti-self dual part of the flux G 3 
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l { fij contributes to the regularized potential and we have 

V= j Gg A 

= - (K~T^) (^-) ' (K jn T n ) . (8.14) 

In this final expression the period matrix r u and K im are functions of the nor- 
malizable complex structure moduli, while T m 's have to be considered as con- 
stants which play the role of external parameters. This potential is in general 
very complicated and can have local nonsupersymmetric minima for appropriate 
choices of the parameters T m as we will explain later. 

Although we do not discuss this here, from the viewpoint of flux compactification 
it is a natural generalization to consider fluxes through the compact 3-cycles, 
relaxing the condition fl8.12| ) . Such flux will make additional contribution to the 
superpotential of the form N' l Fi — a.iX % , a.i = f g fl, which cannot be controlled 
by external parameters and makes realization of OOP-like vacua more difficult. 



Recovering the OOP potential 

The potential ( [8.14D looks familiar. It shares the same basic structure as the 
scalar potential that arises when one adds a small superpotential to Seiberg- 
Witten theory. This connection can be made even more transparent by noting 
that Ki m can in general be written as a total derivative with respect to the special 
coordinates X\ 

K im = -^rK m (X^, X l =j>^. 

One quick way to see this is to use the identity J x E m A 9if2 = to derive 

K im ~ / A m A d t fl 
J ax 

for a 2-form A TO satisfying dA m = E m on the boundary (at infinity) of X. Be- 
cause the divergent contributions to A m at infinity can be chosen independent 
of the dynamical moduli, we can pull the derivative outside of everything. 

With this notation, Q8.141 ) takes the standard form 
where 

W eS (X k ) = T m K m (X k ) 
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is in fact proportional to the Gukov-Vafa-Witten superpotential induced by the 
flux G3. These equations make manifest the relation between our flux- induced 
potential Q8.141 ) and that which arises in deformed Seiberg-Witten theory and al- 



lows us to utilize the OOP technology of Section 8.1 to engineer supersymmetry- 
breaking vacua. 

Lifetime of supersymmetry-breaking vacua 

Because we have managed to achieve supersymmetry-breaking vacua while freez- 
ing all non-normalizable moduli, the energies V will in general be finite and in- 
dependent of the cutoff scale A that we use to regulate the local geometry. This 
means that our vacua are truly metastable, even within this local model, and can 
decay to any of the supersymmetric vacua that exist in these models. Because the 
number the supersymmetric vacua is potentially large and their properties quite 
model-dependent, it is difficult to make general statements about the lifetime 
of our OOP vacua. Nevertheless, we recall here one observation from H287L 
namely that the decay rates will in general scale like 

e - s with (8.16) 

where AZ is the distance in field space between the initial and final vacuum 
state and V+ is the difference in their energies. By simultaneously scaling all T m 
by a common factor, T m — > eT m , we can retain our supersymmetry-breaking 
vacua while decreasing V+ by the same factor, V+ — > eV + . In this manner, we see 
that, just as with OOP vacua in deformed Seiberg-Witten theory, these OOP flux 
vacua can be made arbitrarily long-lived. Because we should really think of the 
local Calabi-Yau as sitting inside some larger compact geometry, one important 
caveat to this statement of longevity is that the noncompact fluxes T m in reality 
derive from a suitable set of compact fluxes in the full Calabi-Yau. This means 
that there will be a series of quantization conditions that must be imposed that 
may affect the degree to which they may be tuned. 

8.2.2 Local Calabi-Yau examples 

In the previous section, we saw that, starting from a compact Calabi-Yau and 
taking a decoupling limit, one ends up with a local Calabi-Yau with noncompact 
flux with support at infinity, which is nothing but the flux leaking from the rest 
of the full Calabi-Yau that have been decoupled, towards "our" local Calabi- 
Yau. Furthermore, this noncompact flux induces potential ( [8.14D for the complex 
structure moduli in the local Calabi-Yau. Depending on the noncompact flux, 
this potential can be very complicated and create nonsupersymmetric metastable 



vacua in the local Calabi-Yau; the OOP mechanism H287H reviewed in Section [8TT 
tells us exactly how this can be done. 
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In this section we study specific examples of our formalism. Let us start with a 
non-compact Calabi-Yau modeled on a Riemann surface, defined by 

X s : uv -H(x,y) = 0, (8.17) 

where x, y can both be variables in C or C*. Recall that the holomorphic 3-form 
of Xy: is given, e.g. for x, y G C, by 

_ du A dx A dy du 

n = — IrETm — _ = — AdxAdy. 

Many important properties of the noncompact Calabi-Yau threefold X^ have an 
interpretation in terms of the underlying Riemann surface E. For example, the 
compact 3-cycles {A l ,Bj} in X-% are lifts of compact 1-cycles on E, which we 
denote by {a 1 , bj} here. This one-to-one correspondence between 3- and 1-cycles 
shows an equivalence between the complex structure moduli on X% and E. 

A basis of (2,l)-forms with compact support on X^ is given by derivatives of f2 
with respect to the normalizable complex structure moduli: {fij = <9jO}. If X% 
were compact, these derivatives <9 s: would be Kahler covariant derivatives D t on 
the moduli space. Being noncompact instead, the moduli space is described by 
rigid special geometry and, as we saw before, the covariant derivatives simplify 
into partial derivatives. Another reduction over the compact 3-cycles in the 
Calabi-Yau shows that all these compactly supported (2, l)-forms Qi reduce to a 
basis of holomorphic 1-forms uji on E. Similarly, (l,2)-forms difl in X s reduce 
to antiholomorphic 1-forms uJi on E. The u>i satisfy the relations 

LL u >~*» mh = ^ (8 - i8) 

where Tij is the period matrix of E. 

The relation between the 3-cycles/3-forms on X^ and the 1-cycles/ 1-forms on 
E through the trivial uv-fibration being understood, we can rewrite the various 



relations in Section |8.2| in terms of the Riemann surface E. First of all, the 
holomorphic 3-form f2 of X-^ is easily seen to reduce to a meromorphic 1-form 
j] = y dx on the Riemann surface in this case H1011I1281 . The special coordinates 
parametrizing complex structure moduli are 

X* = ^ / V, F t = [ v, (8-19) 

2?" J a' 2 ™ Jbi 

and the Kahler potential fl8.5] ) is given by 

K = i -q A fj. (8.20) 
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Recall that, in the special coordinates {X 1 }, the moduli space metric takes a 
particularly simple form: 

/ ^jf \ 

ds 2 = = dX'dXi = (Imr) i7 - dX l dXi, (8.21) 

as can be shown using c^ry = Ui and the Riemann bilinear relation. 

Let us now consider a very small deformation of the system breaking supersym- 
metry to M = 1, thus generating a potential V for the moduli. As we saw before, 
this can be accomplished by turning on 3-form flux G 3 with support at infinity in 
the local Calabi-Yau. This flux can be thought of as leaking from the other part 
of the full compact Calabi-Yau, which has been frozen in the decoupling limit. 
We assume that the decoupling limit is taken consistently with the elliptic fibra- 
tion structure; namely, we assume that the noncompact flux is supported at the 
asymptotic infinities of E, while being compact in the direction of the uv-fibers. 

The basis of (2,l)-forms with noncompact support, {S m }, in the Calabi-Yau X^ 
descend to meromorphic 1-forms {£ m } on the Riemann surface E, satisfying the 
relations 

£m = 0, / £m = K im , (8.22) 



Jbi 

which are reductions of Q8.10D . Therefore, the 3-form flux G3 with noncompact 
support on Xs, as given in Q8.111 ), descends to a harmonic 1-form flux 

9 = 9h + g~A, 

-_ (8.23) 

g H = T m £ >m + Wui, g A = l l LL>i, 

which will have poles at the punctures (or asymptotic legs) of E. The 3-form 
flux G 3 in X s induces superpotential Q8.41 ), which reduces to an integral on E: 



W = / 9 A 77, 
Js 

while the associated scalar potential Q8.81 ) reduces to an integral on E: 

V= [ g A A9A- (8.24) 

If we require the condition ( |8.12| ) that the flux d8.23] > is zero through compact 
3-cycles of X sw , which translates into 

' 9 = 0, (8.25) 
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then by reducing the argument we made for general Calabi-Yau's in the previous 
section to the Riemann surface E (or simply by borrowing the result ( |8.14| )), we 
can rewrite Q8.24D in terms of periods on E: 



V=-(K im T™)^—) K jn T n . (8.26) 

Let us study this potential in more detail for Seiberg-Witten and Dijkgraaf-Vafa 
geometries, and make remarks on the gauge theory interpretation of the physics 
of these geometries. 



Differentials on a hyperelliptic surface 

When the underlying Riemann surface is hyperelliptic, say 

£ : y 2 = f(x) 

where f{x) is a polynomial of degree 2N, there are convenient representations 
for {£ TO } and {uji\. Since we will need them later, let us briefly review them 
here. 

A basis of holomorphic differentials can be constructed by 

Qi{x) Qi(x) 
uj t = dx = - ax, (8.27) 

y vf(xj 

where Qi(x) is a polynomial of degree up to TV — 2 chosen so that Q8.181 ) holds. 
Note that this Ui asymptots to 0(x~ 2 )dx when x — > oo, oo. This means that it is 
regular at x = oo,oo. 

On a hyperelliptic surface it is convenient to take the meromorphic differentials 
of the second kind, £ m , as 

= ^lM dx = ^tidx, m > 1. (8.28) 

y vTM 

Here, R m (x) — mx m+N ~ 1 + . . . is a polynomial and the coefficients of x m+N ~ 2 , 
. . ., a;^ -1 are chosen so that 

6„ = ± [mx™- 1 + <D(x~ 2 )] dx, x ~ oo, 55 (8.29) 

is satisfied. Note that this £ m has poles at two points, x = oo, oo, instead of one. 
The coefficients of x N ~ 2 , . . . ,x° are chosen so that Q8.22D is satisfied. 

The meromorphic differential of the third kind, £ , can be defined likewise using 
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a polynomial Rq(x) = x r ' 



Ro(x) 
£o = dx = ± 



holds and Q8.22P is satisfied. 



, where the coefficients are chosen so that 
1 



dx. 



x ~ 00. 00 



Let us derive a formula that will be useful. By expanding the right hand side of 
the trivial identity = L A £ OT by the Riemann bilinear identity one finds 



° = E /.«*/ e 



^ / P — 00,00 ^ 



p— 00,00 



Because the behaviors of Ui and £ m at x — 00 is the same as those at x = 00 up 
to a sign, we find that 



K, 



J2 f"i d^Cm = -2(f u t d-^ m = -2<f x m cj t . (8.30) 

_ — Jp J 00 Joe 



Seiberg-Witten geometries 

The SU(N) Seiberg-Witten geometry 

X sw : uv-Hsw(v,t) = 0, (8.31) 

with dgC and i € C*, is an illustrative example of a local Calabi-Yau threefold. 
The underlying Riemann surface Ssw is a hyperelliptic curve 

Ssw : H sw (v, t) = A N (t + - P,v(u) = (8.32) 

where Pn(v) = Ylf = i(v — on) is a polynomial of degree TV with the coefficient of 
v N_1 being zero. The coefficients of Pn(v) are normalizable moduli, while A is 
a fixed parameter. 

The holomorphic 3-form on Xsw is ^sw = A dv A y- and reduces to ?ysw = «f 
on the Riemann surface £sw- For a description of the bijection between 3-cycles 
on the local Calabi-Yau and 1 -cycles on the Seiberg-Witten curve, we refer to 
Section RT2T2I 

The complex structure moduli space is conveniently parametrized by the special 
coordinates Q8.19| ), which are conventionally denoted by a,, i = 1, . . . ,N — 1 in 
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the Seiberg-Witten case 

1 f 1 f dt 

ai = ?T~ / 'isw = ^~ / V ~T- (8.33) 
27rz J A i 2m J A i t 

(To avoid confusion we denote the 1-cyles in the geometry with capital letters.) 
As in Q8.21| ), the moduli space metric takes the special form for these: 

ds 2 = (Im-Ty ) da z daj. (8.34) 



Using ai, the normalized basis of holomorphic 1-forms cj, can be obtained as 
follows. Differentiating Q8.33| ) with respect to a J , 

1 d f dt 



v- 



8 l = . 
3 2m' daj J A ^ t 



Comparing with the first equation in ( |8.18| ), this means that 



d ( dt , , 
uj t = — [v— + da \ , (8.35) 



ddi \ t 

where the total derivative term da is fixed by requiring that cjj = 0{v~ 2 )dv as 
v — > oo. Specifically, this leads to da = d(~vlogt) and w% is given by 

d dP N (v)/dai 

Ui = - — (— logtdv) = dv. 

da t y 6 ' v /P A r( u )2-4A 2JV 

Although logt may appear problematic because it is not single-valued on the 
Riemann surface, its ai derivative is single-valued and does not cause any prob- 
lem. 

As we discussed in Section 8.2.1[ turning on noncompact flux breaks Af = 2 
supersymmetry to Af = 1 by inducing a superpotential. As in Q8.23| ), the 3-form 
flux in Xsw reduces to a harmonic 1-form 

JV-l N-l 

9=J2 T " 1 ^ + J2 + E (8 - 36) 

m>l i—1 i—1 



on Ssw- Under the condition that the compact flux vanishes ( 8.25 1, this leads to 
the scalar potential ( [8.26D . 

We can write the superpotential we are adding to the system in a form that will 
be useful later. By manipulating the quantity Kj n T n appearing in fl8.26] ), 

Kj n T n = r j> i n = -2T n j> v n Wj = 2T n ^ \J> v n log t dv^j 
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2T" Off lt ft 



i) 



N+ 1 9aj V/oo * 

Here we used fl8T22] ), fl83o] ) and ( [835] ). By examining d8726l >, and ( |8T34l ) one 
sees that the superpotential is given by 

Wsw = ^ l T m u m+1 , (8.37) 

m 

where we defined 

u m -Ssw = / v m< ^. (8.38) 



27TITO 27rim / m i 



So far everything was about geometry. Now let us turn to the gauge theory 
interpretation of these. As we mentioned above, the local CY geometry ( |8.31| ) 
without flux realizes Af — 2 Seiberg-Witten theory with the hyperelliptic curve 
Q8.32| ) identified with the TV = 2 curve of gauge theory. The special coordi- 
nates Oj defined in Q8.33] ) correspond to the U(l) adjoint scalars in the IR and 
parametrize the Coulomb moduli space. The superpotential ( [8.37D also has a 
simple gauge theory interpretation. To see it, we need the relation between the 
vev of the adjoint scalar <f> and the curve £sw, given by [1300113011 : 

(Tr-^-) = d - = P ' n{v) dv 

t y/P N (v) 2 ~ 4A 2JV 

In other words, u m defined geometrically in Q8.38] ) has an interpretation in 
gauge theory as follows: 

Um = i(Tr$ m ). 
m 

From this, one immediately sees that the superpotential ( |8.37| ) can be written 
as 

Wsw = E ^TT Tr$m+1 = Tr WW], ( 8 - 3 9) 

71 1 > 1 

where we defined 



W{x) = £ 



m + 1 



-v m+1 . 



In ( |8.39| ) $ is understood as the chiral superfield whose lowest component is 
the adjoint scalar. 



Therefore, the Af = 2 gauge theory perturbed by the single-trace superpotential 
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fl8.39| ) corresponds to the geometry ( |8.31| ) with the flux g obeying the following 
asymptotic boundary condition: 



where we used Q8.29D . The perturbed TV = 2 theory is precisely the system 
which was shown in H2871 290 ] to have nonsupersymmetric metastable vacua if 
the superpotential is chosen appropriately. (It was shown in H287B to be possible 
to create metastable vacua by a single-trace superpotential of the form Q8.39| ) at 
any point in the Coulomb moduli space for SU{2) and at least at the origin of 
the moduli space for SU(N).) Therefore, it tautologically follows that the IIB 
Seiberg-Witten geometry with flux at infinity also has metastable vacua, if we 
tune the parameters T m appropriately. 

As we mentioned above, the IIB Seiberg-Witten geometry is dual to a IIA brane 
configuration of NS5-branes and D4-branes which can be lifted to an M5-brane 
configuration. In [130211 it was shown that a superpotential perturbation cor- 
responds in the M-theory setup to "curving" the M = 2 configuration of the 
M5-brane at infinity in a way specified by the superpotential. The metastable 
gauge theory configuration of 1 287, 12901 was realized as a metastable M5-brane 
configuration and its local stability was given a geometrical interpretation. The 
above proof of ( |8.39| ) is exactly in parallel to the one given in H302II for the M- 
theory system. In passing, it is also worth mentioning that the M-theory analysis 
of [[302] revealed that at strong coupling the nonsupersymmetric configuration 
"backreacts" on the boundary condition and it is no longer consistent to impose 
a holomorphic boundary condition specified by a holomorphic superpotential, 
which is in accord with [303 ]. Therefore, also in the IIB flux setting, it is ex- 
pected that if we go beyond the approximation that the flux does not backreact 
on the background metric, nonsupersymmetric flux configurations will backre- 
act and it will be impossible to impose a holomorphic boundary condition of the 
type ([836]). 

Although we do not discuss this here, from the viewpoint of flux compactifi- 
cation, it is a natural generalization to consider fluxes through the compact 3- 
cycles. Such flux will make additional contribution to the superpotential of the 
form eia l +m l Fi. On the gauge theory side, in the Seiberg-Witten theory, this can 
be interpreted as perturbation one adds at the far IR, but its UV interpretation is 
not clear ||294ll . 

Dijkgraaf-Vafa geometries 

Another example of geometries of the type ( |8.17| ) is type IIB on 



g~J2 mTm v m ~ X dv = W"(v)dv, 



(8.40) 



771 



uv - H DV (x, y) = 



(8.41) 
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where the underlying Riemann surface E DV is a hyperelliptic curve 



H m (x,y) = y 2 - [P n (x) 2 - / n _i(z)] = 



(8.42) 



and P n (x) and f n -i{%) are polynomials of degree n and n — 1, respectively. If 
we write 



then the coefficients of P n (x) as well as 6 n _i are non-normalizable and fixed, 
while hi, i = 0, . . . , n — 2 are normalizable complex structure moduli. The holo- 
morphic 3 -form is Qdv = A dx A which reduces to 



on the Riemann surface £ D v- The geometry ( |8.41| ) was studied by Cachazo, 
Intriligator and Vafa (CIV) H304I1 (see also H305II ) in the context of large N 
transition |fTTfll306ll and further generalized in H3071 [3081 . The Dijkgraaf-Vafa 
(DV) conjecture H1231 11241 1125H was also based on the same geometry. We will 
refer to this geometry as the CIV-DV geometry Q8.41] ) or as the Dijkgraaf-Vafa 
geometry henceforth. 

The structure of the underlying hyperelliptic Riemann surface S DV Q8.42] ) is sim- 
ilar to the Seiberg-Witten case ( |8.32| ); Edv is a genus n — 1 surface with two 
punctures at infinity. If we represent Sdv as a two-sheeted ir-plane branched 
over 2n points, those infinities correspond to x — oo on the two sheets. The 
coefficients of P n {x), which are nonnormalizable, determine the position of the 
n cuts on the x-plane, while the coefficients of f n -i(x), which are normalizable, 
are related to the sizes of the cuts. 

The first homology i?i(Snv) is spanned by n— 1 pairs of compact a- and 6-cycles 
(a l ,bj), i,j = 1, . . . , n — 1 with in addition a closed cycle a°° around one of the 
infinities which is dual to the noncompact 6-cycle connecting two infinities. 
Because x, y € C, compact a- and 6-cycles on S DV are all contractible in the 
x, y-plane and hence all compact 1-cycles on S DV lifts to 3-cycles in X m with S 3 
topology. 

The special coordinates Q8.191 ) in this case is conventionally denoted by S l , H: 



for which, as in Q8.21| ), the moduli space metric takes the special form: 

ds 2 = (har^d^dSi. 



n-l 




i=l 



r/nv = xdy 




(8.43) 
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We can write the basis of holomorphic 1-forms using S 1 as: 

&i = tttttI— y ax) = — . = ax. 

dS^ 2^/P n {xf-f n - X {x) 

Adding flux at infinity works the same as in the Seiberg-Witten case. The Rie- 
mann surface Edv is hyperelliptic and we take {£,„} and {uji} to be the ones 
given in Q8.27D and ( [8.281 1. Just like fl8.23| ) and ( [8.36D , the 3-form flux in X m 
reduces to a harmonic 1-form on E DV 

N-l N-l 
m>l i—1 i—1 

Under the condition that the compact flux vanishes ( |8.25| ), the 1-form g leads 
to the scalar potential ( |8.26| ) which, just as we derived ( |8.37| ), can be shown to 
correspond to the following superpotential: 

WW = ^T m £ m+1 , (8-44) 

m 

where we defined 

S m = tt*— i ^Vdv = ^r- I x m dy. (8.45) 

The 1-form 7y DV depends on the complex structure moduli S l of the Riemann 
surface Q8.42D . Therefore, by changing the parameters T m , we can generate a 
superpotential which is a quite general function of S l, s. The OOP mechanism 
[287] states that, if one tunes superpotential appropriately, one can create a 
metastable vacuum at any point of the J\f = 2 moduli space. Therefore, also for 
this Dijkgraaf-Vafa geometry we expect to be able to create metastable vacua by 
appropriately tuning T m , i.e., flux at infinity. Indeed, at the end of this section 
we will demonstrate the existence of metastable vacua in a simple example. 

We have been focusing on the case where there is flux at infinity but there 
is no flux through compact cycles. However, let us digress a little while and 
think about the case where there is flux through compact cycles but there is 
no flux at infinity. In this case, the IIB system has a standard interpretation 
[T30^ 130^ ri23l fT24l [125T1 as describing the IR dynamics of TV = 2 SU(N) the- 
ory broken to Af = 1 by a superpotential W = Tr[W n {^)], W^{x) = P n (x), 
with the moduli S l identified with glueball fields. More precisely, if there are 
N l units of flux through the cycle a\ where N = J2i N*' then the system cor- 
responds to the supersymmetric ground state of SU(N) gauge theory broken to 
SU(N 1 )] x f7(l) n_1 . It is important to note that this equivalence between 
the Dijkgraaf-Vafa flux geometry and gauge theory is guaranteed to work only 
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for holomorphic dynamics, or for the i^-term. On the geometry side, one is con- 
sidering the underlying geometry Q8.41] ) determined by P n (x) and small flux 
perturbation on it. On the gauge theory side, this corresponds to the limit of 
large superpotential, where one has no control of the D-term. Therefore, there 
is no a priori reason to expect that the £>-term of the Dijkgraaf-Vafa geometry, 
which governs e.g. existence of nonsupersymmetric vacua, and that of gauge the- 
ory are the same, even qualitatively. After all, two systems are different theories 
and it is only the holomorphic dynamics that is shared by the two. 

Despite such subtlety, it is interesting to ask what is the gauge theory inter- 
pretation of adding flux at infinity, in addition to flux through compact cy- 
cles. It is known that the curve fl8.42| ) is related to the vev in gauge theory 
as llT23iri24lfT25l 13001 I309H : 

i w 2 / 

~^rT( Tr ^ ) dx = ljdx= ^/P n (x) 2 - f n -l(x) dx. 

where W 2 = W a W a and W a is the gaugino field. Comparing this with fl8.45] ), 
one finds that the quantity £ m defined geometrically in Q8.45| ) has the following 
interpretation: 

S m = ^(TrW 2 *" 1 - 1 ). 
Therefore the superpotential Q8.44] ) can be written as 

W ™ = i Y, rmTr [W 2 <S> m ] = -^Tr [W 2 M($)] , (8.46) 

m 

where we defined 

Af(ar) =^T m x m . 

m 

So flux at infinity of the asymptotic form 

■9 ~ H mT™^ 1 dx = M'(x)dx, 

m 

corresponds in gauge theory to adding a novel superpotential of the form Q8.46D . 
Again, this correspondence must be taken with a grain of salt, since it holds only 
for holomorphic physics. 

Note also that flux through compact cycles will induce glueball superpotential 
113041 of the form a t S l + Nm^S) added to ($8A4$. Because this part does 
not contain tunable parameters such as T m that can be made very small, it is 
difficult, if not possible, to use the OOP mechanism to produce metastable vacua 
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in that case. 




Figure 8.1: Plot of V(r) in the neighborhood of our engineered OOP minimum at r — i. 



In the situation where there is no flux through compact cycles, we do not have an 
interpretation of the system as such an SU(N) theory described above, simply 
because N = £\ N l = 0. 

In Section 3.2 of H we work out a simple example, based on the SU{2) Dijkgraaf- 
Vafa geometry 

A 2 

H DV (x,y) = y 2 -(P 2 (x) 2 -b )=0, with P 2 (x) = x 2 - — , 

with flux at infinity and no flux through compact cycles, where we demonstrate 
that we can truly realize metastable vacua in type IIB using the OOP mecha- 
nism outlined in the previous section by simply adjusting the parameters T m . 
Choosing r = i for convenience, we find a metastable vacuum by turning on 

T 2 _ 885 6 _5832 10 2400 

8 ' 5A 4 ' A 8 



The corresponding local minimum of the potential is plotted in Fig. 8.1 



8.3 Embedding in a larger Calabi-Yau 

In the previous sections we described how we can generate a supersymmetry 
breaking potential for the complex structure moduli of a local Calabi-Yau singu- 
larity by the introduction of 3-form flux which has support at infinity. Allowing 
flux with noncompact support may lead to various conceptual difficulties, such 
as the divergence of the total energy density. To clarify these difficulties we 
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would like to sketch how such a system can be interpreted as an approxima- 
tion of a larger Calabi-Yau threefold with flux of compact support in a certain 
factorization limit. 



As shown in figure 8.2 the physical idea is to start with a Calabi-Yau manifold 
with a set of three-cycles which are isolated from the other three-cycles by a 
large distance. We turn on 3-form flux on all cycles except for the isolated set. 
While the flux that we have turned on is not piercing the isolated cycles, it does 
leak into their region. (This means that the 3-form field strength is nonzero in 
the region around the isolated set of 3-cycles, but once integrated over one of 
these 3-cycles the integral is zero.) It produces a potential for their complex 
structure moduli. 

In the limit where the distance between the two sets of cycles of the Calabi- 
Yau becomes very large, which we will refer to as the factorization limit, the 
flux leaking towards the isolated set will start to look like the flux coming from 
"infinity". In this sense, we manage to embed the scenario considered in the 
previous section as a small part of a larger Calabi-Yau with compactly supported 
flux. 



8.3.1 Factorization 

In this section we would like to understand this embedding into a bigger Calabi- 
Yau in more detail. Our goal is to see how the potential Q8.141 ) arises starting 
from the standard Gukov-Vafa-Witten superpotential for 3-form flux in the larger 
Calabi-Yau. For simplicity we will work with a noncompact Calabi-Yau X, 

X : uv — H(x, y) = 0, 

which is based on a Riemann surface E given by H(x, y) = 0. 

As we explained before the complex parameters entering the defining equation 
of the Riemann surface correspond to complex structure moduli of the Calabi- 
Yau. Some of them are non-normalizable and can be considered as external 
parameters. We want to tune these parameters to approach the limit where the 
surface E factorizes into two surfaces E^ and E^ connected by long tubes. This 
factorization lifts to the entire Calabi-Yau X and divides it into two regions Xl 
and Xr that are widely separated. We introduce 3-form flux G3 of compact 
support on the 3-cycles of X R . The superpotential and scalar potential are given 
by 

W = J G 3 A and V = G IJ diWl)jW, (8.47) 

where the indices /, J run over all complex structure moduli of the total three- 
fold X. Using the properties of the Kahler metric Gj-j in the factorization limit 



258 



Chapter 8. Fluxes and Metastability 





Figure 8.2: Factorization idea: In I we start with a generic Calabi-Yau with flux piercing 
through some of its 3-cycles, while making the distance between the cycles with and without 
flux very large in II. This is seen as flux from infinity in the left sector without compact flux 
in III, and generates an OOP-like potential in that sector. 



we show that the part of the potential ( [8.471 ) which depends on the complex 
structure moduli of L is of the form ( |8.14| ). Furthermore, we find an under- 
standing of the effective value of the parameters T m . 



Geometry of factorization 

Let us study the degeneration of a Riemann surface E into two components E^ 
and E r, depicted in figure 8.3| 6 In this factorization data of the full Riemann 



surface is expressed in terms of the complex structure of the individual surfaces. 
It is well known that in the limit where the length of the tubes L = 1/e goes to 
infinity the period matrix of the full surface becomes block diagonal 





-RR 



0(e). (8.48) 



6 In general these components could be connected in a non- trivial way. We restrict our compu- 
tations in this section to the case in which they are linked by just one long tube. These should be 
easily extendible to more general cases. 
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While the off-diagonal components t lr go to zero in the factorization limit, their 
subleading behavior is quite important in our analysis since it expresses the weak 
interaction between the two sectors. The period matrix t lr can be computed 
systematically in an expansion in e from data on each of the two surfaces as we 
explain below. 




Figure 8.3: Two conformally equivalent ways of viewing the factorization of a Riemann 
surface into two parts. Physically though, we should distinguish both points of view, since 
particle masses depend on the size of the cycles. Because in our situation no new massless 
appears in the factorization limit, the left diagram represents our point of view best. 

Technically, we describe the factorization of the Riemann surface with the plumb- 
ing fixture method H310L So consider two Riemann surfaces and of genus 
<7l and ga respectively. On the left surface we have g^ holomorphic differ- 
entials oji, while on the right surface £# similarly g^ holomorphic differentials 
Wi> . The complex structure of the left surface is determined by the periods of the 
holomorphic differentials 

where is the period matrix of S^, and we choose our definitions similarly 
for the right surface. 

The plumbing fixture method works after choosing a puncture P on and P' 
on It connects the two surfaces by a long tube of length L which is glued 
onto neighborhoods of the punctures P and P' . More precisely, we pick a local 
holomorphic coordinate z around the puncture P such that z{P) = and a 
holomorphic coordinate z' near P' with z'(P') = 0. Then we identify points in 
these neighborhoods as 

zz = e. 

Now we want to compute the period matrix of the full Riemann surface in terms 
of complex structure data of the two surfaces. For this we need to understand 
how the differentials w, and a? extend to well-defined holomorphic differentials 
on the full surface £ = Sj, U Sj?/ ~, where ~ is the above identification. Let 
us first consider how to lift the differential c^. Around the puncture P it may be 
expanded as 

oo 
m— 1 
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where the functions Kf m are defined in equation (8.221. Once we write this 
in terms of z' we observe that, as seen from the right surface, the differential 
has a Laurent expansion. So cjj will be written as a linear combination of the 
meromorphic differentials £^ of the right surface. A meromorphic differential 
has the following expansion around the puncture 

Here we have introduced the functions h^ n , which depend on the complex struc- 
ture moduli of the surface and the position of P. So in general the differential 
uj; will lift to a differential £ji on the full surface which can be written as 



DO 

m— 1 



2J ^im^m 0n S I> 
rn—1 

on T, R . 



m— 1 



for some coefficients Xi m and y im . Matching the differential on the two sides we 
find the following conditions 



DO 

P 

nm 

n=l 



%im / Vinh nm , Vim ( ^im / j ^in^ 

m — ' m \ i — ' 

n=l \ 

This allows us to compute the cross-period matrix as 

p oo oo n 

LR _ \ " K P' _ _ \ " f_ K P r -\ K P 

T ij' u i — / t f^i'milim — / y n im u mn A j' 



n 

m— 1 m,n— 1 

00 £ n+; 



(8.49) 



E „; h 'mlhn- 



nl 
1=1 



From this equation we can read off all order e-corrections to the off-diagonal 
piece of the period matrix when a surface E degenerates. 

Also, this procedure gives a clear understanding of the term "flux at infinity". 
We see that the flux at infinity is generated by regular forms on the degenerated 
surface, and therefore will at most have finite order poles at the punctures. 

Notice that for a Calabi-Yau threefold that is based on a Riemann surface, the 
factorization region is described by the deformed conifold geometry 

uv + x 2 + y 2 = e, or equivalently uv + zz' = e. 

Usually, this is described as a 3-sphere shrinking to zero-size when e — > 0. How- 
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ever, as for the complex 1 -dimensional plumbing fixture case we want the two 
sectors to be far apart from each other. Therefore we consider the conformally 
equivalent setup where the 3-sphere is scaled to be of finite size, while the trans- 
verse directions are made very large. The finite size three-sphere reduces to the 



cross-section of the tube on the left in figure 8.3 whereas the transverse direc- 
tions reduce to the tube-length. 

To describe the left and right neighborhoods of the degeneration, we can fix 
x = ye — V 2 — uv on the left and x = — y 'e — y 2 — uv on the right. In the limit 
that e — > these neighborhoods will not just intersect in a point, but in the 
divisor uv + y 2 — 0. This is the region where regular forms on the total threefold 
will develop poles when the degeneration starts. 





Figure 8.4: Turning on flux on the right part of the factorized Calabi-Yau. 



Dynamics 

Now we consider turning on flux on the threefold. For simplicity we again take a 
Calabi-Yau fl8.3.1| ) that is based on a factorized Riemann surface. We turn on 3- 
form flux G 3 = F 3 — tH 3 which is only piercing the set of A-cycles corresponding 
to T,r, as can be seen in figure |8.4| and write down the corresponding (super) 
potential. For regularization issues later, we take two more punctures on the 
right surface labeled by ±oo and turn on some flux a through the noncompact 
Boo cycle running from +oo to — oo. 

A basis of A and B cycles is given by the compact 3-cycles on the left and the 
right, together with the lift A°° of the A-cycle enclosing +oo and B^. So the 
flux is determined by 

[ G 3 = 0, f G 3 = N\ f G 3 = 0, 

[ G 3 = 0, [ G 3 =Q, [ G 3 = a. 

J Bi Jb< Jb x 

Let us denote the complex structure moduli and their duals by X 1 and Fi, which 
are the A 1 resp. Bj periods of the holomorphic 3-form fi. Here we use the capital 
indices I = {i, i', oo} to run over both the left and the right sides. Then the GVW 
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superpotential for the complex structure moduli is given by 

W = f G 3 A Q = aX°° + N l 'F?, 

and the corresponding scalar potential by 

V = Y^ G I1 d I W~d J W. 
i, j 

Since X°° corresponds to a log-normalizable period and the derivatives in the 
above potential just correspond to normalizable modes, the a-factor decouples. 
This shows that 




(8.50) 



i',j',k',l' \ LmT /RR V 7 

Thus the total potential is the sum of three terms, which we denote in the obvi- 
ous way byV = V\ + V 2 + V 3 . 

Next we consider what happens in the limit where the distance L between the 
two sets of 3-cycles gets very large. As explained before the period matrices t ll 
and t rr remain of order one in this limit and become almost independent of 
the moduli X R and X L , respectively. 

On the other hand, t lr goes to zero which would make the first term V\ in the 
potential vanish in the limit that e — > 0, at least if we don't scale the fluxes N 1 ' 
appropriately. Since V\ describes the interaction between the two sides of the 
Calabi-Yau, we really want to scale the fluxes N 1 ' to go to infinity in such a way 
that the term V\ remains finite. 

Then it becomes clear that the term V 3 of the potential dominates over the other 
two contribution to V. This implies that in the limit e — > the term V 3 should 
be minimized first, i.e., 

k> 

which is a set of n R equations for the n R moduli x j ' . The solutions of this system 
correspond to supersymmetric vacua for the 3-cycles on the right side. Once we 
have fixed all X^ to their supersymmetric values X^ , we can consider the effect 
of the backreaction of the right side to the left. This is purely expressed through 
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the potential V\, since the term V 2 vanishes as well at the supersymmetric point. 

So effectively the potential for the complex structure moduli X l L of the left sur- 
face is 

V.= D (jAT (JV-V-). C8.51, 



i,j,k' ,1' 



LL 



This may be written as Vj = . 9jW / e ff(l/Imr)^ i 9 :( W e ff, where we define the 
effective "superpotential" for the left complex structure moduli as 

a^^A^f. 

Comparing with expression ( |8.49| ) it is clear that the fluxes on the right should 
be scaled in such a way that the coefficients 

r = e m Y^N h 'K' k , m (8.52) 
k> 

remain constant. In that situation the effective superpotential is 

diW eS = T m K im (8.53) 

m 

to leading order in e, which is precisely of the form ( |8.14| ). 
Genericity of Potential and Metastable Vacua 

Let us summarize what we have demonstrated so far. We started with a large 
Calabi-Yau that consists of two parts Xl and Xr separated by a large distance, 
and turned on a large 3-form flux on one of the sides, say Xr. This flux generates 
a large potential for the complex structure moduli of Xr, which are therefore 
set to their supersymmetric minima. The flux on X R is also weakly backreacting 
to the other side Xl, inducing a small superpotential for the complex structure 
moduli of Xl. We computed this superpotential in equations Q8.3.1| ) and Q8.53| ) 
and found that it is of the form Q8.141 ). The main point is that the side Xl only 
knows about Xr via the parameters T m given by fl8.52] ). 

In this section we discuss two questions. The first is to which degree we can 
tune the parameters T m independently. And the second is whether these T m 's 
can be chosen to realize an OOP supersymmetry breaking superpotential. 

As we can see from ( [8.52D , the values of the parameters T m depend on the 
fluxes N l on the cycles of X R and also on the value of the (generalized) period 
matrix K[, m . The last one depends on the choice of the supersymmetric vacuum 
X? on the right side. For given large fluxes N 1 ' there is a huge number of 
supersymmetric vacua, or solutions of equation Q8.3.1D , with different values of 
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X? and consequently of K' Vm . The density of such supersymmetric vacua over 
the complex structure moduli space of Xr has been studied before H3111 13121 
13131 13141 1315L and it is believed that the vacua become dense in the moduli 
space in the limit where the fluxes are very large. 

The coefficients K[, m are holomorphic functions over the complex structure 
moduli space of Xr. So naively one would conclude that when the dimension 
of this moduli space is large enough, meaning that the number of 3-cycles in X R 
is large, we can always find supersymmetric points where the K' llm 's have the 
desired values. However the functions K[, m are not "generic" and there may be 
relations between them which affect the naive counting. We have not analyzed 
this problem in detail but we think the following statement is true. Any number 
of the T m 's in the superpotential Q8.53] ) can be tuned by considering a Calabi- 
Yau whose right side Xr has a sufficiently large number of 3-cycles, and there 
will be some supersymmetric vacua with right values of K[, m to reproduce the 
desired T m 's to good accuracy. 

This claim is made more intuitive by the following physical interpretation of 
equation ( |8.52] > . Start by turning on fluxes N l on the cycles of X R , which is 
based on the Riemann surface T,r. When reduced on the Riemann surface the 
flux looks like the electric field produced by a charge in two dimensions. The 
set of fluxes N 1 ' resembles a charge distribution on the cycles of the Riemann 
surface. To compute the field produced by these charges in the distant region 
of the other set of cycles T, L , one has to consider a multipole expansion. Since 
the matrix K' Vm computes the mth multipole expansion of a charge distributed 
along the I'th cycle, the coefficients T m are exactly the multipole moments of 
the charge distribution. In this formulation our first question reads whether we 
can arrange a charged distribution to have the desired multipole moments given 
by the coefficients T m . We expect that the answer is positive. 

The second question is more subtle. To realize a metastable nonsupersymmetric 
vacuum via the OOP mechanism, one has to tune the superpotential in a way 
which is determined by properties of the Kahler metric at that point. As we saw 



in Section 8.1 one has to tune the coefficients of the effective superpotential 
only up to cubic order in an expansion around the candidate metastable point. 
Since we have a very large number of parameters T m at our disposal it seems 
that generically we should be able to tune them to generate metastable vacua 
at most points on the moduli space. However we do not have a proof of this 
statement and it is possible that various relations between the period matrices 
and the Kahler metric invalidate the naive counting 7 ! 



7 This question is similar to whether one can realize the OOP mechanism with a single trace 
superpotential for the adjoint scalar in an SU(N) gauge theory. In |287| it was demonstrated that 
for 5(7(2) a metastable vacuum can be generated anywhere on the moduli space by a single trace 
superpotential, and for SU(N) at the center of the moduli space. It was not fully analyzed whether 
this is possible in generality. 
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8.3.2 Example of factorization 

In the previous section, we argued, based on the factorization of the Riemann 
surface and the Calabi-Yau, that it is possible to embed the nonsupersymmetric 



metastable vacua we found in Section 8.2.2 in a "larger" Calabi-Yau, the idea 



being that the flux threading compact cycles on one side of the Calabi-Yau looks 
like flux coming from infinity from the viewpoint of the other side of the Calabi- 
Yau. In this section, we will discuss the Dijkgraaf-Vafa geometries 



-i 2 

-W : y 



= P n {xf - /„_!(»), P n {x) = Y[(x - aj), (8.54) 



i=i 



as an example where our proposal can in principle be implemented, and make 
some steps towards actually confirming our proposal. 



Factorization in practice 

Remember that the a/s are non-normalizable parameters which represent the 
positions of the cuts on the x-plane, while the coefficients in f n ^i(x), or equiva- 
lently variables S 1 defined in Q8.43| ), are normalizable (or at least log-normalizable) 
and hence are dynamical variables describing the size of those cuts. Therefore, 
in this Dijkgraaf-Vafa case ( |8.54| ), aj are the parameters we want to adjust in 
order to approach the factorization limit where Sdv degenerates into two sub- 
sectors. 

So, what we should do is clear: we divide the n cuts into two parts as n — 
n L + n R, the ones on the left indexed by i and on the right by i', and send these 
two groups apart from each other by a large factor L — 1/e so that 

oti — ay = 0{L) (when L — > oo). 

In the L — ► oo limit, the left and right sides will be very far apart and the factor- 
ization we discussed in the previous section must be achieved. For example, the 
period matrix of the total Riemann surface must diagonalize as in Q8.481 ) up to 
1/1/ correction. 

There is one thing we should be careful about when taking the L — > oo limit. If 
we try to separate the two sets of cuts by naively taking the typical difference 
between and a,/ to be of order L while keeping the size of the cuts fixed, then 
a simple estimate of the scaling of , Sfi using ( [8.43D shows that the physical 
size of the 3-cycles in the Calabi-Yau blows up. What we want instead is to end 
up with two sets of 3-cycles of finite size, separated by a large distance, so that 
we are left with nontrivial dynamics of S^,Sft. To achieve this we must also 
scale the size of the cuts, as we send L — > oo. Let xl and xr be local coordinates 
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in the left and right sectors, respectively, and set 

x L = L r x L , x R = L r x R , (8.55) 

where 

n R , n L 



n L + 1 tir + 1 

Then, from 08.43] ), it is not difficult to see that we can keep S[,Sfi finite if 
we keep xl, xr finite while taking the L — > oo limit. A similar rescaling of 
local coordinates must be also necessary when taking a factorization limit in any 
other examples than ( [8.54D . 



Computation of Period Matrix 

In the Dijkgraaf-Vafa geometry ( |8.54D , the period matrix is given by 

d 2 T, 



TJJ 



dS'dS- 7 ' 



(8.56) 



Here, T is the B -model prepotential, which by the Dijkgraaf-Vafa relation H1231 
131611 is related to matrix models. The precise way to scale various quantities to 
take the factorization limit being understood, it is in principle possible to confirm 
our proposal for the Dijkgraaf-Vafa geometry using d8.56] > . For doing that, it is 
important to be able to compute the prepotential F for a large number of cuts 



n. The results from Section 8.2.2 show that generating a metastable vacuum 
requires quite a lot of coefficients T m . Since we roughly need the same number 
of cuts on the right as the number of tuned S m 's on the left, the total Riemann 
surface must have quite a large number of cuts. So, in this subsection we will 
explain the way to compute Tq and thus tjj for an arbitrary n. 

For Dijkgraaf-Vafa geometries Q8.541 ) the prepotential T may in fact be com- 
puted for any number of cuts n in a number of ways. The most direct way is 
evaluating the period integrals on the hyperelliptic curve. This has been done 
up to cubic order in S 1 in H3T7H . Duality with a U(N) matrix model lfT23l 13161 



Z = cxp 



.3=0 



= J d N \ exp 


— TrVF($) 




.9s 



where the matrix model action is given by 

n 

W'(x)=P n (x) = Y[(x-aj) 



7=1 



makes this computation quite a bit simpler. Let us quickly show this argument 

EH. 
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The field $ is an N x N matrix. Say N 1 eigenvalues of <I> are placed at the 
critical point x = ai and divide the matrix $ into N 1 x N J blocks <!>/,/, where 
H/=i N 1 — N. One can go to the gauge = for I ^ J by introducing 
fermionic ghosts in the matrix model action. This produces the following extra 
term in the action, where = 

W^ghost = MBji^iC u + Cj^jBu). 



To write down Feynman diagrams, we expand around x = aj as = ai+4>i. 
A Taylor series of W($i) = W(ai + 4>i) around ai yields the propagator and 
p- vertices for 4>i. In particular, this shows that the propagator for </>/ is given by 



W"(ai) Ai 



where Aj = W"{ai) = YYj^j o-u- Moreover, expanding the ghost action deter- 
mines the ghost propagator to be 



(BjiCij) — . 



and gives the Yukawa interactions between <j>i, Bjj and Cij. 

The contribution to the prepotential !Fq of order three in the S !, s is given by 



planar diagrams with three holes, see Fig. 8.5 Writing down the expressions 



5/ 3 and g It 4 in terms of a's and A's shows that 

n n n 

ui ; jSjSj+ u ijk SiSjS k , 

1=1 I^J KJ<K 



where 



2 

ui 



1_ J_ x - 1 

hj a h^J + 4A/ a u c 

3 2 2 1 

u ij = o — » 1 — o — t > and 

UIJK = 4 



1 1 1 



olijolikAi ajiajxAj a K ia K jA 



K 



In appendix D of [4| we discuss the generalization of this result to higher order 
in S 1 . In particular, we compute T Q up to S 5 terms. 
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1/6 / 



-1/4 J 




+ 1/6 / 




+ 1/2 Ji 



+ 1/8 / 





1/2 / 





Figure 8.5: The contribution to To,3 given in terms of matrix diagrams. Gray double lines 
represent 4>j fields, while black-and-gray double lines represent BC ghosts. 



Scaling of Period Matrix 



The method explained in Section 8.3.2 allows one in principle to compute the 



period matrix to any order in S 1 for general Dijkgraaf-Vafa curves Q8.54] ). Then 
the factorization limit can be achieved simply by taking the L — ► oo limit of 
the result and one can start looking for metastable vacua. In this subsection, 
as a step towards it, let us pursue a more modest goal of seeing the factorized 
behavior of the period matrix, Q8.481 ) . 

The form of the scaling can be elegantly derived for any possible contributing 
matrix model diagram to First note that A< scales as L 2r as L — > oo, and 
Aj/ as L 2r ' . All propagators with indices from either side of the surface have 
an expansion in terms of otjj's and A/s, and thus a scaling in L which is easy 
to determine. The total scaling of a planar diagram with an arbitrary number 
of these elements turns out to depend just on the number of ghost vertices that 
connect the left side to the right side. It is given by 



1 



l J {l+r)N ii ,+{l+r')N l , i 1 



(8.57) 



where Nu> is the number of ghost vertices with external ghost lines indexed by 
(i, i') and the external 0-line by (i, i). Note that in deriving this we assumed the 
scaling Q8.55D and thus S l L , S % R are of order one. 

This shows that a diagram with only indices on the left (or on the right) will 
be of order 1 in L. Since such diagrams contribute to the period matrix r.y (or 
n/ji), this shows that the period matrix is of order 1 in L, with corrections in l/L 
from diagrams that contain at least two loops indexed by i and j. On the other 
hand, the off-diagonal pieces of the period matrix t«/ and tv; contain at least 
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one ghost cross-vertex with indices i and i' . These parts will therefore scale at 
least as l/L. In particular, for large L the properties of the full Riemann surface 
£ are determined by those of the two factors and the period matrix 77,7 

indeed diagonalizes as in Q8.48| ). 

Having checked the diagonalization Q8.48] ), the problem of actually finding an 
example of a metastable vacuum then just amounts to solving equation ( |8.52| ) 
together with (8.3.1 ) using the data from matrix model, for T m giving a meta- 
stable vacuum. Solving these equations is nontrivial, since the relation between 
the flux parameters N l on the right and the coefficients in the superpotential 
T m we want on the left are non-linear, although we expect that the solutions do 
exist by the multipole argument we gave in Section 8.3 We leave matrix model 
computations up to requisite orders as well as finding the actual metastable 
vacua by solving those equations for the future work. 



8.4 Concluding remarks 

Summarizing, we found that turning on flux with support at infinity in local 
Calabi-Yau in type IIB induces a superpotential for the moduli in the local Calabi- 
Yau, thus breaking TV = 2 of the Calabi-Yau compactification down to M = 2. 
Then we demonstrated that one can create metastable vacua by tuning the flux 
at infinity using the OOP mechanism, using a Dijkgraaf-Vafa (CIV-DV) geometry 
as a primary example. The metastable vacua known to exist 112871 129011 in per- 
turbed Seiberg-Witten theory can also be understood in terms of metastable flux 
configuration. 

Flux diverging at infinity may appear problematic, but in reality a local Calabi- 
Yau must be regarded as a local approximation of a larger compact Calabi-Yau 
and the flux at infinity has a natural interpretation there; there is flux floating 
around in the rest of the Calabi-Yau, which "leaks" into our local Calabi-Yau 
and just appear to be coming in from infinity. This, furthermore, motivates a 
more natural setting to realize metastable flux vacua: in a part, say on the right 
side, of the full Calabi-Yau X, there are some 3-cycles threaded by flux (and 
possibly O-planes to cancel net charge if X is compact) and on the left side 
there are some 3-cycles without flux through them. If the distance between 
the left and right sectors is large, the full Calabi-Yau X factorizes into an almost 
decoupled system of Xl and Xr, and the flux in Xr appears to be flux at infinity 
from the viewpoint of Xl and induces superpotential in Xl- By adjusting the 
number of fluxes in X R , we can tune the superpotential and generate metastable 
vacua in Xl. This is a very well controlled setting to analyze flux vacua, which 
may shed light on the structure of the nonsupersymmetric landscape of string 
vacua. We also made some steps toward actually embedding metastable vacua 
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in a larger Calabi-Yau as sketched above in the case of Dijkgraaf-Vafa geometry 
by computing certain matrix model amplitudes. Actually finding explicit vacua 
along that line is an interesting open problem. 

Note that we needed just two main ingredients to achieve this result: Firstly, 
the OOP mechanism requires that the complex structure moduli space is special 
Kahler. Secondly, it is important that the generated Gukov-Vafa-Witten super- 
potential is very much controllable by tuning the flux. This means that we can 
generalize the above story to any setting which fulfills these two requirements. 
Other possibilities therefore include M-theory and F-theory on Calabi-Yau four- 
folds [318l l298l . Let us finish by saying a few words on these two setups. 

Compactifying M-theory on a Calabi-Yau fourfold X4, with fluxes yields a three- 
dimensional low energy theory with 4 supercharges. The complex structure 
moduli of the Calabi-Yau are part of the chiral supermultiplets and are described 
by variations of the holomorphic (4, 0)-form ft. In the local limit where the 
fourfold becomes noncompact, the Kahler potential on the moduli space is given 
by 



K= I ft A ft, (8.58) 

so that the metric on the moduli space is indeed special Kahler. Moreover, it 
is well-known that the complex moduli may be stabilized by turning on 4-form 
flux F4, which introduces the superpotential 



W= / F 4 Aft. 

The condition for unbroken supersymmetry is W = dW = 0, so that F 4 has to 
be a (2, 2)-form. Stabilizing the Kahler moduli as well requires that the flux is 
primitive under the Lefschetz decomposition (and in particular self-dual). Turn- 
ing on primitive (2,2) flux on some compact 4-cycles, we can now follow an 
equivalent procedure as in IIB. 

M-theory compactified on X 4 is equivalent to compactifying F-theory on X4 x S 1 , 
at least if AT 4 is an elliptically fibered Calabi-Yau. This leads to a four-dimensio- 
nal space-time with 4 supercharges. So again, the Kahler potential is given by 



(8.581, and the flux F 4 is a primitive (2,2)-form. The relation with IIB consis- 
tently reduces F 4 to a harmonic (2, l)-flux G 3 . The extra seven-branes that must 
be inserted in IIB when reducing over a singular T 2 do not contribute to the 
superpotential and thus don't play an important role here. 

In particular, consider as an example the local Calabi-Yau fourfold 

u 2 + v 2 + w 2 + H(x, y) = 0, 



where all variables are C (or C*) valued, and F(x, y) defines a smooth curve in 
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the x, y-plane. Its holomorphic four-form is given by 

_ duAdv 

it = A ax A ay. 

w 

The u,w,w-fiber defines a two-sphere over each point in the x, y-plane, which 
shrinks to zero-size over the curve H(x, y) = 0. (Like in the Calabi-Yau threefold 
case, the real part of H(x,y) changes sign when crossing the Riemann surface. 
This flop changes the parametrization of the compact S 2 in the T*S 2 -fiber from 
a "real" S 2 into an "imaginary" S 2 .) Four-cycles can be constructed as an S 2 
fibration over some disk D ending on the curve and have the topology of a four- 
sphere (when x and y e C). Notice that the intersection lattice is symmetric now 
and not simply symplectic anymore, so that the bilinear identity takes a more 
complicated form. However, like in the threefold case all relevant quantities 
reduce to the Riemann surface, and the analysis is similar as before. 



Appendix A 

Level-rank duality 



The affine algebras su(N) k and su(k) N are related by the so-called level-rank 
duality [66, 87l l3191[83ll88ll , which maps to each other orbits of their irreducible 
integrable representations under outer automorphism groups. Let us explain this 
in more detail. The Dynkin diagram oisu(N)k consists of N nodes permuted in 
a cyclic order by the outer automorphism group Zjv- This also induces an action 
on affine irreducible integrable representations. There are 

(N + k-iy. 

(N-l)\k\ { } 

such representations of su(N)k, which can be identified in a standard way with 
Young diagrams p with at most N — 1 rows and at most k columns. We denote 
the set of such diagrams by 3^v-i,fc- In particular, the generator of the outer 
automorphism group a^, the so-called basic outer automorphism, has a simple 
realization in terms of a Young diagram p = (pi,... , pn-i) corresponding to a 
given integrable representation. The action of amounts to adding a row of 
length k as a first row of p, and then reducing the diagram, i.e. removing pn-i 
columns which acquired a length N (so that indeed on{p) S yN-i,k), 

Cjv(pi) ■ ■ - ,Pn-i) = (k- Pn-IiPi - Pn-u ■ ■ -,Pn-2 - Pn-i)- (A. 2) 

It follows that crj^(p) = p, as expected for symmetry. All N irreducible 
integrable representations related by an action of a n constitute an orbit denoted 
as [p] c ^iv-i.fe- As an example, the Z 4 orbit generated from su(4) 3 irreducible 
integrable representation corresponding to a diagram p — (2, 1) e 3^3,3 is given 
by 
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The number of such Z N orbits is given by ( A.l I divided by AT. For both su(N) k 
and su(k)N this number is the same, therefore a bijection between orbits of 
their integrable irreducible representations exists. The level-rank duality is a 
statement that for su(N) k orbit represented by a diagram p e yN-i,k there is a 
canonical bijection realized as 

y N -i,kD[p] = W 3 N (p) \j = 0,...,N-l} h+ 

^ K(p') \a = 0,...,k-l} = [p t ] cy k -i,N, (A.3) 

where * denotes a transposition and a diagram p l should be reduced (i.e. all 
columns of length k should be removed if p\ was equal to k). 

The level-rank duality can also be formulated in terms of the embedding 

u(l)Nk x su(N) k x su(k) N C u(Nk)i. 

The u(Nk)i affine Lie algebra can be realized in terms of Nk free fermions, so 
that their total Fock space j^® Nk decomposes under this embedding as 

F® m = ®U M ®V p ®% (A.4) 
p 

where U\\ p \\, V p and V p denote irreducible integrable representations of u(l)jvjb 
su(k)N, and su(N) k respectively. In the above decomposition only those pairs 



(p,p) arise, which represent orbits mapped to each other by the duality (A.3 1. 
For a given su(N) k orbit [p] represented by p, these pairs are therefore of the 
form (a J N (p),a k (p t )), where un and a k are appropriate outer automorphism 
groups. The U(l) charge corresponding to such a pair is ||p|| = dpi + jk + 
aN) mod Nk, where \p\ is the number of boxes in the Young diagram p. With 



such identifications, the decomposition (A.4) can be written in terms of charac- 
ters as H88H 



X ^ {Nk)l {u,v,T) = (A.5) 

JV-l fc-l 
[p]C^jv-l,fc 3=0 a=0 

Here u — (Uj)j=i...N are elements of the Cartan subalgebra of u(N), \u\ = J2j u j 
and u denotes the traceless part. Similarly v — {v a ) a =i...k are elements of Cartan 
subalgebra of u(k). Xp (% r) are characters of su(N) k at level k for an 
integrable irreducible representation specified by a Young diagram p, and x*j 
characters are defined as 



x S(l)«^ r ) = 1 Vg^ (n+j/N) 2 c 2Kiz(n+ 3 /N) 
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for q — e 27rir . 

As an example of a decomposition (A.4I let us consider the case of w(l)i2 x 
su(4) 3 x su(3) 4 c u(12)i, with N — 4 and k = 3. From ( A.l I we deduce there 
are 5 orbits of outer automorphism groups Z 4 and Z 3 . Let us consider su(4) 3 
integrable representation related to a diagram p = D, and the corresponding 
su(3)4 diagram p f = □. The two orbits under er 4 and er 3 are shown respectively 
in the first row and column of a table below. All 12 pairs of representations 



appear in the decomposition (A.4I with u(l)i2 charges given in the table. Note 



that acting with 04 takes us to another pair of weights given by a step to the 
right in the table, and increases w(l)i2 charge by 3 (modulo 12). The action of 
<t 3 takes us a step to the bottom in the table and increases u(l)i2 charge by 4 
(modulo 12). Of course the same table is generated when we build it starting 
from any other element of these two orbits. 



□ 



□ 



10 



11 



Pairs of su(4) 3 x su(3)4 integrable weights with the same fixed u(l)i2 charge, 
arising in the decomposition of m(12)i, are easily found if all 5 such tables of 
orbits are drawn. For example for charge we then get 
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Samenvatting 



In de Euclidische meetkunde bekijkt men rechte oppervlakken zoals die links 
in Fig. Sinds de 19e eeuw bestuderen wiskundigen echter ook gekromde 
oppervlakken, zoals de bol, ge'illustreerd rechts in deze figuur. Meetkunde op de 
bol is anders dan op een vlak: de hoeken van een driehoek tellen niet op tot 180 
graden, maar meer! Dit is een teken dat de ruimte niet vlak is, maar gekromd. 

Algemenere gekromde oppervlakken zijn als eerste bestudeerd door B. Riemann 
en worden Riemannoppervlakken genoemd. Door te doen alsof zo'n oppervlak 
van rubber is, en geleidelijke vervormingen toe te staan, kan een Riemannop- 
pervlak beschreven worden door het aantal handvaten in het oppervlak. De bol 



heeft bijvoorbeeld geen handvaten. Fig. 1.2 toont twee Riemannoppervlakken 



met handvaten, die veelvuldig voorkomen in dit proefschrift. 

In de natuur vinden we veel van zulke gekromde ruimten, zoals het oppervlak 




Figuur 1.1: Links een meetkundig vlak, gedefinieerd door de lineaire vergelijking x = y. 
Op elk punt in dit vlak kun je twee richtingen uit. Het vlak is dus een 2-dimensionaal deel 
van het 3-dimensionale (x, y, z)-assenstelsel. Bovendien zijn die twee richtingen overal op 
het vlak hetzelfde. 

Rechts een bol, gedefinieerd door de kwadratische vergelijking x 2 + y 2 + z 2 = R 2 , waarbij R 
de straal van de bol is. De hoeken van de gearceerde driehoek tellen op tot iets meer dan 180 
graden. Op iederpunt van de bol kunje twee richtingen uit, zodat ook de bol 2-dimensionaal 
is. Die twee richtingen veranderen echter als je naar een anderpunt op de bol beweegt. 
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Figuur 1.2: Twee voorbeelden van Riemannoppervlakken: links een Riemannoppei-vlak in 
de vorm van een donut — dit wordt een torus genoemd — en rechts een oppervlak met twee 
handvaten. 



van de aarde. Sterker nog, A. Einstein ontdekte dat de ruimte waarin we leven 
in een diepere zin gekromd is. Om dit te beschrijven bracht hij ruimte en tijd 
onder een noemer. Grofweg wordt deze zogenaamde ruimte-tijd gegeven door 
een 4-dimensionaal assenstelsel dat verandert als we van de ene naar de andere 
plaats reizen. Net als op de bol. De kromming is het grootst in de buurt van 
grote massa's zoals sterren en zwarte gaten. Fig. |1.3|is hier een illustratie van. 



Snaartheorie probeert eigenschappen van ons universum te beschrijven door 
naar nog hoger-dimensionale gekromde ruimten te kijken. Die ruimten hebben 
meestal 10 dimensies, waarvan 1 tijd-richting. Oftewel, je kunt in 9 verschil- 
lende richtingen reizen die allemaal loodrecht op elkaar staan. De relatie met 
onze wereld kan dan gemaakt worden door zes van die dimensies heel klein te 



maken, zodat je ze bijna niet ziet. Zie Fig. 1.4 voor een illustratie. Alhoewel het 
moeilijk is die kleine dimensies te meten, zijn ze wel degelijk belangrijk voor de 
natuurkunde in onze wereld. Ze worden bestudeerd om oplossingen te vinden 
voor allerlei raadsels waarmee natuurkundigen geconfronteerd worden. 

Een van de grootste raadsels is het vinden van een goede beschrijving van 
zwaartekracht op heel kleine lengteschaal. Sinds het begin van de vorige eeuw is 
bekend dat op afstanden kleiner dan de grootte van een atoom de kwantumme- 
chanica een rol speelt. In deze theorie kunnen afstand en snelheid niet gelijktij- 
dig exact bepaald worden, en zijn grootheden die continu lijken, zoals energie, 
opgebouwd uit discrete pakketjes, de kwanta. Om de zwaartekracht op kleine 
schaal te kunnen begrijpen, hebben we een kwantummechanische beschrijving 




Figuur 1.3: Een 2-dimensionale voorstelling van de kromming van de ruimte-tijd nabij een 
zwaar object in de ruimte. 
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Figuur 1.4: Als de straal R van een cylinder heel klein wordt, zijn de cylinder en een rechte 
lijn moeilijk van elkaar te onderscheiden. 



van Einsteins theorie nodig. Dit blijkt echter erg moeilijk te zijn. 

Een andere formulering van dit probleem is dat we een beschrijving van de 
natuur proberen te vinden waarin we alle vier de fundamentele krachten — 
electromagnetische kracht, sterke en zwakke kernkracht en zwaartekracht — 
verenigen. Het zogeheten standaardmodel unificeert de eerste drie van deze 
krachten, in het kader van de kwantummechanica. Maar de vierde kracht, 
gravitatie, wil niet zo meewerken. Dit staat een beschrijving in de weg van 
de meest fundamentele vraagstukken in het heelal, bijvoorbeeld de vraag naar 
het ontstaan van het heelal. 

Snaartheorie is een van de beste kandidaten om inzicht te verkrijgen in deze 
fundamentele vraagstukken. Vermoedelijk beschrijft deze theorie alle vier de 
krachten. Maar tegelijkertijd is ze veelomvattend en ingewikkeld. Hoewel we 
al ontzettend veel over snaartheorie weten, is dat nog lang niet genoeg om de 
hele theorie te doorgronden. Dit proefschrift zet een paar kleine stapjes in deze 
richting. 

Belangrijk om te weten is dat we nog niet kunnen meten aan snaartheorie. 
De theorie is dus volledig gebouwd op fysische argumenten en een heleboel 
wiskunde. Dit heeft als voordeel dat er een actieve interactie is met allerlei 
takken van de wiskunde. Snaartheorie blijkt interessante wiskundige vermoe- 
dens te genereren en nieuwe verbindingen tussen verschillende subdisciplines 
te leggen. Dit proefschrift speelt ook daar op in. 

In dit proefschrift bestuderen we snaartheorie op een 10-dimensionale ruimte 
die we onderverdelen in de 4-dimensionale ruimte-tijd en een 6-dimensionale 
interne ruimte. Om precies te zijn bestuderen we interne ruimten die zoge- 
naamde Calabi-Yau varieteiten vormen, en wel Calabi-Yau varieteiten die ge- 
modelleerd zijn in termen van een Riemannoppervlak. Dit Riemannoppervlak 
vormt een rode draad door het proefschrift. 

Eigenlijk hadden we iets nauwkeuriger moeten zijn bij het definieren van Rie- 
mannoppervlakken: het zijn een speciaal soort oppervlakken die er lokaal uitzien 
als het complexe vlak, met coordinaten x + iy, waarbij i 2 = — 1. Een Riemannop- 
pervlak wordt daarom ook wel een complexe of algebraische kromme genoemd. 

Op Calabi-Yau varieteiten die gemodelleerd zijn op een Riemannoppervlak, kun- 
nen we met behulp van snaartheorie partitiefuncties uitrekenen. Een voorbeeld 
van een relatief eenvoudige, maar toch interessante partitiefunctie, die we aan- 
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duiden met Z(t), is 

oo 1 

Z(t) = e' mr/12 TT - 

n>l K ' 

De variabele t neemt waarden aan in de bovenste helft van het complexe vlak. In 
de wiskunde staat de functie Z(t) vooral bekend om zijn mooie eigenschappen 
onder transformaties van zijn argument r. De functiewaarde blijft namelijk bijna 
hetzelfde wanneer r naar — 1/t gestuurd wordt: 



Z(-l/r) = 




Deze symmetrieen hebben tevens een interessante fysische interpretatie. Om dit 
kort uit te leggen, beginnen we met een reeks- ontwikkeling van de partitiefunc- 
tie Z(t). Oftewel, we schrijven het product als een oneindige som: 



Z{t) = q 



_ „-l/24 



1 + q + 2q 2 + 3g J + 5q 4 



Hier hebben we voor de bondigheid q 



gedefinieerd. De puntjes verwij- 



zen naar alle termen q k met een macht k groter dan 4. Het grappige is dat deze 



reeks grafisch geinterpreteerd kan worden, zie Fig. 1.5 



Z(T)=g -l/24^ l+ ^ q+ ( 



)q 2 




...) 



Figuur 1.5: In deze reeks voor de partitiefunctie Z(r) geeft het aantal diagrammen met k 
vierkantjes de numerieke factor voor de term q k aan. Dat is er dus eentje voor q, twee voor 
q 2 , drie voor q 3 , vijfvoor q 4 , enzovoorts. 



Deze diagrammen met vierkantjes moeten aan een aantal regels voldoen. Als je 
een rechte hoek met het midden op de grond zet, zoals in Fig. |1.6[ moeten ze te 
verkrijgen zijn door vierkantjes in deze wig te laten vallen. 

De fysica achter deze reeks heeft te maken met de kleinst mogelijke deeltjes. 
Die zijn er namelijk maar in twee soorten: bosonen en fermionen. Bosonen 
willen zich graag in dezelfde toestand bevinden, terwijl de fermionen dit nooit 
zullen doen. Een van de simpelste kwantum-systemen beschrijft fermionen op 
een cirkel. Hun energieen nemen discrete (oftewel kwantum-) waarden aan. 

Een bepaalde toestand van dit systeem wordt dan beschreven door aan te geven 
welke energietoestanden bezet zijn door een fermion. Omdat de fermionen in 
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Figuur 1.6: Deze figuur laat een iets algemener diagram zien in de reeksontwikkeling van 



Z(t) in Fig. 1.5 omdat dit diagram uit tien vierkantjes bestaat komt het pas tevoorschijn 
bij de term q w . Elk zo'n diagram kunje op een unieke manier afbeelden naar een toestand 
van fermionen. In de bovenstaande figuur bepalen de donkere en lichte rechthoekjes in 
het diagram welke energietoestanden op de getallenlijn wel of resp. niet bezet zijn. Op de 
getallenlijn indiceren de donker gekleurde rechthoekjes de ingenomen energietoestanden. 



dit systeem nooit dezelfde energie zullen hebben, is zo'n energietoestand of on- 
bezet, of bezet door een enkel fermion. De totale toestand van het systeem kan 
daarom gevisualiseerd worden door een getallenlijn, waarop bij elk geheel getal 
wordt aangegeven of er wel of geen fermion zit. 



Nu blijken alle diagrammen in Fig. 1.5 op een unieke manier af te beelden naar 



zo'n fermionische toestand, zoals ge'illustreerd in Fig. 1.6 De partitiefunctie 



Z(t) codeert dus alle mogelijke toestanden van het fermionische systeem! 

In de snaartheorie vinden we deze specifieke partitiefunctie Z(t) voor een re- 



latief eenvoudige Calabi-Yau varieteit die gebaseerd is op de torus uit Fig. 1.2 
De parameter r karakteriseert in die interpretatie de vorm van de torus. De 
fermionen leven op de torus: een opspannende cirkel van de torus kan gezien 
worden als de coordinaat-cirkel, en de ander als de tijd. (Preciezer gezegd is 
Z(t) de partitiefunctie van chirale, oftewel holomorfe, fermionen op de torus.) 

Onder de afbeelding r i— ► — 1/r verandert de torus zodat de ruimte- en tijd- 
cirkels worden omgewisseld, zie Fig. |1.7| De vorm van de torus blijft echter 
dezelfde. Dit verklaart waarom de partitiefunctie Z(t) zo goed als invariant 
blijft onder deze transformatie. 

Interessant is dat de partitiefunctie Z(t) niet alleen een betekenis heeft in de 
interne 6-dimensionale ruimte, maar ook in de 4-dimensionale ruimte-tijd. In 
deze ruimte-tijd is er een duale theorie die de electromagnetische interacties 
beschrijft. De symmetrie r i— > —1/r blijkt hierin elektrische en magnetische 
deeltjes te verwisselen. Zo verkrijgen we ook inzicht in de beschrijving van 
natuurkunde in onze wereld: er is een dieper liggende symmetrie tussen de 
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Figuur 1.7: De parameter r karakteriseert de vorm van de torus. Onder de afbeelding 
t I— > — 1/t verwisselen de twee opspannende cirkels op de torus. 

electrische en magnetische krachten! 

Deze wisselwerking tussen enerzijds de wiskunde van interne 6-dimensionale 
ruimten en anderzijds de fysica in de 4-dimensionale ruimte-tijd speelt een grote 
rol in dit proefschrift. Ruwweg heet het vakgebied waarin die wiskunde van 6- 
dimensionale Calabi-Yau ruimten wordt ontwikkeld topologische snaartheorie. In 
dit proefschrift generalizeren we de bovenstaande duale beschrijving van parti- 
tiefuncties in termen van fermionen. 

In het bijzonder zien we dat een algemene partitiefunctie in de topologische 
snaartheorie kan worden gezien als een partitiefunctie van fermionen op een 
vreemd soort Riemannoppervlak: de coordinaten van dit Riemannoppervlak 
(ofwel algebraische kromme) gedragen zich niet klassiek, maar kwantumme- 
chanisch. We noemen dit dan ook een kwantum kromme. Dit verheldert de 
naam van het proefschrift: "Topologische Snaren en Kwantum Krommen". 
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